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Introduction

The IB Mathematical Studies student

We are aware that students working from this book will have begun full-time
education in the twenty-first century. IB students come from many cultures and
have many different first languages. Sometimes, cultural and linguistic differences
can be an obstacle to understanding. However, mathematics is largely free from
cultural bias. Indeed, mathematics is considered by many to be a universal language.
Even a Japanese algebra text book with Japanese characters will include
recognisable equations using x and y. We are also very aware of the major and often
fundamental contributions made to mathematics by non-western cultures, especially
those of India, China and Armbia.

The syllabus

This textbook covers fully the IB Mathematical Studies syllabus. The topics
covered are in the same order as they appear in the syllabus. However, the IB
Diploma Mathematical Studies syllabus is not designed as a teaching syllabus and
the order in which the syllabus is presented is not necessarily the order in which it
should be taught.

The graphic display calculator

The syllabus places great emphasis on the use of the graphic display calculator
(GDC), so many teachers will wish to start with Topic 1. This gives a general
overview of the use of the graphic display calculator, which will assist students who
may be unfamiliar with its use. Throughout the book we have built upon this
foundation work and provided very clear and concise illustrations of exactly how
such a calculator is used (not merely showing how a graph might look.) We also
refer to other computer software (Autograph and GeoGehbra) where appropriate.

Each topic also has explanations, examples, exercises and, at the end of the topic,
a number of Student assessments to reinforce leaming and to point out areas of
weakness.

Presumed knowledge

We are aware of the difficulties presented to teachers by students who are taking
this course and come from a variety of backgrounds and with widely differing levels
of previous mathematical knowledge. The syllabus refers to presumed knowledge.
As revision, in each area of study — number, algebra, geometry, trigonometry and
statistics — we have included Presumed knowledge assessments which can be used to
identify areas of weakness. These areas can then be studied in more detail with
reference to our IGCSE text hook.
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Multi-cultural and historical references

As mentioned earlier, many cultures have made great contributions to our present
understanding of mathematics. Arabic, Indian, Greek and Chinese scholars have
leamed from each other and provided a basis for the work of later mathematicians.
We have tried in our introduction to each topic to make reference to the history of
mathematics to give a context to the work which follows.

The people who extended the boundaries of mathematical knowledge are many.
Where possible we have referred to the major contributors by name, often with a

photograph or other image.

Discussion and theory of knowledge

This should form a vital part of the course. The texthook therefore has a section at
the end of each topic for ‘Discussion points, project ideas and theory of knowledge'.
Students should not underestimate the importance of this facet of the course which
is why we have given it a dedicated section at the end of each topic; all too often
this information is given in boxes in the main text which, in our experience, are
read briefly but often not followed up in depth.

CD-ROM

The material on the accompanying CD-ROM is indicated by a coloured CD icon
in the text. There are:

powerpoints,

sprmdsheets,

GeoGebra files,

Personal Tutor presentations, step-by-step audio-visual explanations of the harder
concepts.

We hope that providing a free copy in every book will enable all students to
access this invaluable material. A copy of the GeoGebra installer is also available
on the disc.

Internal assessment

A project is chosen by the student and is assessed by their teacher before being
externally moderated using assessment criteria that relate to objectives for Group 5
Mathematics and Computer Science. Teachers need to explain these criteria clearly
to students.
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Project ideas

These can be found at the end of the topics. They are only ideas and are not
intended to be project titles. Where it is suggested that students extend their
mathematical knowledge as part of the project it is important to discuss this
thoroughly with their teacher, both before starting and as the project progresses.

Choice of project

Many teachers feel that too many students choose statistics projects which are too
limited in the scope of the mathematics used. Students can look outside the
syllabus; it may be advantageous to look at areas of mathematics such as symmetry,
topology, optimization, matrices, advanced probability, calculus, linear
programming and even mathematics as it applies to art, music and architecture (but
be sure that maths is the emphasis). Teachers are allowed to give help and
guidance, so students should discuss their ideas before starting their project to be
sure that they are feasible.

A textbook is used primarily as preparation for an examination. We have written a
book which follows the syllabus and will provide excellent preparation. However,
we have also tried to make the book more interesting than that limited aim. We
have written a twenty-first century book for students who will probably be alive in
the twenty—ﬁeocmd century.

Revision exercises

At the end of the book is a revision section, with exercises covering the whole
course. It is expected that students will also have access to previous examination
papets.

Ric Pimentel and Terry Wall

The authors are both experienced classroom teachers with experience of education
in Europe, Turkey, the Far East and the USA. They have also both been teacher
trainers and have run courses for English teachers and those from many other
countries.






Presumed knowledge
assessments

These assessments are intended to identify those concepts from your previous
course which may need to be revised. Your teacher will instruct you how these are
to be completed.

You may take all the Presumed knowledge assessments 1-8 before you start the
course, or it may be better to do assessments 1-4 before Topic 2, assessments 5-7
before Topic 4 and assessment 8 before Topic 5. Your teacher will then, if
necessary, refer you to an IGCSE or other textbook.

Student assessment 1: Ordering

1 Copy each of the following statements, and insert one of the symbols =, >, <
into the space to make a true statement.
aifml .2 W6 .20
¢ 850ml ... 0.5 litres d number of days in May ... 30 days

2 llustrate the information in each of the following statements on a number line.
a The temperature during the day reached a maximum of 35 °C.
b There were between 20 and 25 students in a class.
¢ The world record for the 100 metre sprint is under 10 seconds.
d Doubling a number and subtracting 4 gives an answer greater than 16.

3 Write the information on the following number lines as inequalities.

a | ‘ L L 1
-2 -1 0 1 . 2

b 1 1 ) I o
-2 -1 - 0 1 2

[ _‘ | | | S—
-2 -1 0 1 2

d & ' & :
-2 -1 0 1 2

4 llustrate each of the following inequalities on a number line.
ax=3 b x<4
c O0<x<4 d -3sx<1

5 Write the following fractions in order of magnitude, starting with the smallest.

7 14 10 2 5
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Presumed knowledge assessments

Student assessment 2: The four rules
of number

1 Ewvaluate these.
a 5+8x3-6 b 15+45+3-12

2 The sum of two numbers is 21 and their product is 90. What are the numbers?
3 How many seconds are there in 2% hours?

4 Work out 851 x 27.

5 Work out 6843 + 19 giving your answer to one decimal place.

6 Copy these equivalent fractions and fill in the blanks.

e e
18 9 %0
7 Evaluate the following.
3 11 4 8
8 Change the following fractions to decimals.
3 L 12 2 d 12
R g 4 €N 3
9 Change the following decimals to fractions. Give each fraction in its simplest form.
a 4.2 b 0.06 c 1.85 d 2.005

Student assessment 3: Ratio and
proportion
1 ApieceﬂfwoodiscutinLheratio3:7.

a What fraction of the whole is the longer piece?
b If the wood is 1.5m long, how long is the shorter piece?

2 A recipe for two people requires %kg of rice to 150g of meat.
a How much meat would be needed for five people?
b How much rice would there be in 1kg of the final dish?

3 The scale of a map is 1:10000.
a Two rivers are 4.5 cm apart on the map. How far apart are they in real life?
Give your answer in metres.
b Two towns are 8km apart in real life. How far apart are they on the map?

Give your answer in centimetres.

4 a A model trainisa % scale model. Express this as a ratio.
b If the length of the model engine is 7 cm, what is the true length of the
engine’
5 Divide 3 tonnes in the ratio 2:5:13.

6 The matio of the angles of a quadrilateral is 2:3:3:4. Calculate the size of each of
the angles.
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7 The ratio of the interior angles of a pentagon is 2:3:4:4: 5. Calculate the size
of the largest angle.

8 A large swimming pool takes 36 hours to fill using three identical pumps.
a How long would it take to fill using eight identical pumps?
b If the pool needs to be filled in nine hours, how many pumps will be needed?

9 The first triangle is an enlargement of the second. Calculate the size of the
missing sides and angles.

Scm
aom _Scm

10 A tap issuing water at a rate of 1.2 litres per minute fills a container in
4 minutes.
a How long would it take to fill the same container if the rate was decreased
to 1 litre per minute? Give your answer in minutes and seconds.
b If the containeris to be filled in 3 minutes, calculate the rate at which the
water should flow.

Student assessment 4: Percentages
1 Copy the table below and fill in the missing values.

Fraction Decimal Percentage
0.25
3
5
622%
2
1
Ly

2 Find 30% of 2500 metres.

3 Ina sale a shop reduces its prices by 12.5%. What is the sale price of a desk
previously costing 600€?

4 In the last six years the value of a house has increased by 35%. If it cost
£72 000 six years ago, what is its value now?

5 Express the first quantity as a percentage of the second.

a 35 minutes, 2 hours b 650g, 3kg
¢ Sm,4m d 15seconds, 3 minutes
e 600kg, 3 tonnes f 35cl, 351

6 Sharesin a company are bought for $600. After a year the same shares are sold
for $550. Calculate the percentage depmciaticrn.
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7 In a sale, the price of ajacket originally costing 17000 Japanese yen (¥) is
reduced by ¥4000. Any item not sold by the last day of the sale is reduced by a
further 50%. If the jacket is sold on the last day of the sale, calculate:

a the price it is finally sold for
b the overall percentage reduction in price.

8 Calculate the original price of each of the following.
Selling price Profit

$224 12%
$62.50 150%
$660.24 26%
$38.50 285%

9 Calculate the original price of each of the following.
Selling price Loss

$392.70 15%
$2480 38%
$3937.50 12.5%
$4675 15%
10 In an examination Sarah obtained 87.5% by gaining 105 marks. How many
marks did she lose?

11 At the end of a year, a factory has produced 38 500 television sets. If this
represents a 10% increase in productivity on last year, calculate the number of
sets that were made last year.

12 A computer manufacturer is expected to have produced 24 000 units by the end
of this year. If this represents a 4% decrease on last year's output, calculate the
number of units produced last year.

13 A farmer increased his yield by 5% each year over the last five years. If he
produced 600 tonnes this year, calculate to the nearest tonne his yield five
years ago.

Student assessment 5: Algebraic

manipulation
1 Expand the following and simplify where possible.
a 3(2x— 3y + 52) b 4p(2Zm - 7)
¢ —4m(2mn — n?) d 4p*(5pq — 24" - 2p)
e 4x—2(3x + 1) f 4x(3x—2) + 2(5x2 — 3x)
g $(15x — 10) — 3(9x — 12) h %(4; —6) + %(Zx + 8)
2 Factorize each of the following.
a 16p - 8q b p* —6bpq
¢ 5p’q — 10pg’ d 9pq - 6p’q + 124p
3 Ifa=4,b=3andc = -2, evaluate the following.
a Ja—2b+ 3c b 5a — 3B
c al+ B+t d (a+ b)a-b)

e at — b f b¥-¢3
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4 Rearrange the following formulae to make the bold letter the subject.

ap=4m+n b 4x— 3y = 5¢
c21=§p d m(x+9y) =
i b+q __ _
e f ==
5 Factorise each of the following fully.
a pq — 3rq + pr — 3r? b1l-¢
¢ 8752 — 1252 d 7.5 - 252
6 Expand the following and simplify where possible.
a (x—4)(x+2) b (x — 8)
c (x+ )2 d (x—11)}x+ 11)
e (3x—2)(2x - 3) f (5-3x)7
7 PBactorize each of the following.
a x!—4x - 77 b xX—6x+9
c ' — 144 d 322 +3x - 18
e 2xi+5x— 12 f 4x2 — 20x+ 25
8 Make the letter in bold the subject of the formula.
amffl=p b m = 5¢
—_— 1.1 _1
c A=mary/p+q d;"‘;—?
9 Simplify the following algebraic fractions.
7
a % b %x?ﬂi
o) 4 202
o g’
Student assessment 6: Equations and
inequalities
For questions 1-4, solve the equations.
la x+7=16 b 2x-9=13
c 8—4x=24 d 5-3x=-13
2ai-m=4+m b S5m—3=3m+ 11
¢c bm—1=9m - 13 d 18-3p=6+p
3 a _x_5=2 b =%x
x+2 Ix—5 5
oy 5y
4a2x-4)= b 4(x—3)=T(x+2)
c 4=2(3x +8) d Hx-1)=3(2x - 4)

XV
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5 Solve the following simultaneous equations.

a2x+3y=16 b 4x+2y=122
x —3y=4 —Ix+ 2y=1

cx+y=9 d 2x—3y=1
Ix+ 4y =126 =3x+ 4y =11

6 The angles of a triangle are x, 2x and (x + 40) degrees.
a Construct an equation in terms of x.
b Solve the equation.
¢ Calculate the size of each of the three angles.

7 Seven is added to three times a number. The result is then doubled. If the
answer is 68, calculate the number.

8 A decagon has six equal exterior angles. Each of the remaining four is fifteen
degrees larger than these six angles. Construct an equation and then solve it to
find the sizes of the angles.

9 A rectangle is xcm long. The length is 3 cm more than the width. The
perimeter of the rectangle is 54 cm.
a Draw a diagram to illustrate the above information.
b Construct an equation in terms of x.
¢ Solve the equation and hence calculate the length and width of the
rectangle.

10 At the end of a football season, the leading goal scorer in a league has scored
eight more goals than the second leading goal scorer. The second has scored
fifteen more than the third. The total number of goals scored by all three
players is 134.

a Write an expression for each of the three scores.
b Foarm an equation and then solve it to find the number of goals scored by
each player.

Student assessment 7: Indices
1 Simplify the following by using indices.

a2 x 2% qx5 W2 xZlx3xdedx3ins
2 Write the following out in full.
a 4 b 6t
3 Work out the value of the following without using a calculator.
a B x 102 b 14 x 3}
4 Find the value of x in each of the following.
a 26-2 =32 b%:lé
c 50-x+2) = 125 dg==1
5 Using indices, simplify the following.
a 3x2x2x3x2l b2x2x4x4x4x2x3i2

6 Write the following out in full.
a & b 2-3
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Student assessment 8: Geometry of

plane shapes

1 Calculate the circumference and area of each of the following circles. Give your
answers to one decimal place.

a b

16mm

2 A semi-circular shape is cut out of the side of a rectangle as shown. Calculate the
shaded area to one decimal place.

.'! f

| 6cm |

3 For the diagram below, calculate the area of:
a the semi-circle
b the trapezium
¢ the whole shape.

——F om —|

-8

(4]

s
|1—g —r|-(—§ —rl-q—g —=|

4 Calculate the circumference and area of each of these circles. Give your answers

to one decimal plaﬁe.
a b
- N
|'lrJ \"
f 4.3cm | 15mm
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5 A rectangle of length 32cm and width 20cm has a semi-circle cut out of two of
its sides as shown. Calculate the shaded area to one decimal place.

I 32cm al

h 4

|

, I: 20ecm
6 Calculate the area of:
a the semi-circle
b the parallelogram
¢ the whole shape.
6dm
Y
6 ém
Y
\ \aim
Y
| 18 cm e |




Arithmetic calculations, use of the GDC to graph a variety of functions.
Appropriate choice of ‘window’; use of ‘zoom’ and ‘trace’ (or equivalent) to
locate points to a given accuracy.

Explanation of commonly used buttons.

Entering data in lists.

People have always used devices to help them calculate. Today, basic calculators,
scientific calculators and graphic display calculators are all available; they have a
long history.

an early abacus an early slide rule an early calculator

Graphic display calculators (GDCs) are a powerful tool used for the study of
mathematics in the modern classroom. However, as with all tools, their
effectiveness is only apparent when used properly. This section will look at some of
the key features of the GDC, so that you start to understand some of its potential.
The two models used are the Casio fx-9860G and the Texas T1-84 Plus. Many
GDCs have similar capabilities to the ones shown. However, if your calculator is
different, it is important that you take the time to familiarize yourself with it.



INTRODUCTION TO THE GRAPHIC DISPLAY CALCULATOR

Here is the home screen (menufapplical:ians] for each calculator.

Casio

Texas

gz mm l'Ehl.l e

!I |IITHF| |TF|BI.E H‘ECUR
C'ﬂtﬂ:irﬂ | FEGM [TV
It ,!G

*FF
The modes are selected by
using the arrows key and then
pressing EXE, or by typing the
number/letter that appears in
the bottom right-hand corner
of each square representing a
mode. Brief descriptions of the
seven most relevant modes are
given below.

The main features are accessed
by pressing the appropriate key.
Some are explained below.

1 RUN.MAT is used for
arithmetic calculations.

is used for statistical
calculations and for
drawing graphs of
the data entered.

2 STAT is used for statistical
calculations and for drawing
graphs.

is used to access
numerical operations.

3 S.SHT is a spreadsheet and can
be used for calculations and
graphs.

is used for entering the

%/ equations of graphs.

4 GRAPH is used for entering the
equations of graphs and
plotting them.

is used for graphing
—’ functions.

5 DYNA is a dynamic graph mode
that enables a family of curves to
be graphed simultaneously.

6 TABLE is used to generate a
table of results from an
equation.

7 EQUA is used to solve different
types of equation.




Using a graphic display calculator

T4 Piug
B b

Basic calculations

The aim of the following exercise is to familiarize you with some of the buttons on
your calculator dealing with basic mathematical operations. It is assumed that you
will already be familiar with the mathematical content.

Exercise 1.1.1
Using your GDC, evaluate the following.

- 1a 625
Casio | Texas

L ) ¢ 2B x5V

3,
= 2 a /1728
Casio Texas =4
41_
o B '
o E
[—
¢ 43125
. 3a 13
Casio | Texas :

L b 8 + 4
o B
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3
Casio | Texas a8
b o272
i |
o B [T
o 8
= — 5a (23 x 109 + (12.1 x 102)
| X
b (4.03 x 10%) + (15.6 x 10%) — (1.05 x 10%)
| | T - 13.95 x 106
o B BB 10

GDCs also have a large number of memory channels. Use these to store answers

which are needed for subsequent calculations. This will minimise rounding errors.

Casio Texas
a wwee followed by a letter followed by a letter
of the alphabet s of the alphabet

Exercise 1.1.2

1 In the following expressions,a = 5,b = 4and ¢ = 2.
Enter each of these values in memory channels A, B and C of your GDC
respectively, and evaluate the following.
a a+b+c
ba-(b+c)
¢ (a+b)—c¢

2(b + c)?
. (a-c)

4 -"J'Iﬂ — bz
e oM R S 6 oA
c
(ac)? + ba?

f a+b+c
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2 Circles A, B, C and D have radii 10em, 6cm, 4 cm and 1 em respectively.

a Calculate the area of circle A and store your answer in memory channel A.
b Calculate the area of circle B and store your answer in memory channel B.
¢ Calculate the area of each of the circles C and D, storing the answers in

memory channels C and D respectively.
d Using your calculator evaluate A + B + 2C + 2D.

e What does the answer to part d represent?

3 A child’s shape-sorting toy is shown in the diagram. The top consists of a
rectangular piece of wood of dimension 30em x 12cem. Four shapes W, X, Y and
Z are cut out of it.

+8 ~em gom [

6cm

- 30cm -

a Calculate the area of the triangle X. Store the answer in your calculator's
memory.

b Calculate the area of the trapezium Z. Store the answer in your calculator's
memory.

¢ Calculate the total area of the shapes W, X, Y and Z.

d Calculate the area of the rectangular pieoe of wood left once the shapes
have been cut out.
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4 Three balls just fit inside a cylindrical tube as shown. The radius (r) of each ball

is 5 cm.

a Using the formula for the volume of a sphere, V = %mj, calculate the
volume of one of the balls. Store the answer in the memory of your
calculator.

b Calculate the volume of the cylinder.

¢ Calculate the volume of the cylinder not occupied by the three balls.

Plotting graphs

One of a GDC's principal features is to plot graphs of functions. This helps to
visualize what the function looks like and, later on, it will help solve a number of
different types of problem. This section aims to show how to graph a variety of
different functions. For example, to plot a graph of the function y = 2x + 3, use the
Pllowing functions on your calculator.

Casio

SET UP L]

©

W . - & e G=T e ——
DOODD /|

ol 1=lole Ilhwas

Occasionally, it may be necessary to change the scale on the axes to change how
much of the graph, or what part of the graph, can be seen. This can be done in
several ways, two of which are described here.
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By using the zoom facility

Casio

Zoom Sketch 3
) ,ata @ to zoom out /l/

It is possible to reposition the graph by using the

Texas

— 1004 i

It is possible to reposition the centre of enlargement by using the

. . keys before pressing u

B‘}" Chﬂl‘lgll'lg the SCSI.E manual I‘}"

Casio
Y W _/_/"
e - PO
m after values Vmin 1-3 Pl
are entered it T 7T ) G 'f,ﬂ“’f |

Xmin: minimum value on the x-axis, Xmax: maximum value on the
x-axis, Xscale: spacing of the x-axis increments, Xdot: value that
relates to one x-axis dot (this is set automatically).

Texas
WIHDOW
e = 5
rsel=l
after values m;ﬂ:f O /./J =
\—/ are entered o | /

Xmin: minimum value on the x-axis, Xmax: maximum value on the
x-axis, Xscl: spacing of the x-axis increments.
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Exercise 1.1.3

In the following questions, the axes have been set to their default settings, i.e.
Xmin = —10, Xmax = 10, Xscale = 1, Ymin = =10, Ymax = 10, Yscale = 1.

” \/ T

§
iii) _J% IIIIIIIIII " \i
-

%
v) % vi) X

vii) % viii)

ix)

AL
Y

1 By using your GDC to graph the following functions, match each of them to the

correct graph.
a y=2x+6 by=q3x—2
c y=-x+35 .:13:——;
e y=2 -6 fy=(x—4)
g y=—(x+4)2+4 h y=%{x+3j3

i }'=-—%13+21—1 j y=-6
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2 In each of the following, a function and its graph are given. Using your GDC,
enter a function that produces a reflection of the original function in the x-axis.

a y=x+35 by=-2x+4
- L\
c y=(x+5) dy=(x=-5)72+3

] [

3 Using your GDC, enter a function that produces a reflection in the y-axis of
each of the original functions in question 2.

4 By entering appropriate functions into your calculator:
i) make your GDC screen look like the ones shown
ii) write down the functions you used.

: N 3 b

Intersections

When graphing a function it is often necessary to find where it intersects one or
both of the axes. If more than one function is graphed simultaneously, it may also
be necessary to find where the graphs intersect each other. GDCs have a ‘Trace’
facility which gives an approximate coordinate of a cursor on the screen. More
accurate methods are available and will be introduced in the topics as appropriate.

Worked example Find where the graph of y = %(x + 3) + 2 intersects both the x- and y-axes.

..... 2
[ ]
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The graph shows thaty = %(x + 3)® + 2 intersects each of the axes once.

To find the approximate coordinates of the points of intersection:

Casio

Br i

Wl=l L SUH43 0 342

]

i=- 5. N93ESIY  ToL20 1 PESEYsa

Because of the pixels on the screen, the ‘Trace’ facility will usually
only give an approximate value. The y-coordinate of the point of
intersection with the x-axis will always be zero. However, the
calculator's closest result is result is y = 0.202. The x-value of -5.079
will also therefore be only an approximation. By moving the cursor
to the point of intersection with the x-axis, values of x=0and y=7.4
are obtained.

Texas

J . A

Rz S 10630 Y= ADa@ERa

See above comment about accuracy of answers.

Exercise 1.1.4
1 Find an approximate solution to where the following graphs intersect both the x-

and y-axes using your GDC.
a y=x-3 by=(x+32+2
c:,'=%13—211+x+1 d:,'=x_+52+6

2 Find the coordinates of the point(s) of intersection of each of the following pairs
of equations using your GDC.
a y=x+3andy=-2x-2
by=-x+1landy =Ii(xz—3]

c y=—-x'+ land3r=%(xz——3]
d y= -3+ 222 - 3andy = 22 - 2
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Tables of results
A function such as y = % + 2 implies that there is a relationship between y and x.

To plot the graph manually, the coordinates of several points on the graph need to
be calculated and then plotted. GDCs have the facility to produce a table of values
giving the coordinates of some of the points on the line.

For the functiony = % + 2, complete the following table of values using the table

facility of your GDC.
x -3 -2 -1 v] 1 2 3
¥

Casio

SRR rme A . 3 ] Tl
™ n Enter function y = 2 :
I =d I.'i-‘
g i

L

S 0ODODOODD |

Table SwlRire
)

The screen shows that the x-values range from -3 to 3 in increments of 1.

‘.-ll-I:IJ

e
" L

Once the table is displayed, the remaining results can be viewed by using l

Texas

; : 3
, Enter function y = i 2

shows that the x~values start at -3 and increase in increments of 1.

Jo

L =t
The screen ,_i‘;.%i.'" f

e [ R
Once the table is displayed, further results can be viewed by using '.
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" Exercise 1.1.5

1 Copy and complete the tables of values for the following functions using the
table facility of your GDC.
a y=x+x—4

x | 3| 2|40 1 | 2 | 3
y

b y=a 43210
X -3 -2 -1 0 1 2 3
y

4

e =z
X (1] 05 1 15 2 25 3
y

d y=(x+1)
X -1 0.5 0 05 1 15 2 25 3
y

2 A car accelerates from rest. [ts speed, yms!, x seconds after starting, is given by
the equation y = 1.8x.
a Using the table facility of your GDC, calculate the speed of the car every
2 seconds for the first 20 seconds.
b How fast was the car travelling after 10 seconds!?

3 A ball is thrown vertically upwards. Its height y metres, x seconds after launch, is
given by the equation y = 15x — 5x%

a Using the table facility of your GDC, calculate the height of the
ball each % second during the first 4 seconds.

b What is the greatest height reached by the ball?

¢ How many seconds after its launch did the ball reach its highest point?

d After how many seconds did the ball hit the ground?

e In the context of this question, why can the valuesfor x = 3.5and x = 4
be ignored?

Lists

Data is often collected and then analyzed so that ohservations and conclusions can
be made. GDCs have the facility for storing data as lists. Once stored as a list, many
different types of calculations can be carried out. This section will explain how to
enter data as a list and then how to carry out some simple calculations.
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Using a graphic display calculator

An athlete records her time (seconds) in ten races for running 100m. These are
shown below.

124 127 126 129 124 123 127 124 125 131

Calculate the mean, median and mode for this set of data using the list facility of
your GDC.

Casio
ure = Enter the data in List 1. B
ifa
i 14_. y
5T [T war
sem | gur | to specify which list the data is W_
& in and its frequen i J 10t
q Cy. gar E‘LuL fLisly
e Frey £l

to scroll through the full

-Urlw:l'.”
list. %! :Eﬁ%%ﬁf‘*
:n:-l : -..-.l .::I

The screen displays various statistical measures.
X is the mean, n is the number of data items, Med is the median,
Mod is the modal value, Mod: F is the frequency of the modal values.

Texas

Enter the data in List 1.
STAT

me-=12.-1-

usT 1-La~ Skate L4
®lol=lole

to apply calculations to the data in List 1.

1-\Var Stats

. .. to scroll through the full list. §%=§§%?
Jjuiiél 3i8%7e

The screen displays various statistical measures.
X is the mean, n is the number of data items, Med is the median. The
T1-84 does not display the modal value.
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Worked example

If a lot of data is collected, it is often presented in a frequency table.

The numbers of pupils Number of pupils

Frequency

in 30 maths classes are
shown in the frequency 27 4
ta]:lle 28 6

29 9
Calculate the mean, s ?
median and mode for this A 3
set of data using the list 2 1
facility of your GDC.

Casio

Enter the number of pupils in List
ﬂ 1 and the frequency in List 2.

zoom | GST to specify which lists the
(F2. 'ﬂ data and the frequency E:_,_.:_i geist TLisLl
are in. [eMar Fresa il
rmmp 0
T to scroll through the full list. [ [J-Yerighl
T i, E_?,LEMM.
Tl
o = :I ;%I[_lf'_
;:*"" | Iliﬁ a1 )
Texas
Enter the number of pupils in List | |1 Lz TR
1 and the frequency in List 2. 'i;'- E ------
:: ;’
¥ i

BOODCOED

m n to specify that the data is in L1
and the frequency in L2.

. . to scroll through the full set of

results.

|-Var Stats Ly.L
H |

tuip edtieer
T
ik

g_ﬂ-: iIISSQE- a7
=
25501578
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' Exercise 1.1.6

1 Find the mean, the median and, if possible, the mode of these sets of numbers
using the list facility of your GDC.
a 3,6,10,8,9,10,12, 4, 6,10, 9, 4
b 12.5,13.6, 12.2, 14.4, 17.1, 14.8, 209, 12.2

2 During a board game, a player makes a note of the numbers he rolls on the dice.
These are shown in the frequency table below.

Number on dice 1 2 3 4 5 6

Frequency 3 8 5 2 5 7

Find the mean, the median and, if possible, the modal dice roll using the list

facility of your GDC.
3 A class of 30 pupils sat two maths tests. Their scores out of 10 are recorded in
the frequmcy tables below.
Test A
Score 1 2 3 4 5 ] 7 8 9 10
Frequency 3 2 4 3 1 8 3 1 3 2
TestB
Score 1 2 a 4 5 [ 7 8 9 10
Frequency 4 1 0 0 0 24 0 0 0 1

a Find the mean, the median and, if possible, the mode for each test using
the list facility of your GDC.

b Comment on any similarities or differences in your answers to part a.

¢ Which test did the class find easiest? Give reasons for your answer.
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Number and algebra

Syllabus content

2.1 The sets of natural numbers, N; integers, Z; rational number, ©;
and real numbers, R.

2.2 Approximation: decimal places; significant figures. Percentage etrors.
Estimation.
2.3 Expressing numbers in the form a x 10 where | =a < 10and k € Z.

Operations with numbers expressed in the form a x 10* where 1 = a < 10
andk € Z.

2.4 S] (Systéme International) and other basic units of measurement: for
example, gram (g), metre (m), second (s), litre (1), metre per second
(ms!), Celsius and Fahrenheit scales.

2.5 Arithmetic sequence and series, and their applications.
Use of the formulae for the nth term and the sum of n terms.

2.6 Geometric sequences and series, and their applications.
Use of the formulae for the nth term and the sum of n terms.

2.7 Solutions of pairs of linear equations in two variables by use of a GDC.
Solutions of quadratic equations: by factorising; by use of a GDC.

Introduction

The first written records showing the origin and development of the use of money
were found in the city of Eridu in Mesopotamia (modem Iraq). The records were on
tablets like the one shown below.
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2.1

The Sumerians, as the people of this region were known, used a system of recording
value, known as ‘Cuneiform’, five thousand years ago. This writing is now believed
to be simply accounts of grain surpluses. This may sound insignificant now, but the
change from a hunter—gatherer society to a farming-based society led directly to
the kind of sophisticated way of life we have today.

Qur present number system has a long history, originating from the Indian
Brahmi numerals around 300 BCE.

L i
wzstcotﬂnﬂﬁﬂzm
|a&#;67zs e
1 z;;;.ﬁtlal L e
1:3+5;739~Eﬁ?““
12345|6789{}Pm¢'ﬂ¥

Abu Ja'far Muhammad Thn Musa Al-Khwarizmi is called ‘the father of algebra’. He
was bom in Baghdad in 790 AD and wrote the book Hisab al-jabr w'al-mugabala in
830 AD from which the word algebra (al-jabr) is taken.

Sets of numbers
Natural numbers

A child leamns to count: ‘one, two, three, four, ...". These are sometimes called the
counting numbers or whole numbers.

The child will say ‘] am three’, ot ‘] live at number 73'.

If we include the number 0, then we have the set of numbers called the natural
numbers. The set of natural numbers N = {0, 1, 2, 3, 4, ...}.

Integers

On a cold day, the temperature may be 4 °C at 10p.m. If the temperature drops by a
further 6 °C, then the temperature is ‘below zero’; itis —2°C.

If you are overdrawn at the bank by £200, this could be shown as —£200.

The set of integers Z = {...-3, -2, -1,0,1, 2,3, ...}.

Z is therefore an extension of M. Every natural number is an integer.
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Rational numbers
A child may say ‘I am three’; she may also say ‘] am three and a half’, or even ‘three

and a quarter’. 3% and 3% are rational numbers. All rational numbers can be written
as a fraction whose denominator is not zero. All terminating and recurring decimals
are rational numbers as they can be written as fractions too, e.g.

1 3 7 153 a_ 2
02=z 03=1; =7 L33 =15 02=3

The set of mtional numbers Q is an extension of the set of integers.

Real numbers

Numbers which cannot be expressed as a fraction are not rational numbers; they are
irrational numbers.
For example, using Pythagoras’ rule in the triangle shown below, the length of

the hypotenuse AC is found as "-.I"_Z:

A ACZ=12 + 12
ACE =12
AC =42
1
B el C

1

(2 = 1.41421356... . The digits in this number do not recur or repeat. This is a
property of all irrational numbers. Another example of an irrational number which
you will come across is 7 (pi) = 3.141592 654... . The set of rational and imational
numbers together form the set of real numbers R. There are also numbers, called
imaginary numbers, which are not real, but all the numbers that you will come
across in this textbook are real numbers.

Exercise 2.1.1
1 State to which of the sets N, Z, @ and R these numbers belong.
a 3 b -5 K] d 113

In questions 2—6, state, giving reasons, whether each number is rational or
irrational.

2al3 b 06 e 43

3 g < b VT . V3
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2.2

4a 7 b 0.625 e 0.1

5a ’\J'_ZX’\."’E b"u‘f_2+"q'r§ c "'J'_Zx’\ﬁ)z

6 a y8 25 c 4+(W9-4)
V2 3[20

In questions 7— 10, state, giving reasons, whether the quantity required is rational or
irmational.

7 <. |Thelengthof 8 = .
; The circumference
% o disgonsl / of the dircle
3om e . 4cm
\\' K I
dem
9 ' The side length of 10 The area of
he square ﬂ'ﬂ dmle
1
ar
V72cm
Approximation

In many instances exact numbets are not necessary or even desirable. In those
circumstances, approximations are given. The approximations can take several
forms. The common types of approximation are explained below.

Rounding

If 28 617 people attend a gymnastics competition, this number can be reported to
various levels of accuracy.

To the nearest 10 000 the number would be rounded up to 30 000.
To the nearest 1000 the number would be rounded up to 29 000.
To the nearest 100 the number would be rounded down to 28 600.

In this type of sitnation it is unlikely that the exact number would be reported.

Exercise 2.2.1

1 Round the following numbers to the nearest 1000.
a 68786 b 74245 c 89000
d 4020 e 99500 f 999999
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2 Round the following numbers to the nearest 100.

a 18540 b 6858 c 14099

d 8084 e 950 f 2984
3 Round the following numbers to the nearest 10.

a 485 b 692 c 86847

d 83 e 4 f 997

Decimal places

A number can also be approximated to a given number of decimal places (d.p.).
This refers to the number of digits written after a decimal point.

1 Write 7.864 to one decimal place.

The answer needs to be written with one digit after the decimal point.
However, to do this, the second digit after the decimal point needs to be
considered. If it is 5 or more then the first digit is rounded up. In this case it is
6, so the 8 is rounded up to 9, i.e.

7.864 is written as 7.9 to 1 d.p.
2 Write 5.574 to two decimal places.

The answer here is to be given with two digits after the decimal point. In this
case the third digit after the decimal point needs to be considered. As the
third digit after the decimal point is less than 5, the second digit is not
rounded up, i.e.

5.574 is written as 5.57 to 2 d.p.

B Exercise 2.2.2

1 Give the following to one decimal place.

a 558 b 0.73 c 11.86

d 157.39 e 4.04 f 15.045

g 295 h 098 i 12.049
2 Give the following to two decimal places.

a 6473 b 9.587 c 16476

d 0.088 e 0014 f 9.3048

g 99.996 h 0.0048 i 3.0037

Significant figures

Numbers can also be approximated to a given number of significant figures (s.f.). In
the number 43.25, the 4 is the most significant figure as it has a value of 40. In
contrast, the 5 is the least significant as it has a value of only 5 hundredths. If you
are not told otherwise, you are expacta:l to round any answers that are not exact to
three significant figures.
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1 Write 43.25 to three significant figures.

Only the three most significant figures are written, but the fourth figure needs
to be considered to see whether the third figure is to be rounded up or not.
Since the fourth figure is 5, the third figure is rounded up, i.e.

43.25 is written as 43.3 to three significant figures.
2 Write 0.0043 to one significant figure.

In this example only two figures have any significance, the 4 and the 3. The 4
is the most significant and therefore is the only one of the two to be written
in the answer, i.e.

0.0043 is written as 0.004 to one significant figure.

@ B Exercise 2.2.3

Worked examples

1 Write the following to the number of significant figures written in brackets.
a 48599 (1sf) b 48599 (3sf.) c 6841 (1sf.)
d 7538 (2sf.) e 483.7 (1 sf.) f 2.5728(3sf)
g 990 (1 s.f.) h 2045 (2 sf.) i 14.952(3sf)

2 Write the following to the number of significant figures written in brackets.
a 008562(1sf) b 05932(1lsf) < 0.942(2sf)
d 0.954 (1sf) e 0954 (2sf) f 0.00305 (1sf)
g 000305 (2sf) h 000973 (Zsf) i 0.00973 (1sf)

3 Calculate the following, giving your answer to three significant figures.
a 23456 x 1789 b 04 x 12.62 c 18 x9.24

d 7624 + 3.2 e 7.6 f 16423
23x3.37 8.31 . _

Estimating answers to calculations

Even though many calculations can be done quickly and effectively on a calculator,
an estimate for an answer is often a useful check. This is done by rounding each of

the numbers in a way that makes the calculation relatively straightforward.
1 Estimate the answer to 57 x 246.

Here are two possibilities:
i) 60 x 200 = 12000
i) 50 x 250 = 12 500.

2 Estimate the answer to 6386 + 27.
6000 =+ 30 = 200.
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B Exercise 2.2.4

1 Without using a calculator, estimate the answers to the following.

a 62 x19 b 270 x 12 ¢ 55 x 60
d 4950 x 28 e 0.8 x095 f 0.184 x 475
2 Without using a calculator, estimate the answers to the following.
a 3946 + 18 b 8287 + 42 ¢ 906 + 27
d 5520 + 13 e 48 +0.12 f 610 +0.22

3 Without using a calculator, estimate the answers to the following.
a 7845 +51.02 b 1683-87.09 ¢ 293 +3.14

. 4.3 % 152 (9.8)°
d 842 +195 L T f a2y
4 Using estimation, identify which of the following are definitely incorrect.
Explain your reasoning clearly.
a 95 x 212 = 20140 b 44 x 17 = 748
c 689 x 413 = 28457 d 142656 + 8 = 17832
e 719 x 22.6 = 2512.54 f 84X _ 19366

0.2
5 Estimate the shaded areas of the following shapes. Do not work out an exact

ANSWET.

1 e 17.2m >

b I 9.7m >~

3 1m—=

c 28.8cm o

—_—

i
‘“*"‘“ 16.3cm

l<=——11cm—|
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6 Estimate the volume of each of the solids below. Do not work out an exact
answer.
a .. ——10.50mM ——

9cm Q%Gm

s

I E
Bcm 19cm
i //

le——  3Rom—————1 C 3

c 4cm

fllcm
o

Percentage error

Two golfers are trying to hit a ball to a flag in a hole. The fitst golfer is 100m from
the hole and lands the ball 4m short. The second golfer is 20m from the hole and
lands the ball 4m past it. They have both made a 4m error.

However, perhaps the first golfer would be happier with his result if the
percentage error was caleulated.

The percentage error is calculated as follows:

absolute error % 100

Percentage error= —————
ge total amount

Percentage error for golfer 1: % = 4%
Percentage error for golfer 2: % = % = 20%

The first golfer's result now looks much better.
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Worked example

When you are dealing with approximate and exact values you can use this formula.

Percentage error = mﬂ »x 100

total amount
P — Q'A
g

or Percentage error, v =

where v is the exact value and v, is the approximate value.

Two children estimated their heights. The first child estimated her height at 168cm,
when in fact she was 160cm tall. The second child estimated her height at 112em
when in fact she was 120em tall.

By calculating the percentage error for each child, calculare which child was better
at estimating their height.

o
——

First child's percentage etror = x 100

=‘160-168 « 100

160
= 105 X 100 = 5%

Vg g
Ve

Second child's percentage error = % 100

=‘120~112 —

120
= % 100 = 62%
Therefore the first child was better at estimating her height.

Exercise 2.2.5

1 Round the following numbers to two significant figures and calculate the
petcentage etror in doing so.
a 984 b 2450 c 504

2 Two golfers hit drives. Both estimate that they have hit the ball 250m. If the
first drive is 240m and the second is 258 m, which player had the smaller
percentage error!

3 A plane is flying at 9500m. If the percentage error is +2.5%, calculate:
a the maximum possible height that it is flying
b the minimum paossible height that it is flying.

4 a On the motorway my speedometer reads 120kmh™, but it has an error of
+1.5%. What is my actual speed?

b At ahigher speed, the car shows a speedometer reading of 180kmh~!. What is
its percentage error if my true speed is 175kmh1?
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2.3 Standard form

Galileo was an Italian astronomer and physicist. He was the first person accredited
with having used a telescope to study the stars. In 1610 Galileo and a German
astronomer, Marius, independently discovered Jupiter's four largest moons: Io,
Eurapa, Ganymede and Callisto. At that time it was believed that the Sun revolved
around the Earth. Galileo was one of the few people who believed that the Earth
revolved around the Sun. As a result of this, the Church declared that he was a
heretic and imprisoned him. It took the Church a further 350 years to officially

accept that he was correct; he was pardoned only in 1992.

Galileo Galilei  Facts about Jupiter:

(1564-1642) [t hag a mass of 1900000000000 000000000 000000 kg
It has a diameter of 142 800 000 m
It has a mean distance from the Sun of 778 000000 km

If numbers are written in the normal way, as here, they become increasingly
difficult to read and laborious to write the larger they become. We can write very
large numbers or very small numbers in the form a x 10%, where a lies in the range

1 < a < 10 and the index is a positive or negative integer, which can be expressed
as k € Z. This is known as writing a number in standard form or scientific notation.

A positive index

100 = 1 x 102
1000 = 1 x 103
10000 = 1 x 104
3000 =3 x 108
The number 3100 can be written in many different ways, for example:
J1x100 31x 107 0.31 x 10% etc.

However, only 3.1 x 10 is written in the form a x 10, where 1 =a < 10andk € Z.

1 Write 72000 in the forma x 10% where 1 <a < 10andk € Z.
1.2 x 104

2 Of the numbers below, ring those which are written in the form a x 10¥,
where l = a< 10andk € 7.

QT@ 035 x 102 18 x 10° @_@ 0.01 x 10!

3 Multiply the following and write the answer in the form a x 10%,
wherel =a<10andk € Z.

600 x 4000

600 x 4000
= 2 400000
=124 x 10°
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4 Multiply the following and write the answer in the form a x 104, where 1 < a < 10

andk € 7.
(2.4 x 10%) % (5 x 107)

(2.4 x 10%) x (5 x 107)
= (2.4 % 5) x 10™7

12 x 101

1.2 x 102

5 Divide the following and write the answer in the form a x 10%, where 1 < a < 10

and k € 7.
(6.4 x 107) + (1.6 x 10%)

(6.4 x 107) + (1.6 x 10%)
= (6.4 + 1.6) x 1073
=4 x 104

6 Add the following and write the answer in the form a x 10%, where 1 < a < 10

and k € 7.
(3.8 x 108) + (8.7 x 10%)

Change the indices to the same value, giving the sum:

(380 % 10%) + (8.7 % 10Y)
= 388.7 x 10*
= 3.887 x 10¢

7 Subtract the following and write the answer in the form a x 10%, where 1 < a < 10

and k € 7.
(6.5 x 107) — (9.2 x 10°)

Change the indices to the same value, giving:

(650 x 105) — (9.2 x 10°)
= 640.8 x 10°
= 6.408 x 107

GDCs have a button which allows you to enter a number in the form a x 10%,
where 1 = a < 10 and k € Z and they will also give answers in this form if the

answer is very large.

For example, enter the number 8 x 10%into the calculator:

Casio

Texas

e = - akig g ®
o

o|=| |Jo

Note: A number such as

1000 000 000 000 000

would appear on the screen as
1E + 15

You should write this as 1 x 1075,

not as your calculator displays it.

Note: A number such as

1000 000000 000 000

would appear on the screen as
1E15

You should write this as 1 x 105,
not as your calculator displays it.
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(B W Exercise 2.3.1

1 Which of the following are not in the form a x 10% where 1l =a < 10and k € Z?
a 62x10° b 7.834 x 10 c 80x 10°
d 046 x 107 e B2.3 x 10° f 6.15 x 100

2 Write the following numbers in the forma x 10% where 1 =a < 10and k € Z.

a 600000 b 48000000 c 184000000000
d 534000 e 7 million f 8.5 million
3 Write the following in the form a x 105, where 1 < a < 10 and k€ Z.
a 68 x 10° b 720 x 10° c 8x10°
d 0.75 x 108 e 0.4 x 101 f 50 x 106

4 Multiply the following and write your answers in the form a X 10%, where
l<a<10andk € Z

a 200 x 3000 b 6000 x 4000
¢ 7 million x 20 d 500 % 6million
e 3 million x 4 million f 4500 x 4000

5 Light from the Sun takes approximately 8 minutes to reach Earth. If light travels
at a speed of 3 X 10°ms!, calculate to three significant figures (s.f.) the distance
from the Sun to the Earth.

6 Find the value of the following and write your answers in the form a x 10%,
wherel <a< 10andk € Z.

a (4.4 x 10%) x (2 x 10°%) b (6.8 x 107) x (3 x 10%)
e (4 % 10°) x (8.3 x 10°%) d (5% 10°) x (84 x 10%)
e (85 x 106) x (6 x 10 f (5.0 x 1012)2

7 Find the value of the following and write your answers in the form a x 10%,
wherel =a< 10and k € Z.

a (3.8 x 108) + (1.9 x 10) b (6.75 x 10°) + (2.25 x 10%)
12
¢ (9.6 x 10) + (2.4 x 10°) d %
2.3 x 101 £ 2.4 x 108
€ 972 x10¢ 6.0 x 10°

8 Find the value of the following and write your answers in the form a x 10%,
wherel =a< 10and k € Z.

a (3.8 x 10°) + (4.6 x 109 b (7.9 x 10°) + (5.8 x 10%)
¢ (6.3 x 107) + (8.8 x 10°) d (3.15 x 10°) + (7.0 x 10%)
e (5.3 x 10°) — (8.0 x 107) £ (6.5 x 107) — (4.9 x 106)
g (893 x 109 — (7.8 x 10°) h (4.07 x 107) = (5.1 x 10%)
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Worked examples

9 The following list shows the distance of the planets of the Solar System from the

Sun.

Jupiter 778 million kilometres
Mercury 58 million kilometres
Mars 228 million kilometres
Uranus 2870 million kilometres
Venus 108 million kilometres
Neptune 4500 million kilometres
Earth 150 million kilometres
Saturn 1430 million kilometres

Write each of the distances in the form a x 10*, where 1 = a < 10and ke 7
and then arrange them in order of magnitude, starting with the distance of the
planet closest to the Sun.

A negative index

A negative index is used when writing a number between 0 and 1 in the form a x
105, wherel < a< 10 andk € Z.

eg 100 =1x10?
10 =1x10
1 =1 x 10°
01 =1x 10!
001 =1x 102
0.001 =1 x 10-3
0.0001 = 1 x 10~

Note that a must still lie within the range 1 < a < 10.

1 Write 0.0032 in the form a x 105, where l < a < 10and k€ Z.
32x10-3

2 Write these numbers in order of magnitude, starting with the largest.
bx 10 52510 1o 10-2 8355 % 1072 6100 % 108
835x 102 1 %102 36x 1073 52 % 10~ 6.08 x 10-8

Exercise 2.3.2

1 Write the following numbers in the form a x 10, where l = a < 10and k € Z.
a 0.0006 b 0.000053 ¢ 0.000 864
d 0.000000088 e 0.0000007 f 0.0004145

2 Write the following numbers in the form a x 105, where l < a < 10and k € Z.
a 68 x 10 b 750 x 10-° c 42 x10-1
d 0.08 x 10-7 e 0057 x10° f 04x10°1°
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2.4

3 Deduce the value of k in each of the following cases.
a 0.00025=125x 10% b 0.00357 = 3.57 x 10%
¢ 0.00000006 = 6 x 10% d 0.004 =16 x 10
e 0.00065% = 4.225 x 10*

4 Write these numbers in order of magnitude, starting with the largest.
32 101 68 x 10° 5.57 x 10-° 6.2 x 10°
5.8 x 10-7 6.741 x 10-4 8.414 x 10?

S| units of measurement

A soldier in Julius Caesar’s army could comfortably march 20 miles in one day,
wearing full kit, and then help to build a defensive blockade.

The mile was a unit of length based on 1000 strides of a Roman legionary. The
measurement was sufficiently accurate for its purpose but only an approximate
distance.

Most measures started as rough estimates. The yard
(3 feet or 36 inches) was said to be the distance from the
king's nose (reputed to be Henry ] of England) to the tip of
his extended finger. As it became necessary to have
standardization in measurement, the measures themselves
became more exact.

In 1791 during the French Revolution, a new unit of
measurement, the metre, was defined in France. Originally it
was defined as ‘one ten-millionth of the length of the
quadrant of the Earth's meridian through Paris’. This use of
this unit of measurement became law in France in 1795.

However, this measurement was not considered
sufficiently accurate and further definitions were required.

In 1927 a metre was defined as the distance between two marks on a given
platinum—iridium bar. This bar is kept in Paris.

In 1960 the definition was based on the emission of a krypton-86 lamp.

At the 1983 General Conference on Weights and Measures, the metre was

redefined as the length of the path travelled by light in a vacuum in W;L{S&

second. This definition, although not very neat, can be considered one of the few
‘accurate’ measures. Most measures are only to a degree of accuracy.

Slis an abbreviation of Systéme International d'Unités. Its seven base units are listed
below.

Quantity Unit Symbol
Distance metre m

Mass kilogram kg

Time second s
Electrical current ampere

Temperature kelvin K
Substance mole mol

Intensity of light candela od
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The SI has other derived units. The following questions highlight some of the more
common derived units and their relationship to the base units.

B Exercise 2.4.1

1 Copy and complete the sentences below.
a There are centimetres in one metre.

b A centimetre is part of a metre.

¢ There are metres in one kilometre.
d A metreis part of a kilometre.

e There are grams in one kilogram.
f Apgramis part of a kilogram.

g Akilogram is part of a tonne.

h There are millilitres in one litre.

i One thousandth of a litre is ;

j There are grams in one tonne.

2 Which of the units below would be used to measure each of the following?
millimetre centimetre metre kilometre
milligram gram l;ilcrgram tonne
millilitre litre

a Your mass (weight)

b The length of your foot

¢ Your height

d The amount of water in a glass

e The mass of aship

f The height of a bus

g The capacity of a swimming pool

h The length of a road

i The capacity of the fuel tank of a truck
j The size of your waist

3 Draw five lines of different lengths.
a Estimate the length of each line in millimetres.
b Measure the length of each line to the nearest millimetre.

4 Write an estimate for each of the following using the correct unit.
a Your height
b Your weight (mass)
¢ The capacity of a cup
d The distance to the nearest town
e The mass of an orange
f The quantity of blood in the human body
g The depth of the Pacific Ocean
h The distance to the moon
i The massof acar
j The capacity of a swimming pool
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Worked examples

Worked examples

Converting from one unit to another

Length
1 km is 1000m, so:

to change from kilometres to metres, multiply by 1000
to change from metres to kilometres, divide by 1000.
1 Change 5.84 km to metres.

1km = 1000m so multiply by 1000
5.84 x 1000 = 5840 m

2 Change 3640mm to metres.

1m = 1000mm so divide by 1000
3640 + 1000 = 3.64m

Exercise 2.4.2

1 Convert these to millimetres.

a 4cm b 6.2cm c 28cm

e 0.88m f 365m g 0.008m
2 Convert these to metres.

a 260cm b 8900cm ¢ 23km

e 250cm f 04km g 3.8km
3 Convert these to kilometres.

a 2000m b 26500m ¢ 200m

e 100m f 5000m g 15000m
Mass

1 tonne is 1000kg, so:

to change from tonnes to kilograms multiply by 1000
to change from kilograms to tonnes divide by 1000.
1 Change 0.872 tonne to kilograms.

1 tonne is 1000kg so multiply by 1000.
0.872 x 1000 = 872kg

2 Change 4200kg to tonnes.

1 tonne = 1000kg so divide by 1000.
4200 + 1000 = 4.2 tonnes

Capacity

1 litre is 1000ml, so:

to change from litres to millilitres multiply by 1000
to change from millilitres to litres divide by 1000.

d1l2m
h 0.23cm

d 0.75km
h 25km

d 750m
h 75600m

33
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1 Change 2.4€ to millilitres.

1 £ is 1000ml so multiply by 1000.
2.4 x 1000 = 2400ml

2 Change 4500ml to litres.

1 £ = 1000ml so divide by 1000
4500 + 1000 = 4.5¢

B Exercise 2.4.3
1 Convert these to kilograms.

a 2 tonne b 7.2 tonne c 2800g d 750¢

e 0.45 tonne f 0.003 tonne g 6500g h 7000000¢
2 Convert these to millilitres.

a 264 b 0.7¢ c 0.04¢ d 0.008¢
3 Convert these to litres.

a 1500ml b 5280ml ¢ 750ml d 25ml

4 The masses of four containers loaded on a ship are 28 tonnes, 45 tonnes, 16.8
tonnes and 48500 kg.
a What is the total mass in tonnes?
b What is the total mass in kilograms? Write your answer in the form
ax 10*, wherel<=a<10and k € Z.

5 Three test tubes contain 0.084, 0.42 £ and 220ml.
a What is the total in millilitres?
b How many litres of water need to be added to make the solution up to 1.25 €7

Temperature scales

You will have come across three temperature scales in science lessons.

Fahrenheit °F Celsius °C kelvin K

The kelvin is the official S] unit of temperature. It is identical to the Celsius scale
(in thata 1 °C change is equivalent to a 1K change, except that it starts at 0K,
which is equivalent to —273 °C. This temperature is known as absolute zero.

Absolute zero = 0K = =273 °C
The table shows the conversion between Fahrenheit, Celsius and kelvin scales of

temperature.

Scale Freezing point of water Boiling point of water
Fahrenheit 32 212

Celsius 0 100

Kelvin 273 373
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Worked example

The number of gmﬂuations (scale points of 1 degree] between the freezing and
boiling points of water in the Celsius and Fahrenheit scales is 100 and 180

respectively. Therefore:

a change of 100 °C represents a change of 180°F

a change of 1°C represents a changeof% = %"F.

Because we know that the freezing point of water is 0°C and 32 °F, it is possible to
derive a formula for converting between Celsius and Fahrenheit.

T, = 2T + 32 which rearranged gives T, = 2(T, - 32)

where T represents the temperature in degrees Fahrenheit and T _ represents the
temperature in degrees Celsius.

An approximate conversion from degrees Celsius to degrees Fahrenheit can be
obtained from the formula:
T,=2T_+ 30

Similarly, because we know that a change on the Celsius scale represents the same
change on the kelvin scale and that the freezing point of water is 0°C and 273K, it
is possible to derive a formula to convert between degrees Celsius and kelvin.

T, =T, + 273, which rearranged gives T,=T,-1213

where Tk Tepresents the temperature in kelvin.

Convert 40 °C into:
a degrees Fahrenheit
b Lelvin.

a T;=2T, +32
T, =3 x 40 + 32
T, = 104
40°C is 104°F.

b T, =T + 273
T, =40 + 273
T, =313
40°C s 313K.

Exercise 2.4.4

1 Convert the following to degrees Fahrenheit.
a 20°C b80°C €200°C

2 Convert the following to degrees Celsius.
a 50°F b275°F c 887°F

3 Convert the following to kelvin.
a 30°C b -120°C c95°F
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4 Using the approximate conversion formula, convert the following to degrees
Fahrenheit.
a 20°C b 80°C c200°C

5 Calculate the percentage error in your answers to question 4 above compared
with your answers to question 1.

6 At what temperature in degrees Celsius and degrees Fahrenheit does the
approximate formula give the same answer as the accurate formula?

@ 2.5 Arithmetic sequences and series

A sequence is a collection of terms arranged in a specific order, where each term is
obtained according to a rule. Examples of some simple sequences are given below.

2,4,6,8,10 1,4,9, 16, 25 1,2,4,8,16
11,2358 1,8,27,64,125 10,5332

Discuss with another the student the rules involved in producing the sequences
above.

The terms of a sequence can be expressed as U Ugy Uy, e Uy where

u,is the first term
uzis the second term

u, is the nth term

Therefore in the sequence 2, 4, 6, 8, 10, u; = 2, u, = 4, etc.

Arithmetic sequences

In an arithmetic sequence there is a common difference (d) between successive
terms, e.g.

eg 3 6 9 12 15
SN
+3 +3 +3 +3 d=3
7 7 -3 -8 =13
R A N e
-5 -5 -5 -5 d= -5

Formulae for the terms of an arithmetic sequence
There are two main ways to describe a sequence.

1 A term-to-term rule, known as a recurrence relation.

In the following sequence,
1 12 17 22 27
+5 +5 +5 +5

the recurrence relation is +5,i.e. u, = u +5u,=u +5etc.

2
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The general form is therefore written as u

+1

=u +5u =1, whereunisthe
nth term and u_,, is the term after the nth term.

Note: It is important to give the value of one of the terms, e.g. u;, so that the

exact sequence can be generated.

2 A formula for the nth term of a sequence.

This type of rule links each term to its position in the sequence, e.g.
Pasition 1 2 3 4 5 n

Term 7 12 17 22 27

We can deduce from the figures above that each term can be calculated by
multiplying its position number by 5 and adding 2. Algebraically this can be

written as the formula for the nth term:

w=5n+1

A GDC can be used to generate the terms of a sequence from the recurrence

relation. For example, to calculate u,, u, and u, for the sequence u_,, = 2u_ - 5,

u; = 1, the following can be done:

Casio
' @ This enters the first term. 1
o Fns ;
o Neall N - N 5 Ree
Z : [+rea b
This fetches the previous answer and
substitutes it into the equation.
1
oo 2 -
- L}
This enters the previous answer back into g
the original recurrence relation and oy
generates the required terms.
Texas
m ﬂ This enters the first term. 1
1
2hns=5 b
olwlo|ojole L
This fetches the previous answer and
substitutes it into the equation.
1
CACA 1
2Arns—13 %
This enters the previous answer back into - g
the original recurrence relation and . g

generates the required terms.
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Worked examples

Therefore w,==3,u,=-11 and u, = =217.
Note: This sequence is not arithmetic as the difference between successive terms
is not constant.

With an arithmetic sequence, the rule for the nth term can be easily deduced by
looking at the common difference, e.g.

Position 1 y) 3 4 5

Term 1 5 9 13 17 u,=4n-3
SR G SR i O g VRS
+4 +4 +4 +4

Posiion 1 2 3 4 5
Term T 9 11 13 15 w=In+5
R S S S
+2 +2 +2 +2
Posiion 1 2
Term 12 9 6 3 0 w, =-3n+15
S A N~ ¥
-3 -3 -3 -3

The common difference is the coefficient of n (i.e. the number by which n is
multiplied). The constant is then worked out by calculating the number needed to
make the term.

1 A sequence is described by the following recurrence relation:
l"I':rl'l'l = 4‘!1.“"3,141 =2

Calculate u,, uy and U, and state whether the sequence is arithmetic or not.

, = 4u, — 3 therefore u, = 4x 2 —3 =5
u3=4u2w3therefoteu3=4x5w3 =17

u4=4u3-—3therefoteu4 =4x 17 -3 =65

The sequence is not arithmetic as the difference between terms is not constant.

2 Find the rule for the nth term of the sequence 12, 7, 2, -3, —8....

Position 1 yi 3 4 5
Term 12 7 2 -3 -8 w=-5m+17
e o~ ¥
-5 -5 -5 -5

Exercise 2.5.1
1 For each of the following sequences, the recurrence relation and u, are given.
Calculate u,, u; and U, and state whether or not the sequence is arithmetic.
au, =u+5u=3 bun+|=2u“+4,ul=1
€Uy =—u +1,u=0 du,,=3-u,u=>5

eu, ,=—-4+u,u =8 f u“1=6~—%un,ul=—r9
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2 For each of the following sequences:
i) deduce the formula for the nth term
ii) calculate the 10th term.
a 5,811, 14, 17
¢ 31323547
e —-7,-4,-1,2,5

b 0,4,8,12, 16
d 6,3,0,-3, -6
f -9, -13, 17, =21, =25

39

3 Copy and complete each of the following tables showing arithmetic sequences.

% | position 1 2 5 50 n
Term 45 4n-3
b | position 1 2 5 n
Term 59 449 en-1
c
Position 1 100 n
Term o -5 47 -n+3
d | position 1 2 3 n
Term 3 0 -3 =24 -294
€ | position 5 7 n
Term 1 10 16 25 145
f | position 1 2 5 50 n
Term -55 -7 -34
4 For each of the following arithmetic sequences:
i) deduce the common difference d
ii) give the formula for the nth term
iii) calculate the 50th term.
a 5,913,171, 21 b0 __,2,_.4
e L O d u;=6u,=10

e u; = =50, u, =18

bond pays for itself?

Series

f u, = 60, u, = 39

5 Judi invests £200 in a bond which pays simple interest of 12.5% per year. She
receives a cheque each year for the interest. How many years is it before the

When the terms of a sequence are added I:crgether, the sum is called a series. There
is specific notation associated with series, with which you will need to be familiar.
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Consider the arithmetic sequence 3, 6,9, 12, 15, ...
S, is used to describe the sum of the first n terms of a sequence.
§ 4 therefore denotes the sum of the first four terms of the sequence, i.e.

$,=3+6+9+12=30

The Greek letter X is also used to indicate that the terms of a sequence are to be
added. In the sequence above, the formula for the nth term isu_ = 3n.

i3n denotes that the first to the fourth terms of the sequence u_ = 3n are to be
added:

4
?.3n=3+6+9+12=30

Similarly E:'Jn denotes that the sixth to the eight terms of the sequence u_= 3n are
to be added:

]
fﬁ.3n=18+21+24=63

5
e — 1 Write in full the terms of the series £2n — 6.
1

@

E?ZZn-6=—4+—-2+0+2+4
2 Evaluatefq:(wn + 4).
E:Z(—n+4]=1+()+—1+n—2+—3=~—5

3 Write the series 0 +£—,+ 1+ 1%+ ) +2%usingﬁleznotatiun.

The formula for the nth term is u = l

B

1
an
Therefore the series can be written as E:

The sum of an arithmetic series

Consider the sum of the first 100 positive integers,i.e. 1 + 2 + 3+ ...+ 98 + 99
+ 100. There is an efficient way of calculating the sum of the numbers without
having to add them all one by one.

1+2+3+4+5+6+...+95+96+97 +98 +99+ 100

S

The terms of the series can be paired up as shown above. The sum of each pairis
101 and there are 50 pairs. Therefore the sum of the series is 50 x 101 = 5050.
This can be generalized for any arithmetic series as

S, = %{ul + uﬂ]

where u, is the first term, u, the last term in this case and n is the number of terms.
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The nth term u_can also be written in terms of Uy, n and d (the common
difference).

Consider the sequence 2, 5, 8, 11, .... To calculate the 20th term, we can use
the formula for the nth term, «_ = 3n — 1, or we can consider how many times the

common difference d needs to be added to the first term in order to reach the
20th term:

2 5 8 11...
A
+3 +3 +3

To get to the 2nd term, +3 is added once to the 1st term (2). To get to the 3rd
term, +3 is added twice to the 1st term. Therefore to get to the 20th term, +3 will
be added 19 times.

uy=2+(19x%3)=59
In general terms u, = u, + (n — 1)d
If this is substituted for u_ in the formula §_ = %(“1 + u_), then another formula for
S, is derived.
S = %(ul +u; + (n-1)d)

AL
2
For the sequence 2, 5, 8, 11, ..., the value of §,, = % (2 %2+ (20-1)3) = 610.

S, =5(2u; + (n-1)d)

You can also use your GDC to calculate the sum of an arithmetic sequence. Although
you will be expected to show your working in an exam, the GDC will allow you to
quickly check your answer.

20
For example, to evaluate ?{3n - 1)

Casio

Yiim T R
S>OSo |

to access the ‘sum’ function within the
‘List’ menu.

LastJL+M]D s (o
B (&8 o sclect sequence. I ) (I VW) )

To define the sequence, type (3X-1, X, S SeatTd=1,% 1,28, 1
1, 20, 1). This means (nth term, variable, ) 10
starting position, finishing position,
increment).

m Last JLstH] ENEE T
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Texas

ooy |

to access the ‘sum’ function within the
‘MATH" menu.

w|-lolo

to select ‘sequence’ from the OPS menu.
To define the sequence, type (3X -1,

£ C3E=1e X
X, 1, 20, 1). This means (nth term, T I et “;
variable, starting position, finishing
position, increment).

(2

1o
bkl 1 Evaluate X2n:

This is II:he sum of the first 100 even numbers.
100
S =T(2 % 2+ (100 — 1)2) = 10100

2 Evaluate 2(2n — 8).
50
This is the sum of the 50th to 100th terms of the sequence u, = 2Zn — 8.

For this sequence the common difference d = 2.
The sum can be calculated in two ways.

i) ﬁ(zn —8) = WEI.G{ZH =By *}::un —g)
= 9300 — 2058
= 7242

(Zn - 8) = Uy F Uy Foee, F
=92 +94 +..+192
ieu,=92,n=51,d=1
Therefore =I§(2n - 8) = %{2 % 92 + (51 = 1)2) = 7242
3 Four consecutive terms of an arithmetic sequence are x + 8, 2x + 6, 4x — 8 and
3x + 14.

a Calculate the sum of the four terms in terms of x.
b Calculate the sum of the four terms.

ii )

] e
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a x+8+2x+6+4x—8+3x+ 14 =10x+20

b The common differenced=2x+ 6= (x +8)=x -2
The common difference disalso = 4x — 8 — (2x + 6) = 2x — 14

Therefore x —2 = 2x — 14

x=12
The sum of the four terms = 10x + 20
=10x 12 + 20
= 140

B Exercise 2.5.2
1 Find the sum of each of the following arithmetic series.

a3+8+13+...+53 b%+4~%+8%+...+60%

e 21+17+13+...+-43 d 100+95+ ... + —100
2 Evaluate each of the following.

54 —n) b 2 - 10

aeneion)

i) n n
¢ Z3n-50) d };{EH)
3 The second and sixth terms of an arithmetic series are —2 and 10 respectively.
Calculate:
a the common difference
b the lst term
¢ the 20th term
d S,

4 The tenth term of an arithmetic series is 18.5. If $,, = 95, calculate:
a the first term
b the common difference
c S

5 The fifth, sixth and seventh terms of an arithmetic series are 3 — 3m, m = 9,
9 — m respectively. Calculate:
a the common difference
b the first term
¢ the sum of the first ten terms.

6 The fourth term of an arithmetic series is twice the first term x.
If the tenth term is 24, calculate:
a the common difference in terms of x
b the first term
¢ the sum of the first ten terms.

7 The first term of an arithmetic series is 19 and the last term is —51. If the sum of
the series is — 176, calculate the number of terms in the series.
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8 A child builds a triangular structure out of bricks. The top three rows are shown.

Each row has one brick fewer than the row beneath it.
a Show that, if the structure has n rows, the total number of bricks used is

given by the formuls §_ = % (n+1).

b If the structure has 78 bricks, how many rows has it?
¢ If the child has 200 bricks, what is the maximum number of rows his structure

can have?

@ 2.6 Geometric sequences and series

So far we have looked at sequences where there is a common difference between
successive terms. There are, however, other types of sequence, e.g. 2, 4, 8, 16, 32.
There is clearly a pattern to the way the numbers are generated as each term is
double the previous term, but there is no common difference.

A sequence where there is a common ratio (r) between successive terms is
known as a geometric sequence. For example:

2 4 8 16 32
R o NP . WEEE G SIS 4

%2 x2 x2 x2 r=1
21 9 3 1 3
NN TN N o

o W & -

As with an arithmetic sequence, there are two main ways of describing a geometric
sequence.
1 The term-to-term rule.

For example, for the following sequence,

3 6 12 24 48
%2 x2 x2 x2
u, = 2u, u; = 2u,

the general ruleis u_, | = 2u_, 4, = 3.
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2 The formula for the nth term of a geometric sequence.
As with an arithmetic sequence, this rule links each term to its position in the
sequence. For example, for the following sequence,

Positon 1 2 3 4 5 n
Term 3 6 12 24 48
o o~ ¥~ ¥
x2 2 x2 x2

to reach the second term, the calculationis 3 x 2 or 3 x 2!
to reach the third term, the calculationis 3 x 2 x 2 or 3 x 22
to reach the fourth term, the calculationis 3 x 2 x 2 x 2 or 3 x 23

In general therefore
Vi u1r"‘]

where u, is the first term and r is the common ratio.

Compound interest

When money is invested in a bank account it may eam interest. When the interest
paid is simple interest, the amount of money in an account forms an arithmetic
sequence with the amount of interest being the common difference. When the
interest paid is compound interest, the amount of money in an account forms a
geometric sequence with the interest rate determining the common ratio.

For example, £100 is deposited in a bank account and left untouched for five years.
If it earmns compound interest at 10% per year, the amount in the account increases as
shown below.

Number of years 0 1 2 3 4 5
Amount 10000 11000 121.00 133.10 14641 161.05
x1.1 x1.1 x1.1 x1.1 %1.1

Simple interest and compound interest are dealt with in more detail in Sections 8.2
and 8.3.

Exercise 2.6.1
1 Identify which of the following are geometric sequences and which are not.

a 2,6,18,54 b 2551, c 1,4,9,16,
d "_3: 95_2?581 = %:%:%:% { %:%:%:%

2 For the sequences in question 1 that are geometric, calculare:
i) the common rator
ii) the next two terms
iii) aformula for the nth term.
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3 The nth term of a geometric sequence is given by the formula u, =—6 x 1

a Calculate u,u, and Wy

b What is the value of n, if u, = —7687
4 Part of a geometric sequence is given below.
-1, ., 64, whereuz = —1and u, = 64. Calculate:

a the common ratior
b the value of u,

¢ the value of uy,.

5 Aurchie invests €1000 in an savings account paying 6% compound interest per
year. Calculate the amount in the account after 5 years.

Geometric series

A geometric series is one where the terms of a geometric sequence are added
together. For example, for the following geometric sequence,

Position 1 2 3 4
Term 5 10 20 40 80 160

the formula for the nth term is u, =5x -1
Therefore the sum of the series above is given by:

Lh
=2

(]
5321=5(1+2+4+8+ 16 + 32) = 315
1

A formula for the sum of S, a geometric series can be derived as follows:

S, =wy+ur+url +ur+ .. +ur!
Multiplying by = 1S, = uyr + upr? +up” + ... + ™ +uy”
Subtracting the first equation from the second gives:

1S, =8, =ur—y
S(r=1)=u/("-1)

ThEtEfCIIE S =M

o r#l

where u, is the first term, r is the common ratio and n is the number of terms.
This form of the formula is particularly useful whenr > lorr < —1.

If we multiply S“ b % a variation of the formula is obtained:

5 =M r=1

. l—r

This form is more useful when —1 < r < 1 as it avoids working with negative values.
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T — A series is as follows:

4+ 12 +36+ 108 +...+26244
a Calculate the number of terms in the series.
b Calculate the sum of the series.

au =4r=3
Usingu_ = u]r"'j
4 x 31 =726244
3m=! = 6561
Using a calculator we can find that 3% = 6561
Therefore 3% = 3=, which implies 8 = n — 1,i.e. n=9.
There are nine terms in the series.

w,(r - 1)

]::S“= ul=4,r=33ndn=9
r—1
G
s,= 3720 _ 59364

This can be checked using your GDC as shown on pages 41-2.

B Exercise 2.6.2

1

5

For each of the following geometric series, calculate:

i) the value of the common ratio r

ii) the sum of the first 10 terms.

a%+%+%+1+2 b-—$+%——1+3—9

¢ 5+75+ 1125 + 16.875 d 10 + 1+ 0.1 +0.01 + 0.001
For each of the following geometric series, the first three terms and the last term

are given.
i) Find the number of terms n.
ii) Calculate the sum of the series.

a 1+3+9+ ..+ 2187 b%+%+%+...+1251
c 8~4+2-...+% da+tar+al+..+a!
Evaluate each of the following.
5 7 8 n]
a 34 bX2arr < 35
1 1

In a geometric series, u, = % and u; = 72. Calculate:
a the common ratior
b the first term u,
¢ the value of Sﬁ.

Three consecutive terms of a geometric series are (p — 2), (—p + 1) and (2p -2).
a Calculate the possible values of p.
b Calculate the term before (p — 2) assuming p is the larger of the valuesin

part a.
¢ Ifuy; = (p — 2), calculate S,
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6 A new strain of a virus is detected in one patient in a hospital. After 3 days, 375
new cases of the virus are detected. Assuming the number of new cases continues
to grow as a geometrical sequence, calculate:

a the number of new cases after 7 days
b the total number of infected people after 7 days.

Infinite geometric series

For all the series considered so far, if the series was continued, the sum would
diverge (continue to grow). However, this isn't always the case: for some series, the
sum converges to a value. For example, in the following series,

4 + 2 + 1 + % +%
e T i e
1 1 1 1

3 %3 s X1
the amount being added each time decreases. This is represented visually in the
diagram below.
2 2

Ll

-

: . 7H
\1“—) 1
2.,_______

1 1

The area of each shape represents a term in the series. The total area of the large
rectangle is 8. This suggests that the sum of the series, if continued infinitely, would
also be 8, ie. S_ =8.

This can be proved algebraically using the formula §_ =

raf—

u (1 — )
1-r °

(Note: The altemnative version of the formula is used since -1 <r < 1.)

u,=4,f=%
H1-7)_A1-3) g1
8 11 = 1 =8(1ri)
2 2
Asn— o, (5]~ 0. Therefore S, = 8(1 - 0) = 8.
hgmemlsn=wbboames3m=11_‘_l_rfuraninﬂnitegmmetﬁcseries,

as (1 —1™) = lasn — ee,

Therefore if —1 < r < 1, the sum to infinity of a series will have a value.
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A sequence s defined by s, = 31"~

a Calculate u;, u, and u,.
b Write down the values of u, and r.
Calculate the sum of the infinite series 23(1]

Lg]

a —th)_3
= 3"(2) =7
w=3x () =3
bu1—3,r=%
fd Sm=_-.1:l_!_-_=_.§_._.l_=6
l-r 1-3

B Exercise 2.6.3

2.7

1 Calculate the sum to infinity of the follnwing seties

a 1846+2+3+... b -8+4-2+1-..
c 1+11—0+“1)—0+ﬁ+... d 7+2+3 +%+
2 Evaluate the following sums to infinity.

o (1}n v 2
S

o (2\n =9

= X

% %(3) %3 :

3 The second term of a geometric series is % The sum to infinity of the same series
is 6. Calculate:

au b the common ratio r.

4 In ageometric seriesu; + u, = 12. If r = %,ﬁnd the sum of the infinite series.

Graphical solution of equations

A linear equation, when plotted, produces a straight line.
The following are all examples of linear equations:

y=x+1 y=2x-1 y=3x y=-x-2 «y=4
They all have a similar format, i.e. y = mx + c.
In the equation y=x+1, m=landc=1
:,-:2:(-—-]., m=2&1‘ldl:="’].
y = 3x, m=3andc=0

:,-:--—1-—2, m=—].andc=-—2

y =4, m=0andc =4
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Their graphs are shown below.
Yi YA b/
4 4 4
3 3 3
2 2 2
1 1
/ y=2x—1 }‘=3X
—3—2—10/123‘} a4 B2 A 2 3x
=1
/é i
=3 =3
Yh Y
4 5
A
3 e
2 3
y=-x-2
1 2
4 8 4 0 1 2 3 4x i
% 4 B3 2 a0 2 3 4x
=1
! -a\ .
-4 -3

In Section 5.2 plotting and solving linear equations are studied in more detail. In
this section we look exclusively at how to use your GDC and graphing software to

draw linear graphs and to solve simple problems involving them.

Using a GDC or graphing software to plot a

linear equation

In Topic 1 you saw how to plot a single linear equation using your GDC. For

example, to graph the linear equation y = 2x + 3:

Casio

L]

HT o a
i 5 L] £ A | E W ﬁ E

/1

/|
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Texas

3

Fi

o] - |olo]v IAl

With graphing software too, the process is relatively straightforward:

Autograph

Select &5, and enter the equation.

Note: To reposition the graph on the screen use i’_‘, . To change the
scale on the axes use | .

GeoGebra

Type f(x) = 2x + 3 into the input box.

Note: To reposition the graph on the screen use m To change the

scale on the axes select ‘Options’ followed by 'Dra:ring pad’.

Unless they are parallel to each other, when two linear graphs are plotted on the
same axes, they will intersect at one point. Solving the equations simultaneously
will give the coordinates of the point of intersection. Your GDC and graphing

software will also be able to work out the coordinates of the point of intersection.

Find the point of intersection of these linear equations.

y= 21—13nd3r=%1+2
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Using a GDC:

Casio

ﬁ “ and entery = 2x — 1, m
Entery=;—x+2, @

é to graph the equations.

G b e
(7)) & followed by #7® to select -~

‘intersect’ in the ‘graph solve’ menu. The slopecl,

results are displayed at the bottom of the

screen. e
ird vl

Note: Equations of lines have to be entered in the formy = ...,
e.g. the equation 2x — 3y = 9 would need to be rearranged to make

y the subject, i.e. y = 2’(3' B orys= %x -3.
Texas
" FERi PR FRZ
and enter y = 2x — 1, ﬂ Wy EE=1
e’ A zﬁilJﬁﬁz
21 i
Then y=35x+ 2, n :3;:
WS
Ly rE

. __J to graph the equations.

"' . J followed by m to

Once the two lines are selected using s
the results are displayed at the
bottom of the screen.

NN

select ‘intersect’ in the ‘graph calc’ menu. /

Ehéviljﬁtb i

Note: See the note for the Casio above.
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Using graphing software:

Autograph

Select =3 and enter each equation
in turn.

Use Rj and select both lines.

dick on 'Object’ followed by the
‘solve f(x) = g(x)' sub-menu.

dick [ to display the ‘results box'.

Note: To select the second line, keep the shift key pressed.

GeoGebra

Enter fix) = 2x -1 and g() = 3x+2in
the input field.

Enter ‘Intersect [f(x), g(x)] in the
input field.

The point of intersection is displayed
and its coordinate written in the ==
algebra window. A

B Exercise 2.7.1

1 Using either a GDC or graphing software, find the coordinates of the points of
intersection of the following pairs of linear graphs.

ay=5-xandy=x-1 by=7—-xandy=x-3
cy=-2x+5andy=x-1 d:<+3y=—land3r=%x+3
e x—y=6andx+y=12 f 3x—2y=13and2x+y=4
g 4x—5y=land2x + y= -3 hx=yandx+y+6=0
i 2x+y=4and4x+ 2y=8 j y-3x=1landy=3x-3

2 By referring to the lines, explain your answers to parts i and j above.
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Quadratic equations

An equation of the form y = ax® + bx + ¢, in which the highest power of the
variable x is x?, is known as a quadratic equation. The following are all examples of

quadratic equations:
y=2+2x-4 y=-3+x+2 =4+ 3'.:%12_‘_2

When plotted, a quadratic graph has a specific shape known as a parabola. This will
look like

ARV,

Depending on the values of a, b and c, the position and shape of the graph will
vary, e.g.

y=x2-8x+4 17
¥ 6
Wl 5
4
2_
3 g
2_ L.
1_ I Y I AP WA A
SZA T I 5 E g ]
=3

a=l.hb=-3andc=4 a=-}b=1andc=4

Solving a quadratic equation of the form ax? + bx + ¢ = Qimplies finding where
the graph crosses the x-axis, because y = 0 on the x-axis.

In the case of above v—%xz + x + 4 = 0, we can see that the graph crosses the
x-axis at x = —2 and 4. These are therefore the solutions to, or roots of, the

equation. In the case of x* + 3x + 4 = 0, the graph does not cross the x-axis.
Therefore the equation has no real solutions.

(Note: There are imaginary solutions, but these are not dealt with in this textbook.)
A GDC can also be used to find the solution to quadratic equations:
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Casio

L

m and enter y = -%x—"* +X+4,
m ﬁ. to graph the equation.

[ e ] .ﬁ followed by r’% to select

‘Root’ in the ‘graph solve’ menu.

Use @ to find the second root.

The results are displayed at the bottom of
the screen.

f‘j'_"‘x

LY

Wim=] 20

P

b W

N

" T
T

Texas

) andentery=-1x2+x + 4, n

; to graph the equation.

,  followed by m to select

‘zera’ in the ‘graph calc’ menu.

Use and follow the on-screen

prompts to identify a point to the left
and a point to the right of the root, in
order for the calculator to give the root.

L

/

\

Fiz=Lidedely

A%

Ltk Bound?
Ex-Z85F1W

fa~1. 12805

T

LA
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Alternatively, graphing software can be used:

Autograph

Select =3, and enter the equation
y= -%x? +X+4

Use [; and select the line.

Click on ‘Object’ followed by the
‘solve f(x) = O sub-menu.

Click to display the ‘results box'. E quakicn Satver
E i Sahdion x=3 y=0
Soltion ©=4 }’=':|

GeoGebra

Enter f(x) = -%x-"* +x+4in
the input field.

Enter ‘Root [f(x)]" in the
input field.

The solutions are displayed
and their coordinates
written in the algebra
window. e

R L]
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B Exercise 2.7.2

Using either a GDC or graphing software:
i) graph the following quadratic equations
ii) find the coordinates of any roots.

la y=+-3x+2
c :,r=+—xz+81-—15

e y==x2+x+4

[-4]

y=%12+%x+3
c —2y=x*+10x+ 25

B Student assessment 1

Diagrams are not draun to scale.
1 State whether each of the following numbers is

rational or irrational.

a 1.6 b 43
c '0.? d D73
e V121 f

2 Round each of the following numbers to the
degree of accuracy shown in brackets.
a 6472 (nearest 10)
b 88465 (nearest 100)
¢ 64785 (nearest 1000)
d 6.7 (nearest 10)

3 Round each of the following numbers to the
number of decimal places shown in brackets.
a 3.84(1dp) b 6.792(1d.p.)
c 0.8526 (2d.p.) d 1.5849(2d.p.)
e 9954 (1d.p.) f 0.0077(3dp.)

4 Round each of the following numbers to the
number of significant figures shown in brackets.
a 42.6(1sf) b 5.432(2sf)
c 0.0574 (1 sf.) d 48572 (2sf.)
e 687453 (1 sf.) f 687453 (3sf))

5 A cuboid’s dimensions are given as 12.32cm by
1.8 cm by 4.16cm. Calculate its volume, giving
your answer to three significant figures.

b y=x+4x— 12
dy=x'+2x+6

b 4y=—-x+6x+ 16

6 1 mile is 1760 yards. Estimate the number of
yards in 11.5 miles.

7 Estimate the answers to the following. Do not

Wﬂ‘l’k out an exact answer.

L 53 x112 b (9.8)
T 21 (4.7
18.8 x (7.1)2

€ (3.1)% x (49%
8 Estimate the shaded area of the figure below.

1=t-&4.9 CM-3=1 1=-4,9 CIT =1

11.7cm

G.4cm

&

! 18.8cm J

9 a Use acalculator to find the exact answer to
question 8.
b Calculate your percentage error.

10 A boy estimates the weight of his bike to be
2.5kg. It actually weighs 2.46 kg. What is his
percentage error!
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B Student assessment 2

1 Write the following numbers in the form
ax 10¥ wherel <a < 10andk € Z.

a 6million b 0.0045
¢ 3800000000 d 0.000000361
e 460 million f 3

2 Write the following numbers in order of
magnitude, starting with the smallest.

6.2 x 107 593 1077 4.21 x 107
49 x 108 3.6 x 103 741 x 10-°
3 Write the following numbers:

6 million 820000 0.0044 0.8

52000

a in the form a x 10%, where 1 < a < 10 and
ke?

b in order of magnitude, starting with the
largest.

4 Deduce the value of k in each of the following.

a 4750 = 4.75 x 10%

b 6440000000 = 6.44 x 10%

c 0.0040 = 4.0 x 10*

d 10002 =1 x 10*

e 0.9 =119 x 10

f 8007 =512 x 10*

5 Write the answer to each of the following
calculations in the form a % 10%, where
l=a<10and kE Z
a 4000 x 30000
b (2.8 x 10°) x (2.0 x 10°)
¢ (3.2 % 10°) + (1.6 x 104)

d (2.4 x 10%) + (9.6 x 10%)

6 The speed of light is 3 x 10°ms™!. Jupiter is 778
million kilometres from the Sun. Calculate the
number of minutes it takes for sunlight to reach

Jupiter.

7 A staris 500 light years away from Earth. If the
speed of lightis 3 x 10°kms!, calculate the
distance the star is from Earth. Give your
answer in kilometres in the form a x 10%, where
l<=a<10and k € 7.

8 Convert 162000km to millimetres. Give your
answer in the form a x 10%, where 1 < a < 10
andk e 7.

9 Convert 7415000mg to kilograms. Give your

answer correct to the nearest kilcrgmm.

10 Using the formula T, = 3T, + 32, where T,

and T_ are the temperatures in degrees
Fahrenheit and Celsius respectively, convert
the following to degrees Fahrenheit.

a40°C b500°C

B Student assessment 3

1 For each of the following arithmetic sequences:

i) write down a formula for the nth term
ii) calculate the 10th term.

2. 175,79, 13, b 1,-2-5,-8,..
For both of the following calculate u; and g,
a u=~6n-3 bun=—%n+4

Copy and complete both of the following tables
of arithmetic sequences.
a

Position 1 2 3 10 n
Term 17 14 =55

b
Position 2 3 10 n
Term -4 -2 35

A girl deposits $300 in a bank account. The
bank offers simple interest 7% per year.
Assuming the girl does not take any money out
of the account, calculate the amount of money
in the account after 5 years.

Part of a geometric sequence is given below.
T A -1

where u; = 27 and u, = —1.

Calculate:

a the common ratio r
b the value u

¢ the value of nif u, = —ar.
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6 Evaluate both of these series.

10
a X4n-15)
1
18
b ¥ —51+100
5

The third and tenth terms of an arithmetic
series are —6 and 15 respectively.

Calculate:

a the common difference
b the first term

¢ the valueof § o

The third, fourth and fifth terms of an arithmetic
series are (Zm + 2), (3m + 1) and (5m - 5).
Calculate:

a the common difference d

b the first term
e S

10

11

12

In the following geometric series, the first
three terms and the last term are given.

i) Find the number of terms, n.

ii) Calculate the sum of the series.

a 10+ 20+ 40 + ... + 10240

b 12864432+ ...+

Evaluate these.
5 9 3n-2
a Ej“ b E 5
1 3
Using either a GDC or graphing software, find

the coordinates of the points of intersection of
the following pairs of linear graphs.
ay=-x+3andy=2x-3
bx+5=vyand2x+3y—-5=0

Using either a GDC or graphing software:
i) graph the following quadratic equations
ii) find the coordinates of any roots.
ay=x-6x+9

b y= -2+ 20x — 48
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Syllabus content

3.1
3.2
33
3.4

3.5

3.6

3.7

3.8

3.9

3.10

Basic concepts of set theory: subsets; intersection; union; complement.
Venn diagrams and simple applications.

Sample space: event, A; complementary event, A'.

Basic concepts of symbolic logic: definition of a proposition; symbolic
notation of propositions.

Cclmpcrund statements: implicalian, =%; equivalenoe, <»; negation, —;
conjunction, ; disjunction, v; exclusive disjunction, v.

Translation between verbal statements, symbolic form and Venn
diagrams.

Knowledge and use of the ‘exclusive disjunction’ and the distinction
between it and ‘disjunction’.

Truth tables: the use of truth tables to provide proofs for the properties
of connectives; concepts of logical contradiction and tautology.
Definition of implication: converse; inverse; contrapositive.

Logical equivalence.

Equally likely events.

n(A)
n(U)

Probability of a complementary event, P(A’) = 1 — P(A).

Probability of an event A given by P(A) =

Venn diagrams; tree diagrams; tables of outcomes. Solutions of
problems using ‘with replacement’ and ‘without replacement’.
Laws of probability.

Combined events:

P(A U B) = P(A) + P(B) — P(A n B).

Mutually exclusive events:
P(A U B) = P(A) + P(B).
Independent events: P(A n B) = P(A)P(B).

Conditional probability: P(A | B) = %
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3.1

Worked examples

Introduction

If the three areas of sets, logic and probability are looked at from a historical
perspective, then logic came first. The study of logic developed in China, India
and Greece, each independently of the other two, in the fourth century BC.

In the seventeenth century Pascal and others began to study prohability. The
study of sets did not truly begin until around 1900 when Georg Cantor and Richard
Dedekind began work on the theory of sets.

Georg Cantor

Set theory

The modem study of set theory began with Georg Cantor and Richard Dedekind in an
1874 paper titled ‘On a characteristic property of all real algebraic numbers’. It is most
unusual to be able to put an exact date to the beginning of an area of mathematics.

The language of set theory is the most common foundation to all mathematics
and is used in the definitions of nearly all mathematical objects.

A setis a well-defined group of objects or symbols. The objects or symbols are
called the elements of the set. If an element e belongs to a set S, this is represented
as e € §. If e does not belong to set S this is represented as e & S.

1 A particular set consists of the following elements:
[{South Africa, Namibia, Egypt, Angola, ...}.
a Describe the set.
b Add another two elements to the set.
¢ Is the set finite or infinite?

a The elements of the set are countries of Africa.
b e.g. Zimbabwe, Ghana
¢ Finite. There is a finite number of countries in Africa.

2 Consider the set
{1, 4, 9, 16, 25, ...}.
a Describe the set.
b Wirite another two elements of the set.
¢ Is the set finite or infinite?

a The elements of the set are square numbers.
b eg. 36, 49
¢ Infinite. There is an infinite number of square numbers.
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B Exercise 3.1.1

1 For each of the following sets:

i) describe the setin words

ii) write down another two elements of the set.
{Asia, Africa, Europe, ...}
2,4, 6,8, ..}
{Sunday, Monday, Tuesday, ...}
{January, March, July, ...}
{1,3,6,10,...}
{Mehmet, Michael, Mustapha, Matthew, ...}
{11,13,17, 19, ...}
fa,e i, ...}
{Earth, Mars, Venus, ...}
A=[x13<x<12}
S={yl -5<y<5}

2 The number of elements in a set A is written as n(A).
Give the value of n{A) for the finite sets in question 1 above.

- B - SR

Subsets

If all the elements of one set X are also elements of another set Y, then X is said to
be a subset of Y.

This is written as X C Y.

If a set A is empty (i.e. it has no elements in it), then this is called the empty set
and it is represented by the symbol @. Therefore A = @.

The empty set is a subset of all sets. For example, three girls, Winnie, Natalie
and Emma, form a set A.

A = [Winnie, Natalie, Emma}

All the possible subsets of A are given below:
B = {Winnie, Natalie, Emma}

C = {Winnie, Natalie}

D = [Winnie, Emmal

E = {Natalie, Emma}

F = {Winnie}

G = [Natalie}

H = {Emma}

1=@

Note that the sets B and I above are considered as subsets of A,
iee ACAand & C A.

However, sets C, D, E, F, G and H are considered proper subsets of A. This
distinction in the type of subset is shown in the notation below. For proper
subsets, we write:

CcAandDcCAetc. insteadof CC Aand D C A.

Similarly G ¢ H implies that G is not a subset of H
G ¢ H implies that G is not a proper subset of H.
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Worked example A={1,2,3,4,56,17289 10
a List the subset B of even numbers.
b List the subset C of prime numbers.
a B=1{2 46,8, 10}
b C={23,5T1

B Exercise 3.1.2

1 P is the set of whole numbers less than 30.
a List the subset (Q of even numbers.
b List the subset R of odd numbers.
¢ List the subset S of prime numbers.
d List the subset T of square numbers.
e List the subset U of triangular numbers.

2 A is the set of whole numbers between 50 and 70.
a List the subset B of multiples of 5.
b List the subset C of multiples of 3.
¢ List the subset D of square numbers.

37={pq1
a Listall the subsets of J.
b Listall the proper subsets of J.

4 State whether each of the following statements is true or false.
a {Algeria, Mozambique} C {countries in Africa}
b {mango, banana} C {fruit}
e {1,2,3,4c1,2,3, 4
d {1,2,3,4 c(1,2,3,4
e {volleyball, baskethall} ¢ {team sport}
f {4,6,8,10 ¢ {4, 6, 8, 10}
g {po[atoﬁ:i, cam:rts} c [vegetables}
h {12, 13, 14, 15} ¢ {whole numbers}

The universal set

The universal set (U) for any particular problem is the set which contains all the
possible elements for that problem.

The complement of a set A is the set of elements which are in U but notin A.
The set is identified as A’”. Notice that U’ = @ and @' = U.

1 fU=(1,2,34,5,618,9, 10} and A = {1, 2, 3, 4, 5}, what set is represented
by A’?
A’ consists of those elements in U which are notin A.
Therefore A’ = {6, 7, 8, 9, 10}.

2 If U is the set of all three-dimensional shapes and P is the set of prisms, what set
is represented by P"?
P’ is the set of all three-dimensional shapes except prisms.
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Intersections and unions

The intersection of two sets is the set of all the elements that belong to both sets.
The symbol N is used to represent the intersection of two sets.

P ={1,2,34256,7289 10 and Q = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20} then
PN Q={2,4,6, 8, 10} as these are the numbers that belong to both sets.

The union of two sets is the set of all elements that belong to either or both sets
and is represented by the symbol U.

Therefore in the example above,
PUQ=1{1,23,456,7,8,910, 12, 14, 16, 18, 20}.

Unions and intersections of sets can be shown diagrammatically using Venn diagrams.

@ 3.2 Venn diagrams

Venn diagmms are the principal way of shuw‘ing sets diagrammaticaﬂ‘y. They are
named after the mathematician John Venn (1834-1923). The method consists
lzl'imarily of entering the elements of a set into a circle or circles.

Some examples of the uses of Venn diagrams are shown below.
A ={2,4,6, 8, 10} can be represented as:

/N
4
10
[
Elements which are in more than one set can also be Iepresented using a Venn

diagram.

P=1{3,6,9,12 15, 18 and Q = {2, 4, 6, 8, 10, 12} can be represented as:

A

P Q
9 3
T -
3 / 4
| - ' |
12 8

N % R

The elements which belong to both sets are placed in the region of overlap of the

two circles.
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As mentioned in the previous section, when two sets P and Q overlap as they do
above, the notation P N Q is used to denote the set of elements in the intersection,
ie.PNQ=[612} . Notethat bEPNQ;8 & PN Q.

] =110, 20, 30, 40, 50, 60, 70, 80, 90, 100} and K = {60, 70, 80} can be represented
as shown below; this is shown in symbols as K C J.

X ¥ "';;-::" = = Y

i ok
i 1 y 1/3 . 9 \‘\
" |' | @ |
II | | |
7 '\..\ 14 / ;.l'

\ i / /

A 18 o

i o . \_‘_\.'-"":i S - o

The union of two sets is everything which belongs to either or both sets
and is represented by the symbol U. Therefore, in the example above,
XUY={1,3¢129 13 14, 18}

B Exercise 3.2.1

1 Using the Venn diagram, indicate whether the following statements are true or
false. € means ‘is an element of’' and & means ‘is not an element of .

a 5EA b 20EB
c 0 A d 50 A
e 50&B f AnB={10, 20}
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2 Copy and complete the statement A N B = {...} for each of the Venn diagrams

below.
Bl g & i | 5
o rd o Ty Red :
/ £, % 5 N\ 4 s
/ / \ range Pur,
f f T \". Yellow | s
| 16 | I | o
|
\\ | I A Indigo | GrEM |y
A Fi
\ J )f
\\\ & "\-:}{:/ a8 ) /'/ Vialet

3 Copy and complete the statement A U B = {...} for each of the Venn diagrams
in question 2 above.

4 Using the Venn diagram, copy and u
mtuplete these statements.

a U={.]}
b A'={..} o

5 Using the Venn diagram, copy and u
complete the following statements.

h-Y
1]

(ANB) =1{.} §
ANB ={.}

.~ omn o
b
=
oo
]
o

6 A o e “"x\\ B

/2 / K

! 10 .'f. 6 | \I
| | | ¢

—

, o

I'._ 14 /fliﬁ 12 ?'T 15 / l|'II
N il X / /
L W )

T _.--\'y“ﬂ-..__ e

R )

\ 16 /

a Using the Venn diagram, describe in words the elements of:
i) set A ii) setB iii) setC.

b Copy and complete the following statements.
i) AnB=|{.} i) ANC={.} f)BNC={.}
ivAnBnc={.} v) AUB=1{.} vi)CUB={.}
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7
a Using the Venn diagram, copy and complete the following statements.
iy A={.} i) B=1{..} ii)C’ = {...}
ivi AnNB=1{.} v) AUB ={.} vi) (ANB) ={.}
b State, using set notation, the relationship between C and A.
B o e,
- ot e
A R TN
A% s ) \"-.
II Ir \ [ | 2 |I (] 1
| | |
| R |'. i l'-._ . | 3| |
".\\ ;,“ _— '\\.‘ \\\ / /};" |
\ \-.\_)._;"__ - z 'l
M ._‘\\1 5 \-\ '-‘/, /,/

a Copy and complete the following statements.

i) W={.} i) X={.} i)z ={.}
iv) WNnZ=|{.} vy WNnX={.} iYNZ={.}

b Which of the named sets is a subset of X7

9 A = {Egypt, Libya, Morocco, Chad}
B = {Iran, Iraq, Turkey, Egypt}
a Draw a Venn diagram to illustrate the above information.
b Copy and complete the following statements.
i) ANB={.} i) AUB={.}

10 P={2, 3,5 17,11,13,17}
Q ={11, 13, 15, 17, 19}
a Draw a Venn diagram to illustrate the above information.
b Copy and complete the following statements.

NPNR={.} i) PUQ ={.}
11 B ={2, 4,6, 8,10}
AUB={1,234,6,8, 10}
ANB=1{4}
Represent the above information on a Venn diagram.

12 X ={a, ¢, d, e f gl}
Y=1[b,c,d e h,ikl m}
Z={ef 1], m
Represent the above information on a Venn diagram.
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13 P={1,4,1,9, 11, 15}
Q = {5, 10, 15}
R ={1,4,9
Represent the above information on a Venn diagram.

Commutative, associative and distributive
properties of sets

SetA=1(2,3,4,B=11,3,5 Thand C = {3, 4, 5}

T B
1\
| 5

A

AUB=BUA={1,23457}

2
. 3 ANB=BNA= {3}

Therefore the union and intersection of sets are commutative (the same whichever
way round the sets are Grdemd)

If C is added to the Venn diagram, we get:

A '_ ]
1
2
\ 7
& ’ . (ANB)NC=AN(BNC)={3}
(
| |

AUB)UC=AU(BUC)={1,2,3,4,5,T)

Y,

therefore the union and intersection of sets are associative (the order of the
opetations does not matter).

From the Venn diagram above it can also be seen that:

AU(BBNC)=(AUB)N(AUC)=1{2,3, 4,5}
AN(BUC)=(ANB)U(ANC)=03,4}.

Therefore the union is distributive over the intersection of sets.
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Worked examples

Problems involving sets

1 Ina class of 31 students, some study physics and some study chemistry. If 22
study physics, 20 study chemistry and 5 study neither, calculate the number of
students who take both subjects.

The information given above can be entered in a Venn diagram in stages.
The students taking neither physics nor chemistry can be put in first (as shown).

u

-
3]

S

This leaves 26 students to be entered into the set circles.
If x students take both subjects then:

u

o
2]

n(P)=22-x+x
0-x nC)=20-x+x
PUC=31-5=126

9,1

Therefore 22 —x+x+20—x=126

42 —-x=126
x=16
Substituting the value of x into the Venn diagram gives:
U
P c

5

Therefore the number of students taking both physics and chemistry is 16.

2 In a region of mixed farming, farms keep goats, cattle or sheep. There are 77
farms altogether. 19 farms keep only goats, 8 keep only cattle and 13 keep only
sheep. 13 keep both goats and cattle, 28 keep both cattle and sheep and 8 keep
both goats and sheep.

a Draw a Venn diagram to show the above information.
b Calculate n(G N C N S).



72 SETS, LOGIC AND PROBABILITY

First of all draw a partly
complete Venn diagram,
filling in some of the
information above.

We know that:.
n(Only G) + n(Only C) + n(OnlyS) =19 + 8 + 13 =40
So the number of farms that keep two or more types of animal is

171 — 40 = 37.
So, if n(G N C N §) = x(i.e. x is the number of farms keeping cattle, sheep
andgoats],thm
13 —-x+8-x+28—-x+2x=37
49 - 2x =37
49 — 37 = 2x
6=x

It is then easy to complete the Venn diagram as shown:

G

b As worked out in part a and shown in the diagram, n(G N C N §) = 6.

@ B Exercise 3.2.2

1 In aclass of 35 students, 19 take Spanish, 18 take French and 3 take neither.
Calculate how many take:
a both French and Spanish
b just Spanish
¢ just French.

2 In a year group of 108 students, 60 liked football, 53 liked tennis and 10 liked
neither. Calculate the number of students who liked football but not tennis.
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3.3

3 Ina year group of 113 students, 60 liked hockey, 45 liked rugby and 18 liked
neither. Calculate the number of students who:
a liked both hockey and rugby
b liked only hockey.

4 One year, 37 students sat an examination in physics, 48 sat an examination in
chemistry and 45 sat an examination in biology. 15 students sat examinations in
physics and chemistry, 13 sat examinations in chemistry and biology, 7 sat
examinations in physics and biology and 5 students sat examinations in all three.

a Draw a Venn diagram to represent this information.
b Calculate n(P U C U B).

¢ Calculate n(P N C).

d Calculate n(B N C).

e How many students took an examination in GIIIY one subj ect?

5 On a cruise around the coast of Turkey, there are 100 passengers and crew. They
speak Turkish, French and English.

Out of the total of 100, 14 speak all three languages, 18 speak French and
Turkish only, 16 speak English and French only, and 10 speak English and
Turkish only.

Of those speaking only one language, the number speaking only French or only
English is the same and 6 more than the number that speak only Turkish.

a How many speak only French?

b How many speak only Turkish !

¢ In total, how many speak English?

6 In a group of 125 students who play tennis, volleyball or football, 10 play all
three. Twice as many play tennis and football only. Three times as many play
wvolleyball and foothall only, and 5 play tennis and volleyball only.

If x play tennis only, 2x play volleyball only and 3x play football only,
work out:

a how many play tennis

b how many play volleyball

¢ how many play foothall.

Sample space

Set theory can be used to study probability.
A sample space is the set of all possible results of a trial or experiment. Each

result or outcome is sometimes called an event.

Complementary events

A dropped drawing pin can land either pin up, U, or pin down, D. These are the
only two possible outcomes and cannot both occur at the same time. The two
events are therefore mutuall‘y exclusive (cannot happen at the same time) and
complementary (the sum of their probabilities equal 1). The complement of an
event A is written A'.

Therefore P(A) + P(A') = 1. In words this is read as ‘the probability of event A
happening added to the probability of event A not happening equals 1'.
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Worked examples

Aristotle 384-322 BCE

1 A fair dice is rolled once. What is its sample space?
The sample space S is the set of possible outcomes or events. Therefore
S ={1, 2,3, 4, 5, 6} and the number of outcomes or events is 6.

2 a Whatis the sample space, S, for two drawing pins dropped together.

b How many passible outcomes are there?
a S={UU,UD, DU, DD}
b There are four possible outcomes.

3 The probability of an event B happening is P(B) = 3. Calculate P(B’).
P(B) and P(B’) are complementary events, so P(B) + P(B') =1.
P(B)=1-2=%

Exercise 3.3.1
1 What is the sample space and the number of events when three coins are tossed?

2 What is the sample space and number of events when a blue dice and a red dice
are rolled? (Note: (1, 2) and (2, 1) are different events.)

3 What is the sample space and the number of events when an ordinary dice is
rolled and a coin is tossed?

4 A mother gives birth to twins. What is the sample space and number of events for
their sex!?

5 What is the sample space if the twins in question 4 are identical?

6 Two women take a driving test.
a What are the possible outcomes?
b What is the sample space?

7 A tennis match is played as ‘best of three sets'.
a What are the possible outcomes?
b What is the sample space!

8 If the tennis match in question 7 is played as ‘best of five sets’,
a what are the possible outcomes?
b what is the sample space?

Logic
In philosophy, traditional logic began with the Greek philosopher Aristotle. His six
texts are collectively known as The Organon. Two of them, Prior Analytics and De
Interpretatione, are the most important for the study of logic.

The fundamental assumption is that reasoning (logic) is built from propositions.
A proposition is a statement that can be true or false. It consists of two terms: one
term (the predicate ) is affirmed (true) or denied (false) by the other term (the
subject): for example

‘All men [subject] are mortal [predicate].’
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There are just four kinds of proposition in Aristotle’s theory of logic.

A type: Universal and affirmative — ‘All men are mortal.’

I type: Particular and affirmative — ‘Some men are philosophers.’
E type: Universal and negative — No men are immortal.'

O type: Particular and negative — ‘Some men are not philosophers.’

This is the fourfold scheme of propositions. The theory is a formal theory
explaining which combinations of true premises give true conclusions.

A century later, in China, a contemporary of Confucius, Mozi ‘Father Mo’
(430 BC), is credited with founding the Mohist school of philosophy, which

studied ideas of valid inference and correct conclusions.

What is logic?

Logic is a way to describe situations or knowledge that enables us to reason from
existing knowledge to new conclusions. It is useful in computers and artificial
intelligence where we need to represent the problems we wish to solve using a
symbolic language.

Logic, unlike natural language, is precise and exact. ([t is not always easy to
understand logic, but it is necessary in a computer program.) An example of a
logical argument is:

All students are poor.

I am a student.

By using logic, it follows that ] am poor.
Note: if the original statement is false, the conclusion is still logical, even though it is
false, e.g.

All students are rich. (is not true)
I am a student.
By using logic it follows that | am rich!

It is not the case that all students are rich but, if it were, ] would be rich because [
am a student. This is why computer programmers talk of ‘Garbage in, garbage out’.

Logic systems are already in use for such things as the wiring systems of aircraft.
The Japanese are using logic experiments with robots.

Exercise 3.4.1

1 You have four letters. A letter can be sent sealed or open. Stamps are either 10
cents or
15 cents.
A B C D

Unsealed Sealed

Which envelope must be turned over to test the rule ‘If a letter is sealed, it must
have a 15 cent stamp’?
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2 You have four cards.

A letter A—7 is on one side.
A number 0—9 is on the other side.
You have these cards:

Which card do you tumn over to test the rule ‘If a card has a vowel on one side, it
must have an even number on the other side’?

3.5 Sets and logical reasoning

Proposition:

Compound statement:

Conjunction:

Negation:

Implication:

Converse:

A proposition is a stated fact. It may also be called a statement. It can be true or
false. For example,

Nigeria isin Africa’ is a true proposition.

Japan is in Europe’ is a false proposition.

These are examples of simple propositions.

Two or more simple propositions can be combined to form a compound
proposition or compound statement.

Two simple propositions are combined with the word and, e.g.

p: Japan is in Asia.

q: The capital of Japan is Tokyo.

These can be combined to form: Japan is in Asia and the capital of Japan is
Tokyo.

This is written p A q, where A represents the word and.

The negation of any simple proposition can be formed by putting ‘not’ into the
statement, e.g.

p: Ghana is in Africa.

¢: Ghana is not in Africa.
Therefore ¢ = —p (i.e. p is the negation of q).
If p is true then g cannot also be true.

For two simple propositions p and q, p = q means if p is true then q is also tmue,
eg.

P Itis raining,

g: | am carrying an umbrella.

Then p = g states: If itis mining then ] am carrying an umbrella.

This is the reverse of a propasition. In the example above the converse of p = g
is g = p. Note, however, although p = q is true, i.e. If it is raining then | must

be carrying an umbrella, its converse g = p is not necessarily true, i.e. it is not
necessarily the case that: If | am carrying an umbrella then it is raining.
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Equivalent

Disjunction:

Exclusive disjunction:

Valid arguments:

If two propositions are true and converse, then they are said to be equivalent.
For, example if we have two propositions

p: Pedro lives in Madrid.
q: Pedro lives in the capital city of Spain.

these propositions can be combined as a compound statement:

If Pedro lives in Madrid, then Pedro lives in the capital city of Spain.
ie.pimpliesq  (p=sq)

This statement can be manipulated to form its converse:

If Pedro lives in the capital of Spain, then Pedro lives in Madrid.

ie.gimpliesp (qg=p)

The two combined statements are both true and converse so I'_hey are said to be
logically equivalent (g < p). Logical equivalence will be discussed further, later
in this section.

For two propositions, p and g, p v q means either p or q is true or both are true, e.g.
p: Itis sunny.

q: | am wearing flip-flops.

Then p v g states either it is sunny or | am wearing flip-flops or it is both sunny
and ] am wearing flip-flops.

For two propositions, p and g, p ¥ q means either p or q is true but not both are
true, e.g.

p: It is sunny.

q: | am wearing flip-flops.

Then p v q states either it is sunny or | am wearing flip-flops only.

An argument is valid if the conclusion follows from the premises (the statements).
A premise is always assumed to be true, even though it might not be, e.g.

London is in France. the first premise
France is in Africa. the second premise
Therefore London is in Africa. the conclusion

In this case, although both premises and the conclusion are false, the argument is
logically valid.

The validity of an argument can be tested using
Venn diagrams.

'+ u
If p, q and r are three statements and if p = q and 8

q = r, then it follows that p = r. f;\

In terms of sets, if A, B and C are all proper | [ /_\ '|
subsets (C) of the universal set U and if A C B | Kk _/’/
and BCCthenA CC. \;/
Diagrammatically this can be represented as

shown in the Venn diagram opposite: _
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B Exercise 3.5.1
1 Which of the following are propositions?

a Are you from Portugal? b Capetown is in South Africa.
¢ Catalan is a Spanish language. d Be careful with that.

e x=3 f xw3

g Iplay football. h Go outside and play.

i Apples are good to eat. j ] isaletter of the alphabet.

2 Form compound statements using the word ‘and’ from the two propositions given
and say whether the ocrmpcrund statement is true or false.

a t Teresais agirl.

b p:x<8

¢ a: A pentagon has 5 sides.

d & London is in England.
lex<y

m: 5 € {prime number}

s: A square is a rectangle.

h p: Paris is the capital of France.
i a: 37 € {prime number}

j p: pamallelograms € {rectangles}

e =

a: Abena is a girl.

g:x> -1

b: A triangle has 4 sides.

e: England is in Europe.
Ly<z

n: 4 € {even numbers}

t: A triangle is a rectangle.
g: Ghana is in Asia.

b: 51 € {prime numbers}

t: trapeziums € f{rectangles}

The analogy of logic and set theory

The use of No or Never or All ... do not in statements (e.g. No French people are
British people) means the sets are disjoint, i.e. they do not overlap.

The use of All or If ... then or No ... not in statements (e.g. There is no nurse
who does not wear a uniform) means that one set is a subset of another.

The use of Some or Most or Not all in statements (e.g. Some televisions are

very expensive) means that the sets intersect.

1 P is the set of French people and (J is the set of British people.

The Venn diagram is as shown,
le.PNQ=0g

In logic this can be written p v q,
i.e. p or q but not both.

P is a subset of Q as there are other
people who wear uniforms apart

from nurses, i.e. PCQ
In logic this can be written p = gq.

Draw a Venn diagram to represent the sets.

/\/“’

\/\

2 P is the set of nurses and Q is the set of people who wear uniform.
Draw a Venn diagram to represent the sets.
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3

P is the set of televisions and (Q is the set of
expensive electrical goods. Draw a Venn diagram
O represent the sets.

P intersects (Q as there are expensive electrical
goods that are not televisions and there are
televisions that are not expensive.

In logic the intersection can be written p A q.

B Exercise 3.5.2

1

Illustrate the following sets using a Venn diagram.
(O students wearing football shirts
P: professional footballers wearing football shirts
Shade the region that represents the statement Kofi is a professional footballer

and a student’. How would you write this using logic symbols?

Illustrate the following sets using a Venn diagram.

(2 students wearing football shirts

P: professional footballers wearing shirts
Shade the region that satisfies the statement ‘Maanu is either a student or a
professional footballer but he is not both'. How would you write this using logic
symbols?

Illustrate the following sets using a Venn diagram.

P: maths students U: all students.
Shade the region that satisfies the statement ‘Boamah is not a maths student’.
How would you write this using logic symbols?

Illustrate the following sets using a Venn diagram.

P:five-sided shapes U: all shapes
Shade the region that satisfies the statement ‘A regular pentagon is a five-sided
shape’. How would you write this using logic symbols?

Illustrate the following sets using a Venn diagram.

Q: multiples of 5 U: integers
Shade the region whete you would place 17. How would you write this using logic
symbols?

Illustrate the following sets using a Venn diagram.

P: people who have studied medicine

Q: people who are doctors
Shade the region that satisfies the statement ‘All doctors have studied medicine’.
How would you write this using logic symbols?

Illustrate the statement people with too much money are never happy using a
Venn diagram with these sets.

P: people who have too much money

(O people who are happy
Shade the region that satisfies the statement ‘People with too much money are
never happy’. How would you write this using logic symbols?



SETS, LOGIC AND PROBABILITY

8 Illustrate the following sets using a Venn diagram.
P: music lessons (Q: lessons that are expensive
Shade the region that satisfies the statement ‘Some music lessons are expensive'.
How would you write this using logic symbols?

3.6 Truth tables

In probability experiments, a coin when tossed can land on heads or tails. These are
complementary events, i.e. P(H) + P(T) = 1.

In logic, if a statement is not uncertain, then it is either true (T) or false (F). If
there are two statements, then either both are tue, both are false or one is true and
one is false.

A truth table is a clear way of showing the possibilities of statements.

Let proposition p be ‘Coin A lands heads’ and proposition g be ‘Coin B lands
heads’. The truth table below shows the different pcm'lbtlltle& when the two coins
are tossed. Alongside is a two-way table also showing the different outcomes. Note
the similarity between the two tables.

P q Goin A Coin B
T T H H
T F q m
F T T H
2 2 T T
Truth table Twio-way table

Symbols used in logic
There are some symbols that you will need to become familiar with when we study
logic in more detail.

The following symbols refer to the relationship between two propositions p
and gq.

Symbol Meaning
A p and g {conjunction)
v p or q or both {inclusive disjunction)
v p or q but not both (exclusive disjunction)
= If p then g {implication)
= If p=+ g and q =» p the statements are equivalent, i.e. p ¢ g (equivalence)

- If p is true, g cannot be true. p — g (negation)
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Conjunction, disjunction and negation
Extra columns can be added to a truth table.

p A g (conjunction) means that both p and g must p q pArg
true for the statement to be true. T . .
T F F
F T F
F F F
p v q (inclusive disjunction) means that either p or g, P 3 pvg
or both, must be true for the statement to be true. - r -
T F T
F T T
F F F
p ¥ g (exclusive disjunction) means that either p or g, p q pvg
but not both, must be true for the statement to be true. = = ;
T F T
F T T
F F F
—p represents a negation, i.e. p must not be true for p q —-p
the statement to be true. T T E
T F F
F T T
F F T
Exercise 3.6.1
1 Copy and complete the truth table for three propositions
p, q and r. It may help to think of spinning three coins p T
and drawing a table of possible outcomes. T T T
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2 Copy and complete the truth table below for the three statements p, q and r.

q r —-p pvg —-pvr pvgal=pvn
T T F T T T
T

N e e B R N B -

Logical contradiction and tautology

Logical contradiction

A contradiction or contradictory proposition is never true. For example, let p be
the proposition that Rome is in taly.

p: Rome is in Italy.

Thetefore — p, the negation of p, is the proposition: Rome is not in Italy.

If we write p A = p we are saying Rome is in Italy and Rome is not in Italy. This
cannot be true at the same time. This is an example of a logical contradiction.
A truth table is shown below for the above statement.

P | -P| Pr-p

T | F F
T F
Both entries in the final column are F. In other words a lngical contradiction must
be false.
Show that the compound proposition below is a contradiction.
(bva) all=p)a (=9q)]
Construct a truth table:
B 9 | =g Ve | At | esasi-eiaegl
T | 7| F | F T F F
T F | F| T T F F
F T T T T F F
F F T T F T F

Because the entries in the last column are all false, the statement is a logical
contradiction.
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Worked example

Tautology
The manager of the band Muse said to me recently: ‘if Muse’s album “Resistance” is
a success, they will be a bigger band than U2.’ He paused ‘Or they will not’.

This is an example of a tautology: ‘either it does or it doesn’t’. It is always true.
A compound proposition is a tautology if it always true regardless of the truth
values of its variables.

Consider the proposition: All students study maths or all students do not study

maths. This is a tautology, as can be shown in a truth table by considering the
result of p v =p.

p | -p| Pv=p
-
F T

Since the entries in the final column p v =p are all true, this is a tautology.

Show that (p v q) v [(=p) A (=4q)] is a tautology by copying and completing the
truth table below.

P q -p | —9q Pvq =p)al=q) pvag)vi=p) (-9l
T T F F T F T
T F F i T F i
F i T F T F |
F F T i F ¥ i

As the entries in the final column (p v q) v [(=p) A (= 4)] are all true, the
statement is a tautology.

Exercise 3.6.2

1 Describe each of the following as a tautology, a contradiction or neither. Use a
truth table if necessary.
a pa-qg
b qga-g
c pv=ag
d qv-q
e [pvi=glalgv(=g)]

2 By drawing a truth table in each case, decide whether each of the following
propositions is a tautology, contradiction or neither.
a =pa=q
b =(=p)vp
c gAa-T
d (pag)ar
e (paglvr
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3.7 Implication; converse; inverse;

Worked examples

contrapositive and logical equivalence

Implication
‘If’ is a word introducing a conditional clause.
Later in your life someone might say to you, ‘If you get a degree, then [ will buy you
acar.

Let us look at thisin a truth table.

P | a9 | p=gq
p: You get a degree. T T T
g: I will buy you a car. T F F

F T T

F| F T

The first row is simple:

You get a degree, I buy you a car, and therefore | have kept my promise.

The second row too is straightforward:

You get a degree, I don’t buy you a car, and therefore | have broken my promise.

The last two rows seem more complicated, but think of them like this. If you do not
get a degree, then | have kept my side of the bargain whether | buy you a car or not.
Therefore, the only way that this type of statement is false is if a ‘promise’ is
broken.
Logically p = q is true if:
p is false
or q is true
or p is false and q is true
Similarly p = q is only false if p is true and q is false.
In the following statements, assume that the first phrase is p and the second phrase q.
Determine whether the statement p = q is logically true or false.

1 ‘If5 x 4 = 20, then the Earth moves round the Sun.’
As both p and q are true, then p = q is true, i.e. the statement p = q is logically
correct.

2 ‘If the Sun goes round the Earth, then | am an alien.’
Since p is false, then p = q is true whether | am an alien or not. Therefore the
statement is logically true.

This means that witty IEPI.iES like:

‘If I could run faster, I could be a professional footballer’
Yes and if you had wheels you'd be a professional skater’ are logically true, since
the premise p, ‘if you had wheels', is false and therefore what follows is irrelevant.
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B Exercise 3.7.1

1 In the following statements, assume that the first phrase is p and the second
phrase is q. Determine whether the statement p = q is logically true or false.

f2+2=5then2+3=5.

If the moon is round, then the Earth is flat.

If the Earth is flat, then the moon is flat.

If the Earth is round, then the moon is round.

If the Earth is round, then [ am the man on the moon.

2 Descartes’ phrase ‘Cogito, ergo sum’ translates as ‘] think, therefore [ am’.
a Rewrite the sentence using one or more of the following: if’, ‘whenever’ ,
‘it follows that', ‘it is necessary’ , ‘unless’ , ‘only’.
b Copy and complete the following sentence: ‘Cogito ergo sum’ only breaks
down logically if Descartes thinks, but . . .’

L2 =P T - ol

Logical equivalence

There are many different ways that we can form mmpmmd statements from the
propositions p and q using connectives. Some of the different compound
propositions have the same truth values. These propositions are said to be
equivalent. The symbol for equivalence is «.

Two propositions are logically equivalent when they have identical truth values.

Use a truth table to show that = (p v q) and —p v —q are logically equivalent.

p q prqg [ —(pag) | —p | —q | mpV—q
T T T F F F F
T F F T F T T
F T F I T F T
F F F T T T T

Since the truth values for = (p A q) and —=p v —q (columns 4 and 7) are identical,
the two statements are logically equivalent.

Converse
The statement ‘All squares are rectangles’ can be rewritten using the word ‘if’ as:

‘If an object is a square, then it is arectangle’. p = q. (true in this case)
The converse is:

q =+ p. ‘If an object is a rectangle, then it is a square.’ (false in this case)

Inverse
The inverse of the statement ‘If an object is a square, then it is a rectangle’

(p=>q)is:

—p = —q. ‘If an object is not a square, then it is not a rectangle.’ (false in this case)
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Worked example

Contrapositive

The contrapositive of the statement ‘If an object is a square, then it is a rectangle’
(b= q)is:

—q = =p. ‘If an object is not a rectangle, then it is not a square.’ (true in this case)
Note:

A statement is logically equivalent to its contrapositive.

A statement is not logically equivalent to its converse or inverse.
The converse of a statement is logically equivalent to the inverse.

So if a statement is true, then its contrapositive is also true.
If a statement is false, then its contrapositive is also false.

And if the converse of a statement is true, then the inverse is also tue.
If the converse of a statement is false, then the inverse is also false.

To summarize:
given a conditional statement: p =g

the converse is: q=p
the inverse is: —-p=—q
the contrapositive is: —g = =p

Statement: ‘All even numbers are divisible by 2.’
a Rewrite the statement as a conditional statement.
b State the converse, inverse and contrapositive of the conditional
statement. State whether each new statement is true or false.

a Conditional: ‘If a number is even, then it is divisible by 2." (true)
b Converse: ‘If a number is divisible by 2, then it is an even number.’ (true)
Inverse: ‘If a number is not even, then it is not divisible by 2." (true)

Contrapositive: ‘If a number is not divisible by 2, then it is not an even
number. (true)

Note: The contrapositive both switches the order and negates. It combines the
converse and the inverse.

On a truth table it can be shown that a conditional statement and its
contrapositive are logically equivalent

implication | Contrapositive |
p| a|-p| —q p=q —q=—p
RES F F T T
T F F T F F
F % | F F T T
F F T | T T T

Note: If we have a tautology, we must have logical equivalence. For example,

‘If you cannot find the keys you have lost, then you are looking in the wrong place.’
Obviously if you are looking in the right place then you can find your keys. (So the
contrapositive is equivalent to the proposition.)
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B Exercise 3.7.2

1 Write each of the following as a conditional statement and then write its
converse, inverse or contrapositive, as indicated in brackets.

Example Being interested in the Romans means that you will enjoy Italy.
(converse)

Solution: Conditional statement. If you are interested in the Romans, then you
will enjoy Italy.

Converse. If you enjoy Italy, then you are interested in the Romans.

a You do not have your mobile phone, so you cannot send a text. (inverse)
b A small car will go a long way on 20 euros worth of petrol. (contrapositive)
¢ Speaking in French means that you will enjoy France more. (converse)

d When it rains I do not play tennis. (inverse)

e We stop playing golf when there is a threat of lightning. (inverse)

f The tennis serve is easy if you practise it. (contrapositive)

g A six-sided polygon is a hexagon. (contrapositive)

h You are less than 160 cm tall, so you are smaller than me. (inverse)

i The bus was full, so I was late. (contrapasitive)

j The road was greasy, so the car skidded. (converse)

2 Rewrite these statements using the conditional ‘if’. Then state the converse,
inverse and contrapositive. State whether each new statement is true or false.
a Any odd number is a prime number.
b A polygon with six sides is called an octagon.
¢ An acute-angled triangle has three acute angles.
d Similar triangles are congruent.
e Congruent triangles are similar.
f A cuboid has six faces.
g A solid with eight faces is a regular octahedron.
h All prime numbers are even numbers.

3.8 Probability

Pierre de Fermat

Although Newton and Galileo had some thoughts about chance, it is accepted that
the study of what we now call probability began when Blaise Pascal (1623-1662)
and Pierre de Fermat (of Fermat’s last theorem fame) corresponded about problems
connected with games of chance. Later Christiaan Huygens wrote the first book on
the subject, The Value of all Chances in Games of Fortune, in 1657. This included a
chapter entitled ‘Gambler's Ruin'.

In 1821 Carl Friedrich Gauss (1777-1855), one of the greatest mathematicians
who ever lived, worked on the ‘Nommal distribution’, a very important contribution
to the study of probability.

Probability is the study of chance, or the likelihood of an event happening. In
this section we will be looking at theoretical probability. But, because probability is
based on chance, what theory predicts does not necessarily happen in practice.
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Worked example

Probability of an event

A favourable outcome refers to the event in question actually happening. The total
number of possible outcomes refers to all the different types of outcome one can get
in a particular situation. In general:

a4 _ number of favourable outcomes
Pmbablhty el Eyetes total number of eqwall‘g likely outcomes
This can also be written as: P(A) = “(A],
n(U)

where P(A) is the probability of event A, n(A) is the number of ways event A can
occur and n(U) is the total number of equally likely outcomes.

Therefore
if the probability = 0, it implies the event is impossible
if the probability = 1, it implies the event is certain to happen

An ordinary, fair dice is rolled.
a Calculate the probability of getting a 6.
b Calculate the probability of not getting a 6.

a Number of favourable outcomes = 1 (i.e. getting a 6)
Total number of possible outcomes = 6 (i.e. gettinga 1, 2, 3, 4, 5 or 6)
Probability of getting a 6, P(6) = ¢

b Number of favourable outcomes = 5 (i.e. gettinga 1, 2, 3, 4, 5)
Total number of possible outcomes = 6 (i.e. gettinga 1, 2,3, 4, 5 or 6)
Probability of not getting a six, P(6") = %

From this it can be seen that the probability of not getting a 6 is equal to 1
minus the probability of getting a 6, i.e. P(6) = 1 — P(6').

These are known as mmp]ﬂmtntary events.
In general, for an event A, P(A) =1 — P(A").

Exercise 3.8.1
1 Calculate the theoretical probability, when tolling an ordinary, fair dice, of

getting each of the following.
a ascoreof 1 b ascoreof 5
¢ an odd number d a score less than 6
e ascoreof 7 f ascoreless than 7

2 a Calculate the probability of:
i) being bom on a Wednesday
i) not being bom on a Wednesday.
b Explain the result of adding the answers to a i) and ii) together.
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3 250 tickets are sold for a raffle. What is the probability of winning if you buy:
a 1 ticket b 5 tickets
¢ 250 tickets d O tckets?

4 In aclass there are 25 girls and 15 boys. The teacher takes in all of their books
in a random order. Calculate the probahility that the teacher will:
a mark a book belonging to a girl first
b mark a book belonging to a boy first.

5 Tiles, each lettered with one different letter of the alphabet, are put into a bag.
If one tile is drawn out at random, calculate the probability that it is:
a anAorP b a vowel
¢ aconsonant d anX, YorZ
e aletrer in your first name.

6 A boy was late for school 5 times in the previous 30 school days. If tomorrow is
a school day, calculate the probability that he will arrive late.

7 3 red, 10 white, 5 blue and 2 green counters are put into a bag.

a If one is picked at random, calculate the probability that it is:
i) a green counter
ii) ablue counter.

b If the first counter taken out is green and it is not put back into the bag,
calculate the probability that the second counter picked is:
i) a green counter
i) a red counter.

8 A rmoulette wheel has the numbers 0 to 36 equally spaced around its edge.
Assuming that it is unbiased, calculate the probability on spinning it of getting:

a the number 5 b an even num

¢ an odd number d zero

e a number greater than 15 f amuldple of 3

g amultipleof 3or 5 h a prime number.

9 The letters R, C and A can be combined in several different ways.

a Write the letters in as many different combinations as possible.

b Ifa computer writes these three letters at mndom, calculate the
probability that:
i) the letters will be written in alphabetical order
ii) the letter R is written before both the letters A and C
iii) the letter C is written after the letter A
iv) the computer will spell the word CART if the letter T is added.

10 A normal pack of playing cards contains 52 cards. These are made up of four
suits (hearts, diamonds, clubs and spades). Each suit consists of 13 cards. These
are labelled ace, 2, 3, 4, 5, 6, 7, 8,9, 10, Jack, Queen and King. The hearts and
diamonds are red; the clubs and spades are black.

If a card is picked at random from a normal pack of cards calculate the
probability of picking:
a aheart b a black card
¢ afour d ared King
e a]Jack, Queen orKing f the ace of spades
g an even numbered card h aseven or aclub.
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3.9 Combined events

In this section we look at the probability of two or more events happening:
combined events. If only two events are involved, then two-way tables can be

used to show the outcomes.

Two-way tables of outcomes

a Two coins are tossed. Show all the possible outcomes in a two-way table.
b Calculate the probability of getting two heads.
Calculate the probability of getting a head and a tail in any order.

¢ ]

“ Coin 1
Head Tail

Head

HH TH ‘

Caoin 2

Tail

HT T ‘

b All four outcomes are equally likely, therefore the probability of getting HH is

-l

L£]
| o=

(=]

The probability of getting a head and a tail in any order, i.e. HT or TH, is% =

B Exercise 3.9.1

1 a Two fair tetrahedral dice are rolled. If each is numbered 1—4, draw a two-way
table to show all the possible outcomes.
b What is the probability that both dice show the same number?
¢ What is the probability that the number on one dice is double the number on
the other?
d What is the probability that the sum of both numbers is prime!

2 Two fair dice are rolled. Copy and complete the diagram to show all the possible

combinations.
What is the probability of getting: 6 36
a adouble 3 5L a5
b any double
¢ atotal score of 11 ‘g’ aF 34
d atotal score of 7 8 3 33
e an even number on both dice
f an even number on ar least one dice i a2 5.2 6,2
g a6 oradouble 1= 1,1 2,1 3.1 441
h scores which differ by 3 AR S B RO
i atotal which is either a multiple of 2 or 57 1.2 3 4 5 6

Dice 1
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Tree diagrams

When more than two combined events are being considered, two-way tables cannot
be used and therefore another method of representing information diagrammatically
is needed. Tree diagrams are a good way of doing this.

a If acoinis tossed three times, show all the possible outcomes on a tree diagram,
writing each of the probabilities at the side of the branches.

b What is the probability of getting three heads!?

¢ What is the probability of getting two heads and one tail in any order?
d What is the probability of getting at least one head?

e What is the probability of getting no heads?

a Toss 1 Toss 2 Toss 3 Outcomes

i _—H HHH

% o H‘_"'-—____
> } T  HHT
~HZ
Fg e it _H HTH
P G b 3o~
£ T HTT
&
\'\
\\\ ! _H THH
% \\ i- .‘—'"H-:::
., L i T THT
A
Hi—"'"x F _—H TTH
T

b To calculate the probability of getting three heads, multiply along the branches:
HHHH)=%X%X%=%

¢ The successful outcomes are HHT, HTH, THH.
P(two heads, one tail any order)

= P(HHT) + P(HTH) + P(THH)
1 i A | 1 | A | 1 P | 1 N R
=(gxgxq)+Fxax )+ Exaxg)=g+5+5=3
SrE
Therefore the pmbablll tyis 3.
d This refers to any outcome with either one, two or three heads, i.e. all of them
except TTT.
PTTT) =3Xx7x73=73
P(at least one head) = 1 - P(TTT) =1 -3 =1
Therefore the probability is %
e The only successful outcome for this eventis TTT.
Therefore the probability is %, as shown in part d.
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@ B Exercise 3.9.2

1a

A computer uses the numbers 1, 2 and 3 at random to make three-digit
numbers. Assuming that a number can be repeated, show on a tree diagram all
the possible combinations that the computer can print.

Calculate the probability of getting:
i) the number 131 i) an even number
iii) a multiple of 11 iv) a multiple of 3
v) amultipleof 2 or 3 vi) a palindromic number.
A family has four children. Draw a tree diagram to show all the possible
combinations of boys and girls. [Assume P(girl) = P(boy).]
Calculate the probability of getting:
i) all girls ii) two girls and two boys
iii) at least one girl iv) more girls than boys.
A netball team plays three matches. In each match the team is equally likely

to win, lose or draw. Draw a tree diagram to show all the possible outcomes
over the three matches.
Calculate the probability that the team:

i) wins all three matches

ii) wins more times than it loses

iii) loses at least one match

iv) doesn’t win any of the three matches.
Explain why it is not very realistic to assume that the outcomes are equally
likely in this case.

4 A spinner is split into quarters.

If it is spun twice, draw a probability tree showing all the possible outcomes.

b Calculate the probability of getting:

i) two greens
ii) a green and a blue in any order
iii) a blue and a white in any order.

Tree diagrams for unequal probabilities

In each of the cases considered so far, all of the outcomes have been assumed to be
equally likely. However, this need not be the case.
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Worked example

In winter, the probability that it rains on any one day is 5?

Using a tree diagram, show all the possible combinations for two consecutive
days. Write each of the probabilities by the sides of the branches.

[-4]

b Calculate the probability that it will rain on both days.
¢ Calculate the probability that it will rain on the first day but not the second day.
d Calculate the probability that it will rain on at least one day.
B Day 1 Day 2 Outcomes Probability
§y Rain Rain, Rain Ixg=3
/"/l.
~+Rain <
; ,/// .\H.H'x_
g ! - Noran Rain, Norain  §x§=%
\\\ § - Rain No rain, Rain ixi=1
; \ ’.,F'-’

™ No rain<_
s

! " Norain Norain, Norain #x¥=%

Note how the probability of each outcome is found by multiplying the
probabilities for each of the branches.
Fig00 25
b P(R,R) =TX T=H
- 10
c P(R,NRJ =?X?=E
d The outcomes which satisfy this event are (R, R), (R, NR) and (NR, R).

Therefore the probability is % + ‘1‘—8 + % = :—g

Exercise 3.9.3

1 A particular board game involves players rolling a dice. However, before a player
can start, he or she needs to oll a 6.
a Copy and complete the tree diagram below showing all the possible
combinations for the first two rolls of the dice.

Roll 1 Roll 2 Outcomes Probability
___—Six Six, Six
i_ _,.--"'). ij "_'_—-:_-______
P " Not six ixi=4
e ___six
f TNt b=

" Notsix
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Worked examples

b Calculate the probability of each of the following.
i) Getting a six on the first throw
ii) Starting within the first two throws
iii) Starting on the second throw
iv) Not starting within the first three throws
v) Starting within the first three throws
¢ If you add the answers to b iv) and v) what do you notice? Explain.

2 In Jtaly % of the cars are foreign made. By drawing a tree diagram and writing the
probabilities next to each of the branches, calculate each of these probabilities.
a The next two cars to pass a particular spot are both Ialian.
b Two of the next three cars are foreign.
¢ At least one of the next three cars is [talian.

3 The probability that a moming bus arrives on time is 65%.

a Draw a tree diagram showing all the possible outcomes for three
consecutive momings.

b Label your tree diagram and use it to calculate the probability of each of
the fnllawing.
i) The bus is on time on all three momings.
ii) The bus is late the first two momings.
iii) The bus is on time two out of the three momings.
iv) The bus is on time at least twice.

4 Light bulbs are packaged in cartons of three; 10% of the bulbs are found to be
faulty. Calculate the probability of finding two faulty bulbs in a single carton.

5 Avolleyball team has a 0.25 chance of losing a game. Calculate the probability
of the team achieving:
a two consecutive wins b three consecutive wins
¢ 10 consecutive wins.

Tree diagrams for probability problems with and
without ‘replacement’

In the examples considered so far, the probability for each outcome remained the
same I'.hmughcrut the pmblem. However, this need not always be the case.

1 A bag contains three red balls and seven black balls. If the balls are put back
after being picked, what is the probability of picking:
a two red balls
b ared ball and a black ball in any order.

This is selection with replacement. Draw a

3
: ; . w®_— red
tree dlagram to help visualise the pmblem. 3 _red -
= black
e Fa _%n__ — red
il ~ black="_

~— black

.
gl
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a The probability of a red followed by a red, P(RR) = 2 x & = —.
b The probability of a red followed by a black or a black followed by a red is

o 1 I ) R . (N | (O )
P(RB) + P(BR) = (55 % 15) + (55 % 16) = 105 + 100 = 100

2 Repeat question 1, but this time each ball that is picked is not put back in the
bag.

This is selection without replaoement. The tree diagmm is now as shown.

s —red
2 ered =
he I black
<_’ﬂ__
e 4 —red
B Haﬂk‘-'-'-._-___
L black

B Exercise 3.9.4

1 A bag contains five red balls and four black balls. If a ball is picked out at
random, its colour is recorded and it is then put back in the bag, what is the
probability of choosing:

a two red balls

b two black balls

¢ ared ball and a black ball in this order
d a red ball and a black ball in any order?

2 Repeat question 1 but, in this case, after a ball is picked at random, it is not put
back in the bag.

3 A bag contains two black, three white and five red balls. If a ball is picked, its
colour recorded and then put back in the bag, what is the probability of picking:
a two black balls
b ared and a white ball in any order?

4 Repeat question 3 but, in this case, after a ball is picked at random, it is not put
back in the bag.

5 You buy five tickets for a raffle. 100 tickets are sold altogether. Tickets are picked
at random. You have not won a prize after the first three tickets have been drawn.
a What is the probability that you win a prize with either of the next two
draws?
b What is the probability that you do not win a prize with either of the next
two draws?
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6 A bowl of fruit contains one apple, one banana, two otanges and two pears. Two
pieces of fruit are chosen at random and eaten.

a Draw a probability tree showing all the possible combinations of the two
pieces of fruit.

b Use your tree diagram to calculate the probability that:
i) both the pieces of fruit eaten are oranges
ii) an apple and a banana are eaten
iii) at least one pear is eaten.

Use of Venn diagrams in probability

You have seen earlier in this unit how Venn diagrams can be used to represent sets.
They can also be used to solve pmblems invcrlving pmbability.

n(A)
n(U)

Iepeemeestel 1 In a survey carried out in a college, students were asked for their favourite

subject.

15 chose English

8 chose Science

12 chose Mathematics
5 chose Art

If a student is chosen at random, what is the probability that he or she likes
Science best?

This can be represented on a Venn diagram as:

Sclen:e
English
15 Mmm
12
1

There are 40 students, so the probability is % =3

Probability of event, A, P(A) =

2 A group of 21 friends decide to go out for the day to the local town; 9 of them
decide to see a film at the cinema, 15 of them get together for lunch.
a Draw a Venn diagram to show this information if set A represents those
who see a film and set B those who have lunch.
b Determine the probability that a person picked at random only went to the

cinema.
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S =

3.10

a 9+ 15 = 24; as there are only 21 people, u
this implies that 3 people see the filmand | A : < o B
have lunch. This means that { £
9 — 3 = 6 only went to see a film and |.. o |'. 3 ik
15 — 3 = 12 only had lunch. "k\ "\h/.f’ 2

b The number who only went to the cinema is 6, as the other 3 who saw a
film also went out for lunch. Therefore the probability is % = %

Exercise 3.9.5

1 Ina class of 30 students, 20 study French, 18 study Spanish and 5 study neither.
a Draw a Venn diagram to show this information.
b What is the probability that a student chosen at random studies both
French and Spanish?

2 Ina group of 35 students, 19 take Physics, 18 take Chemistry and 3 take neither.
What is the probability that a student chosen at random takes:
a both Physics and Chemistry
b Physics only
¢ Chemistry only?

3 108 people visited an art gallery; 60 liked the pictures, 53 liked the sculpture, 10
liked neither.
What is the 1:|nrl:ﬂ:pu;1|:iilit‘g,r that a person chosen at random liked the pictures but
not the sculpture?

4 In a series of examinations in a school:
37 students took English
48 students took French
45 students took Spanish
15 students took English and French
13 students took French and Spanish
7 students took English and Spanish
5 students took all three.

a Draw a Venn diagram to represent this information.
b What is the probability that a student picked at random took:

i) all three
ii) English only
iii) French only?

Laws of probability

Mutually exclusive events

Events that cannot happen at the same time are known as mutually exclusive
events. For example, if a sweet bag contains 12 red sweets and 8 yellow sweets, let
picking a red sweet be event A, and picking a yellow sweet be event B. If one sweet
is picked, it is not possible to pick a sweet which is both red and yellow. Therefore

these events are mutually exclusive.
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This can be shown in a Venn diagram:

A OO B o
O
e @
@ @

P(A) = 1= whilst P(B) =

As there is no overlap, P(A U B) = P(A) + P(B) = 22 + ox = = = 1.

i.e. the probability of mutually exclusive event A or event B happening is equal to
the sum of the probabilities of event A and event B and the sum of the probabilities

of all possible mutually exclusive events is 1.

ToTerpem——l  In a 50m swim, the world record holder has a probability of 0.72 of winning. The
probability of her finishing second is 0.25.
What is the probability that she either wins or comes second?

Since she cannot finish both first and second, the events are mutually exclusive.
Therefore P(1st U 2nd) = 0.72 + 0.25 = 0.97.

Combined events

If events are not mutually exclusive then they may occur at the same time.
These are known as combined events.

For example, a pack of 52 cards contains four suits: clubs (o), spades (&), hearts
(%) and diamonds ( 4 ). Clubs and spades are black; hearts and diamonds are red.
Each suit contains 13 cards. These are ace, 2, 3,4, 5, 6, 7, 8, 9,10, Jack, Queen and

King.
A card is picked at random. Event A represents picking a black card; event B
represents picking a King.
In a Venn diagram this can be shown as:
Av 2v 3 4% 5Y 6Y 7Y 8Y 9V 10V Q¥ Y
/‘A* 7Y 3* B “aa B
"/ aa 58 64 /4\ N

[ Te 8498 [
[ 108 JaQa | Ke | K¥ \
| Al 2de 38| KQ K# .l
'\._\ 44 5 6* \, ,' __."I
\ Td G Ob N/ f
. 108 Ja Qs 2

A§2§3¢4¢5§ﬁ¢ 7080901(}0.”(}'

P(A)=2=1 and P(B)=4=1
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Woeorked example

Worked examples

However P(A U B) # 5—12 + ;—2 because Ké and Kée belong to both events A and B
and have therefore been counted twice. This is shown in the overlap of the Venn
diagram.

Therefore, for combined events, P(A U B) = P(A) + P(B) — P(A N B)

i.e. the probability of event A or B is equal to the sum of the probabilities of A and
B minus the probability of A and B.

In a holiday survey of 100 peaple:

72 people have had a beach holiday
16 have had a skiing holiday
12 have had both.

What is the probability that one petson chosen at random from the survey has had
either a beach holiday (B) or a ski holiday (S)?

PB = PSO=%X PBNS)=L2

Therefore P(B U 3] 1m + 10 1m lléll 1?550

Independent events

A student may be bom on 1 June, another student in his class may also be born on
1 June. These events are independent of each other (assuming they are not twins).
If a dice is rolled and a coin spun, the outcomes of each are also independent,

i.e. the outcome of one does not affect the outcome of another.
For independent events, the probability of both events occurring is the product
of each occurring separately, i.e.

P(A N B) = P(A) x P(B)

1 ] spin a coin and roll a dice.
a What is the probability of getting a head on the coin and a five on the dice?
b What is the probability of getting either a head on the coin or a five on
the dice, but not both?

a PH =1 P(5)=1
Both events are independent therefore P(H N 5) = P(H) x P(5)
1 1
T %
= L
- 12
b P(H U 5) is the probability of getting a head, a five or both.
Therefore P(H U 5) — P(H N 5) removes the probability of both events
occurring.
The solution is P(H U 5) = P(H N 5) = P(H) + P(53) — P(H N 5)
1

= L

+ 7

[~ t\-il'-'
lﬂ\l
—

-
(=}
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2 The probabilities of two events X and Y are given by:
P(X) =0.5,P(Y)=04,and P(X N Y) = 0.2.

a Are events X and Y mutually exclusive?
b Calculate P(X U Y).
¢ What kind of events are X and Y7

a No: if the events were mutually exclusive, then P(X N Y) would be 0 as

the events could not occur at the same time.
b P(XUY)=PX)+PY)-PXNY)
=05+04-02
= 0.7

¢ Since P(X N Y)= P(X) x P(Y), ie.
0.2 =0.5 x 04, events X and Y must be independent.

Conditional probability

Conditional probability refers to the probability of an event (A) occurting, which is
in turn dependent on another event (B).

For example, a group of ten children play two tennis matches each. The table
below shows which matches the children won and lost.

Child First match Second match
1 Wan Won
2 Lost Won
3 Lost Won
4 Won Lost
5 Lost Lost
6 Won Lost
7 Won Won
8 Waon Won
9 Lost Won

10 Lost Won

Let winning the first match be event A and winning the second match be event B.
An example of conditional probability would be as follows: calculate the probability
that a boy picked at random won his first match, if it is known that he won his
second match.

Because we are told that the boy won his second match, this will affect the final
probability.

This is written as P(A | B), i.e. the probability of event A given that event B has
happened.

P(A|B) = AN B)

P(B)

or P(A|B) = % where n is the number of times that event happens.
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Worked example

Worked example

Using the table on the previous page, for a child picked at random:

Calculate the probability that the child lost both matches.
Calculate the probability that the child won his first match.
¢ Calculate the probability that a child won his first match, if it is known that he

won his second match.

o ®

a P(A' nB) ="ADE) (SJB’J 5,0
b P(A]:%E%:%:%
" Pmlm:%%ﬂ=%

Note: The answers to b and ¢ are different although hoth relate to the probability
of a child winning his first match.

Venn diagrams are very useful for conditional probability as they show n(A N B)
clearly.

In a class of 25 students, 18 play football, 8 play tennis and 6 play neither sport.

Show this information on a Venn diagram.

What is the probability that a student chosen at random plays both sports?
What is the probability that a student chosen at random plays foothall, given
that he also plays tennis?

o R

[£]

a 18 + 8 + 6 = 32. As there are only 25 students, 7 must play both sports.

| &

E - ™ e T

£}
=
™
3
I
=
= =
=)

Exercise 3.10.1

1 The Jamaican 100m women’s relay team has a 0.5 chance of coming first in the
final, 0.25 chance of coming second and 0.05 chance of coming third.

a Are the events independent?
b What is the team’s chance of a medal?
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2 ] spin a coin and throw a dice.
a Are the events independent?
b What is the probability of getting:
i) ahead and a factor of 3
ii) ahead ora factor of 3
iii) ahead or a factor of 3, but not both?

3 What is the probability that two people picked at random both have a birthday

in June!

4 Amelia takes two buses to work. On a particular day, the probability of her
catching the first bus is 0.7 and the probability of her catching the second bus is
0.5. The probability of her catching neither is 0.1.

a Are the events independent’
b If A represents catching the first bus and B the second:
i) State P(A U B)'.
ii) Find P(A U B).
iii) Given that P(A U B) = P(A) + P(B) — P(A N B), calculate
P(A N B).
iv) Calculate the probability P(A | B), i.e. the probability of Amelia
having caught the first bus, given that she caught the second bus.

5 The probability of Marco having breakfast is 0.75. The probability that he getsa
lift to work is 0.9 if he has had breakfast and 0.8 if he has not.
a What is the probability of Marco having breakfast then getting a lift?
b What is the probability of Marco not having breakfast then getting a lift?
¢ What is the probability that Marco gets a lift?
d If Marco gets a lift, what is the probability that he had breakfast?

6 Inés has a driving test on Monday and a Drama exam the next day. The
probability of her passing the driving test is 0.73. The probability of her passing
the Drama exam is 0.9. The probability of failing both is 0.05.

Given that she has passed the driving test, what is the probability that she also
passed her Drama exam?

7 An Olympic swimmer has a 0.6 chance of a gold medal in the 100m freestyle, a
0.7 chance of a gold medal in the 200m freestyle and a 0.1 chance of no gold
medals. Given that she wins the 100m race, what is the probability of her
winning the 200m race?

8 a How many pupils are in your class?
b How likely do you think it is that two people in your class will share the same
birthday? Very likely? Likely? Approx 50—50? Unlikely? Very unlikely?
¢ Write down everybody's birthday. Did two people have the same birthday?
Below is a way of calculating the probability that two people have the same
birthday depending on how many people there are. To study this it is easiest
to look at the probability of birthdays being different. When this probability is
less than 50%, then the probability that two people will have the same
birthday is greater than 50%.
When the first person asks the second person, the probability of them
not having the same birthday is % (i.e. itis % that they have the same
birthday).
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When the next person is asked, as the events are independent, the probability
of all three having different birthdays is:

(5&8) x (&) = %92%

When the next person is asked, the probability of all four having different
birthdays is:

368) x (363) x [363) = 98.4%
a.'ﬂdsﬂﬂn....

d Copy and complete the table below until the probability is 50%.

Number of people Probability of them not having the same birthday
2 % =99.7%
3 (g%g) X (;3:-3;) =99.2%
: ) (32« () - o
5
10
15
20

etc.

e Explain in words what your solution to part d means.

B Student assessment 1 3 Copythis Venndiagram three times.

- o u
1 Describe the following sets in words. W T T
a {L,3,5, 7
b {1,3,57, .} \ V) .-
c {1,4,9, 16,25, ..} % N ’
d {Arctic, Atlantic, Indian, Pacific} e ""/
2 Calculate the value of n(A) for each of the sets a On one copy shade and label the region
Shﬂ@ below. which represents A N B.
a A is the set of days of the week b On another copy shade and label the region
b A is the set of prime numbers between 50 which represents A U B.
and 60 ¢ On the third copy shade and label the region
¢ A ={x|xis an integer and -9 < x < -3} which represents (A N B)'.

d A is the set of students in your class
4 fA ={w, o, r, k}, list all the subsets of A with

at least three elements.



104 SETS, LOGIC AND PROBABILITY

51fU=1{1,2,3,4,56,78 and P =2, 4,6, 8},
what set is represented by P'?

6 A hexagonal spinner is divided into equilateral
triangles painted altemately red and black.
What is the sample space when the spinner is
spun three times?

7 If pis the proposition ‘The Amazon riveris in
Africa’, write the propasition = p in words.

8 What is meant by p v q7

9 Calculate the theoretical probability of:
a being born on a Saturday
b being born on the 5th of a month in a non-
leap year
¢ being born on 20 June in a non-leap year
d being born on 29 February.

10 A coin is tossed and an ordinary, fair dice is
rolled.
a Draw a two-way table showing all the
possible combinations.
b Calculate the probability of getting:
i) aheadand a6
ii) a tail and an odd number
iii) ahead and a prime number.

B Student assessment 2

1 IfA ={2, 4, 6, 8}, write all the proper subsets of
A with two or more elements.

2 X = [lion, tiger, cheetah, leopard, puma, jaguar,

cat}

Y = {elephant, lion, zebra, cheetah, gazelle}

Z = {anaconda, jaguar, tarantula, mosquito}

a Draw a Venn diagram to represent the above
information.

b Copy and complete the statement
Xn¥Y={.}

¢ Copy and complete the statement
YNnZ={..

d Copy and complete the statement
XNnYnz={.}

3 U is the set of natural numbers, M is the set of
even numbers and N is the set of multiples of 5.
a Draw a Venn diagram and place the numbers
1,2,3,4,5,6,7, 8,9, 10 in the appropriate
placesin it.
b If X =M N N, describe set X in words.

4 A group of 40 people were asked whether they
like tennis (T) and football (F). The number
liking both tennis and foothall was three times
the number liking only tennis. Adding 3 to the
number liking only tennis and doubling the
answer equals the number of people liking only
football. Four said they did not like sport at all.
a Draw a Venn diagram to represent this

information.
b Calculate n(T N F).
¢ Caleulate n(T N F*).
d Calculate n(T" N F).

5 The Venn diagram below shows the number of
elements in three sets P, (Q and R.

A\

il .'l.
[ 10+x [ 15=x | 13+x Y
I 1

A" e
| \ ! /
\ / Y X / \\ /
Y !

Fd \
il \"\ ' Y r,
\\E\ 0—-x \\‘}(,/ 12—x \ /

Ifn(P U Q U R) =93 calculate:
b n(P)

c n(Q)

d n(R)

e n(PNQ)

f n(QNR)

g n(PNR)

h n(R U Q)

i n(PNQYy.

6 What is meant by p A q7
7 Copy and complete the truth table below.

q pAg Pvq

||| =B
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8 What is a tautology? Give an example.

9 A goalkeeper expects to save one penalty out of
every three. Calculate the probability that he:

a saves one pﬁmalty out of the next three
b fails to save any of the next three penalties
¢ saves two out of the next three penall:ies.

B Student assessment 3
1 The probability that a student takes English is

0.8. The probability that a student takes English

and Spanish is 0.25.
What is the probability that a student takes
Spanish, given that he takes English?

2 A card is drawn from a standard pack of cards.
a Draw a Venn diagram to show the following:
A is the set of aces
B is the set of picture cards
C is the set of clubs
b From your Venn diagram find the following
probabilities.
i) P(ace or picture card)
ii) P(not an ace or picture card)
iii) P(club or ace)
iv) P(club and ace)
v) P(ace and picture card)

3 Students in a school can choose to study one or
more science subjects from physics, chemistry
and biology.

In a year group of 120 students, 60 took
physics, 60 took biology and 72 took chemistry;
34 took physics and chemistry, 32 took
chemistry and biology and 24 took physics and
hiology; 18 took all three.

a Draw a Venn diagram to represent this
information.
b I a student is chosen at random, what is the
bability that:

i) the student chose to study only one

subjf:ct

ii) the student chose physics or chemistry,

and did not choose biology?

4 A class took an English test and a maths test.
40% passed both tests and 75% passed the
English test.

What percentage of those who passed the
English test also passed the maths test?

5 A jarcontains blue and red counters. Two
counters are chosen without teplaoement. The
probability of choosing a blue then a red
counter is 0.44. The probability of choosing a
blue counter on the first draw is 0.5.

What is the probability of choosing a red
counter on the second draw if the first counter
chosen was blue?

6 In agroup of children, the probability that a
child has black hair is 0.7. The probability that
a child has brown eyes is 0.55. The probability
that a child has either black hair or brown eyes
is 0.85.
What is the probability that a child chosen at
random has both black hair and brown eyes?

7 Aball enters a chute at X.

|

®

o &
/’R»' N\

/, o e N W \\\ .t
085 N\ PN
77 NN A \or

ri WA
A H W

a What are the probabilities of the ball going
down each of the chutes labelled (i), (ii)
and (iii)?

b Calculate the probability of the ball landing
in:

i) tray A
i) tray C
iii) tray B.
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8 A teacher says that she
will give a su rise test on
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11 Whatis a
paradox? “This
statement is a lie.
Is that a paradox?

Discuss.

7 A pile of 100000 grains of
sand is a heap. If sand is
removed one grain ata
time, at what point does
the pile cease to be a
heap?

10 | put out three cd s face down, one
of which is an ace. | know the position of
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which is not the ace. You are then
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Functions

Syllabus content

4.1 Concept of a function as a mapping.
Domain and range. Mapping diagrams.

4.2 Linear functions and their graphs, for example f; x — mx + c.

4.3 The graph of the quadratic function: fix) = ax? + bx + c.
Properties of symmetry; vertex; intercepts.

4.4 The exponential expression: a%; b € Q.
Graphs and properties of exponential functions.
flx) = a5 fix) = a5 f(x) = ka** + c; k, a,c, 1 € Q.
Growth and decay; basic concepts of asymptotic behaviour.

4.5 Graphs and properties of the sine and cosine functions:
f(x) = asin bx + ¢;
flx) = acos bx + c;a, b, c € Q.
Amplitude and period.

4.6 Accurate graph drawing.
4.7 Use of a GDC to sketch and analyse some simple, unfamiliar functions.

4.8 Use of a GDC to solve equations involving simple combinations of some
simple, unfamiliar functions.

Introduction

Leibniz was the first to use the term
function’, although not in the sense it is
used in this topic. Euler used the term in
work done around 1750. Both of these
mathematicians were aware of the work of
Girolamo Cardano, and the concept of
function’ may have developed from this.
It is also possible that all three of these
mathematicians were aware of the much

earlier studies of Al-Karkhi.

Leonhard Euler {(1707-1783)
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4.1

Cardano was a famous Italian mathematician. In 1545 he published a book Ars
Magna (‘Great Art’) in which he showed calculations involving solutions to cubic
equations (equations of the form ax’ + bx? + cx + d = 0) and quartic equations
(equations of the form ax* + bx® + cx? + dx + e = 0).

HIERONYMI CAR
...... FRENFANTINEEME MATHE
ARTIS MAGNAE
EIVE DR NRCVLIS ALGEBRAICHE
ATy e 2ot

S i
e e

Girolamo Cardano (1501-1576) The title page of Ars Magna

His book (the title page is shown here) is one of the key historical texts on algebra.
It was the first algebmaic text written in Latin. In 1570, because of his interest in
astrology, Cardano was arrested for heresy; no other work of his was ever published.

Al-Karkhi was one of the greatest Arab mathematicians. He lived in the
eleventh century. He wrote many books on algebra and developed a theory of
indices and a method of finding square roots.

A function as a mapping

A relationship between two sets can be shown as a mapping, which links elements
in one set with elements in the other set.

domain range

A function is a special type of relationship, which can be shown as a mapping
with particular characteristics.

Consider the equation y = 2x + 3; —1 < x< 3. A table of results can be made
and a mapping diagram drawn.

2 ¥ domain range
-1

0 3

1 5

2 7

3 9 A B
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If a mapping is a function, each value in set B (the range: the values that the
function can take) is produced from a value in set A (the domain: the values that x
can take). The relationship above is therefore a function and, as a function, it can

be written:

fix)=2x+3;-1=x=<3
oo fix—=lx+3-1=sx=<3

It is customary to write the domain after the function, because a different domain
will produce a different range.
A mapping from A to B can be a one-to-one mapping or a many-to-one mapping.
The function above, fix) = 2x + 3; =1 = x = 3, is a one-to-one function, as
each value in the domain maps to a unique value in the range, i.e. no two values
in the domain can map to the same value in the range. However, the function
fix) = x; x € Z, for example, is a many-to-one function, as some valuesin the
range can be generated by more than one value in the domain, as shown.

domain

It is important to understand that, for a mapping to represent a function, one
value in the domain (set A) must map to a single value in the range (set B).
Therefore the mapping f(x) = x%; x € Z shown above represents a function.

Some mappings do not represent functions. Consider the relationship y = +4/x.

The following table and mapping diagram can be produced.

domain range
x ¥
1 *=1
4 +2
9 +3
16 *+4

This mlaﬁunship is not a function as one value in the domain produces more than
one value in the range.
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It is also important to remember the mathematical notation used to define
different domains. The principal ones will be:

Notation

Meaning

The set of integers {0, £1, £2, £3, _}

The set of positive integers {1, 2, 3, ..}

The set of natural numbers {0, 1, 2, 3, ...}, i.e. positive integers and zero

D Z|M| M

The set of rational numbers, i.e. numbers that can be expressed as a fraction %

The set of real numbers, i.e. numbers that exist

Calculating the range from the domain

The domain is the set of input values, whilst the range is the set of output values
for a function. (Note: The range is not the difference between the greatest and least
values, as in statistics.) The range is therefore dependent not only on the function
itself, but also on the domain.

Calculate the range for each of the following functions.

b fx) > *-3xxER . fg‘él
a fl)re =35 -2<x<3 18
The graph uf.th.e funcucm is shown. [ ] 16
As the domain is restricted to
-2 = x< 3, the range is limited | 14
to values from —2 to 18. . 12
This is written as: — 10
Range -2 =< f{x) <18. 8 g, .
b flx)>*-3xxER an“! .
The graph will be similar to the one 4
in part a except that the domain is
not restricted. As the domain is for all B )
real values of x, this implies that any 3 Domain
real number can be an input value. TP T ]
As aresult, in the range will also be =
all real values. i I
This is written as: Range f(x) € R. -6

a fix)>*-3x-2=<x=<3

Note: If the domain of a function is x € R, then it is often omitted.
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@ B Exercise 4.1.1

1 Which of the following mappings shows a function?
a domain range

2 Give the domain and range of each of the following functions. You could plot

the functions using your GDC.
a fix)=2x-1;-1=x<3 bflx)=3x+2,-4=<x=<0
c lx)=x+2;-3<x=3 dg(3)=%;3'>3
e hit)=t+3 f fiv)=4
g fin)=-n?+1

4.2 Linear functions and their graphs
(Note: This topic is covered further in Section 5.2.)

The function g(x) = 2x + 3; —1 < x < 3 gives the following graph.

YA
—10

The domain of the function is —1 < x < 3, whilst its range is 1 = g{x) < 9.
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Evaluating linear functions
1 a For the linear function h(t) = 2t — 5, evaluate h(7).
b I h(t) = 45 evaluate t.
a h(7)=2(7)-5

b 45=2%t—5=22tr=50=t=125
2 Two linearfunctiﬂnsaregivenas ﬁ:x] = Zx+landg{x] = 3x - 6.

Y
22

20
18
16
14

fix)=2x+ 1

12
10

[ - ]

b 4 6 8 10 12%

Find the values of x and f(x) where f(x) = g(x).

Graphically this can be interpreted as the coordinates of the point where the
two functions intersect.

At the point of intersection the two functions are equal, i.e. 2x + 1 = 3x — 6.
Solving the equation gives x = 7.

To find the y-coordinate, calculate either f(7) or g( 7).

f(7) =27+ 1=15.
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Worked examples

Exercise 4.2.1

1 Iff(x) = 3": L calésiliie eadtisp e ollowting,

a f(2.5) b f(0) ¢ f(-0.5) d f(—6)
2 Kglx) =—— I — calculate each of the following.

a g(0) b g(-3) c g(—=1.5) d g(-9)
3 fh:xe— .....5144, 8, calculate each of the following.

a h(4) b h(1.5) e h(-2) d h(-0.5)

4 ¥flx) = *5:; T ealculate each of the following.
a f(3) b f(-1) c f(=7) d f(-d)
5 A plumber charges a 50 euro callout charge and then 25 euros for each 15

minutes,
a Express the plumber’s charges as a function f{x), where x is the time in hours.
b Evaluate f(2.5).

6 a Plot on the same graph the functions f(x) = 4x + 2 and g(x) = 23 - 3x.
b Evaluate x, where f{x) = g(x).

Inverse functions

The inverse of a function is its reverse, i.e. it ‘undoes’ the function’s effects. The
inverse of the function f{x) is written as f~!(x).

1 Find the inverse of both of the following functions.

a flx)=x+12 b glx)=2x-3
a fi(x)=x-2 b i =33
2 1 f(x) = & 7 3} calenlite baih of the Ellowing:
a f1(2) b f4(-3)
a flix)=3x+13 b f{x)=3x+3
@) =9 f-1(-3) = -6

Exercise 4.2.2
1 Find the inverse of each of the following functions.

a flx)=x+3 b flx)=x-75
cf(x]=% d flx) =4x

e ix)=2x+5 f fix) =3x-6
g flx) =234 h f(x) =jx+3

i flx) 4{31 - 6) j flx)=-2(-3x+2)
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P a3

2 ]fﬂx} = x — 4, evaluate each of the fcrllcrw‘ing.

a f-1(2) b f-1(0) ¢ f(-5)
3 Iff(x) = 2x + 1, evaluate each of the following.

a f1(5) b f(0) e f(-11)
4 If g(x) = 6(x — 1), evaluate each of the following.

a g'(12) b g'(3) c g (6)
5 IFolx) = 2";" 4. evaluate each of the following.

a g'(4) b ¢'(0) c g'(-6)

Quadratic functions and their graphs

The general expression for a quadratic function takes the form ax? + bx + ¢, where
a, b and ¢ are constants. Some examples of quadratic functions are given below.

y=22+3x-12 y=x-5x+6 y=3+2x-3

Plotting quadratic functions is also covered in Section 2.7. When the graph of a
quadratic function is plotted, a smooth curve, called a parabola, is produced. For
Examp[e:

y=x
x | -4 | =3 | =2 | =1 0 1 2 3 4
% 16 9 4 1 0 1 4 9 16
y=-x
| =4 | =3 | 22 | = 0 1 2 3 a4
y | -16| -9 | -4 | - 0 F | | g | 18
Iz ¥ D
;: y=x —4—3—2)1"; \\ 3 4 x
\ e -
\ 2 f b = 3
T 11/ b \
4 / 14 \
™ = Y o] 32 y= a2
4132 -1 2 3 4x i

Both graphs above are symmetrical about the y-axis. The y-axis is therefore the axis
of symmetry. For quadratic functions of the form f{x) = ax? + bx + ¢, the equation
of the axisnfsymmetryis givenb?x = -2%. The vertex of the gl:aph can also be
found as it lies on the axis of symmetry.
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1 a Plot a graph of the function y = ¥ = 5x + 6for 0 < x < 5.
b Deduce the equation of the axis of symmetry and the coordinates and nature

of the vertex.
a First produce the table of values, then plot the points to draw the graph.

X 0 1 2 3 4 5

y 6 2 0 0 2 6

=

= [ 4 B €h
L1
P

. . 2 5
b It can be seen from the graph that the equation of the axis of symmetry is x = 5.

It can also be calculated using Lhefcn:muhx=w%, where a = 1and b = -5.
g 9 ol
YT TERL

Whenx=3y= (3 = 5(3)+ 6 =2 -L46=_1

So the vertex is at (%, --41) and is a minimum.

2 a Plotagmph of the funcion y= -2+ x+ 2for-3 = x < 4.
b Deduce the equation of the axis of symmetry and the coordinates of the vertex.

a First produce the table of values, then plot the points to draw the graph.

¥ |3 | =2 | =t [ o 1 2 3 4
y | -10| -4 | o 2 2 0 | -4 | -10
Vi
4
Ja 2 A1 A3 4 x

[
R @ @ @ B M
__,,.-—
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b It can be seen from the graph that the equation of the axis of symmetry is x =%.
It can also be calculated using the formula x = —%, wherea=—1and b = 1.

1 1

= — =3

2 x(-1)
When x =1,y = —[%)2+%+ 2 =~—fl+%+2 =2%.
So the vertex is at (%, 2%) and is a maximum.
Notice that when a is positive, the vertex is a minimum and when a is negative,
the vertex is a maximum. Stationary points are dealt with further in Topic 7.

The above work can also be calculated and drawn using either your GDC or
graphing software. Example 1 above is shown.

Casio
e o o select the table Table Seliins
mode. Enter the A
equation y = x2 — 5x + 6. mrtfg

G-5olv

@TH to set the table parameters.

Enter Start:0, End:5 and Step:1 m
il |l |

]
to tabulate the results. The {-f : ::l
2 £

] ] i
o P D € o)

8 first two columns are the
x- and y-values. (Ignore the third
column for the time being.)

Gi  to plot the points and draw
' asmooth curve through them.

To find the minimum point: \ /
™ 0 TR

to select the graphing mode. Enter Vi=HE-EN+E

the equation y = x2 — 5x + 6.
& to graph the function.
= dyodu=li I

& wwde= 1o give the Ei.d Qe 0. 25
(!3!555 ar» 'ET" coordinate of

the minimum point (2.5, —0.25).

Note: Once the minimum point is calculated, the x-value will give the
equation of the axis of symmetry.
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Texas
. to select the function. SE
B _ THBIE 3RS
nter the equation y = »* — 5x + 6. aTk -"?l
o R
_— .. to set the table Layte HF it -
sl ) parameters.
Enter Tblstart = 0, ATbl = 1, Indpnt:
Auto, Depend:Auto.
. ¢ to tabulate the
e A Y
 results. ti_ 5
to graph the table of £ o
results. E E
b iz
. ®=@
o

to calculate the coordinates of the
minimum point.

Using the cursor select a point to
the left of the minimum, then,
when prompted, select a point to
the right of the minimum. The

’ IE?HH
aalculator will then search for the =2 V=28
minimum within this range.

Note: Once the minimum point is calculated, the x-value will give the
equation of the axis of symmetry.

Autograph

Select =% and enter the equation \ /
y=x2-5x+6. '

: ' /
To change the scale on the axes use | . ' \ /

Select the curve then click ‘Object’
followed by ‘Table of Values'. After T
entering the parameters, the results will f
appear in the results box. e S
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Autograph

To find the axis of symmetry, find the
coordinate of the minimum point. Select
‘Object’ followed by "Solve f'(x) = 0.

This finds where the gradient of the graph
is zero. The solution appears in the results
box.

Results Box B x
Table of Values of Equation 1
X LES]

1 2

Equation Solver:
Solution; x=2.5, y=-0.25

Note: The equation of the axis of symmetry is given by the x-coordinate of the

minimum point.

GeoGebra

Type Function [x » 2 - 5x + 6,0,5] into the
Input box. This produces the graph drawn
within the limits 0 = x < 5.

To change the scales of the axes select
‘Options’ -» ‘Drawing Pad’ and enter the
relevant information.

To find where the graph intersects the
x-axis, type ‘Root[f]'. The points are
marked on the graph as A and B and their
coordinates displayed in the algebra
window.

Because of the symmetrical property of
the graph, the axis of symmetry passes
through the midpoint of A and B.

Type ‘x = x(A + B)2' in the input box.
The axis of symmetry is drawn and its

equation displayed in the algebra window.
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Worked example

Accurate graph plotting

To plcrt an accurate gmph, follow some simple rules.

® Label the axes accurately.

® Label the scale accurately.

¢ Use a table of results to obtain the coordinates of the points to plot on your graph.

® For linear functions, use a ruler to draw the straight lines.

¢ For curved functions, draw a smooth curve through the points rather than a
succession of straight lines joining them.

Exercise 4.3.1

For each of the following quadratic functions:
a construct a table of values and then plot the graph
b deduce or calculate the equation of the axis of symmetry and the coordinates
and nature of the vertex.

ly=x+x-2,-4=x=<3

2y=—-+2x+3,-3=sx<5
3y=x—4x+4-1=x=<5

4 y=-x-2x-1,-4=sx=1
5y="2-2x-15 -4<x<6
6y=22-2x-3,-2<x<3
Ty=-2d+x+6-3=sx=<3
By=32-3x—6-2sx=3
9y=42 - Tx—4 -l<x<3
10 y=—-42 +4x-1,-2=<x<3

Solving quadratic equations graphically

a Dawagrmphofy=»*—4x+ 3for-2 =x < 5.
b Use the graph to solve the equation x> — 4x + 3 = 0.

a First produce the table of values, then plot

YA
the points to draw the graph. : 16
44
\ i
x|=2|-1|0| 1| 2|3 |4]|65 \
10
¥y |15 8 3 0| -1 0 3 8 8
S /
2\ ‘
B 1~ 4 5 | x
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b To solve the equation, it is necessary to find the values of x wheny = 0, i.e.
where the graph crosses the x-axis. These points occur whenx = land x =3

and are therefore the solutions.

The GDC and graphing software will also find the solution to quadratic equations
graphically. In the explanations below, it is assumed that you can already plot the

graph on your GDC or software.

Casio

Graph the equation y =x? — 4x + 3.

to access the graph solve

F!“F, d.!ab menu.

e tg find the roots of the

“"7 equation (i.e. where the graph
intersects the x-axis). The first root is
displayed.

Use the cursor pad to scroll to

the next root.

V1=K2-4%+3

P Y KOOT
ey v=n

Yi=KE2-4¥+3

P RO0T
¥=3 ¥=0

Texas

Graph the equation y = x2 — 4x + 3.

e [

mto calculate the coordinates of
the roots (i.e. where the graph
intersects the x-axis).

Using the cursor pad Es&lect a

point to the left of the first root. D

Using the cursor pad Es&lect a

point to the right of the first root. D

to access the graph
calc. menu.

The calculator will then search for the
root within this range.

Repeat the above steps to find the
second root.

Yi=hz-YH+3 /

LtFtB#u
f=. ?12?5555 ¥= ESEB?:I.'!E

U
cekd

n=1 Y=o
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Autograph

Graph the equation y = x? — 4x + 3. \f
Select the curve then click ‘Object’
followed by ‘Solve f{x) = 0" R /

The points are marked on the TN/
graph and their coordinates can be
displayed in the results box. This is

accessed by selecting 3.

GeoGebra

Graph the equation y = x> — 4x + 3. | e

In the input box type ‘Root[f]’, this :
finds where the graph intersects the
x-axis. The points are marked on the Fi
graph as A and B their coordinates
are displayed in the algebra window. ==

B Exercise 4.3.2
Solve each of the quadratic equations below by plotting a graph of the function.
12-x-6=0
2 —x+1=0

32-6x+9=0

4 —xX*—x+12=0

5x-4x+4=0

6 2xX-Tx+3=0

7T -2x2+4x-2=0

8 3¢-5x-2=0

In the previous worked example, y = ¥* — 4x + 3, a solution could be found to the

equation x* — 4x + 3 = 0 by reading off where the graph crossed the x-axis. This
graph can, however, also be used to solve other quadratic equations.
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Usethegmphofy=xzﬂ4x+3tosolveﬂ166quationx2 —4x +1=0.
x! — 4x + 1 = 0 can be rearranged to give:

~

3

X —4x+3=12 t 16
Using the graph of y = ¥ — 4x + 3 and plotting \ Ef
the line y = 2 on the same graph gives the \ _::
graph shown. .
Where the curve and the line cross gives the 6

solution to 2 — 4x + 3 = 2 and hence the
solution to X2 — 4x + 1 = 0.

Therefore the solutionstox2 — 4x + 1 = 0 are x
= 0.3 and 3.7.

[
[

1
%3
1
-

3

B

.
&F
bl

B Exercise 4.3.3

Using the graphs that you drew for Exercise 4.3.2, solve the following quadratic
equations. Show your method clearly.

1x2-—x—4=0 2 x-1=0 3x2—-6x+8=0
4 —x—x+9=0 5x—4x+1=0 6 2xX-Tx=0
7 22 +4x= -1 8 3xl=2 + 5x

Factorizing quadratic expressions

In order to solve quadratic equations algebraically, it is necessary to know how to
factorize quadratic expressions.

For example, the quadratic expression x + 5x + 6 can be factorized by writing it
as a product of two brackets: (x + 3)(x + 2). A method for factorizing quadratics is
shown below.

Worked E‘KEI'I'IPIEE 1 Factotize IZ + 5x + 6.

On setting up a2 x 2 grid, some of the information
can immediately be entered. As there is only one
term in x2, this can be entered, as can the constant X i
+6. The only two values which multiply to give »

are x and x. These too can be entered.

We now need to find two values which multiply to X +3
give +6 and which add to give +5. The only two
values which satisfy both these conditions are +3 « o 8
and +2. The grid can then be completed.

Therefore 2 + 5x + 6 = (x + 3)(x + 2).

+2 2% +6
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2 Factorize % + 2x — 24.

X X +6
¥ X2 x x> +6x
—24 4| —ax | —2¢

Therefore x2 + 2x — 24 = (x + 6)(x — 4).
3 Factorize 2% + 11x + 12.

2x 2x +3
X 2x* X 2x® 3x
12 +4 Bx 12

Therefore 22 + 11x + 12 = (2x + 3)(x + 4).
4 Factorize 3% + Tx — 6.

3x 3x -2
x 3x* x 3x? —Dx
-6 +3 9x —6

Therefore 322 + Tx — 6 = (3x — 2)(x + 3).

B Exercise 4.3.4
Factorize the following quadratic expressions.

lax+7x+12 b o+ 8Bx+ 12 ¢ 2+ 13x+ 12
d 22 —Tx+ 12 e xX—8x+12 f 2—-13x+12
2Za xt+6x+5 b 2+ 6x+8 c 2+ 6x+9
d x2+10x+ 25 e x4+ 22x + 121 f - 13x+ 42
3a xX+14x+ 24 b 22+ 11x + 24 c - 10x + 24
d x*+ 15x + 36 e o+ 20x + 36 f 22— 12x+ 36
4a 2+2x-15 b x22-2x-15 c 2+x-12
d 22—-—x-12 e 2+ 4x—12 f »2—15x+ 36
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5a £-2x-8 b 2—-x-20 ¢ 2+ x-30
d 2—-—x-42 e 2 —-2x-63 f x4 3x - 54

6a 228 +4x+12 b 22+ Tx+ 6 c IxXl+x—6
d 222 -Tx+ 6 e 32+ 8x+ 4 f 3x2+11x—4
g412+121+9 h 92— 6x+ 1 i 6f=—x-1

Solving quadratic equations algebraically
x* — 3x — 10 = 0 is a quadratic equation which, when factorized, can be written as
(x —5)(x+2)=0.

Therefore either (x — 5) = 0 or (x + 2) = 0 since, if two things multiply to make
zero, then one of them must be zero.

x=5=0 o x+2=0
x=5 or x=-—12

It is important to understand the relatiunship between a quadratic equation written
in factorized form and the graph of the quadratic.

In the example above x* — 3x — 10 factorized to (x — 5)}(x + 2). The equation
%2 — 3x — 10 = 0 had solutions x = 5and x = -2,

The graph of y = & — 3x — 10 is as shown.

¥
20

4£4T 2 4/6 8 x
i -10

-20

It crosses the x-axis at 5 and —2 because these are the points where the function
has the value 0. These values are directly related to the factorized form.

e Il Solve each of the following equations to give two solutions for x.

a ¥-x-12=0
b &+ 2x=24

c 2l —-6x=0

d 2-4=0
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Worked example

a L-x-12=0
(x—4)(x+3)=0

so either x—4=0 or
x=4

b This becomes 2 + 2x — 24=0
(x+6)(x—4)=0

so either x+6=0 or
x=—H
c ZX—6x=0
xx—6)=0
so either x=0 or
d 2-4=0
(x=2}x+2)=0
so either x—=2=0 or
=72

x+3=0

6 =0
x =6
x+2=0
x=-=1

You can use your GDC to solve a quadratic equation. Although you are expected to
be able to solve quadratic equations, your calculator is a useful tool for checking

your ANSWEeTs.

Solve the quadratic equation x* — x — 12 = 0 using your GDC.

Casio

Select ‘Equation’ from the main menu.
E.. to select Polynomial, followed

by .-a;l;- to select Polynomial of Degree 2
(i.e. quadratic).

Enter the coefficients of each of the
terms into the matrix, i.e.a=1, b= -1
andc=-12.

,.:!I'i to solve the equation and display

i A LN HEMU St
BEAH MR [TASLE RECUR |

aX2+h¥+c=0
4 b

C [ -1 D
[ OE L JECNET

the results on the screen, i.e. x=4 and -3.

axi+?x+c=a

|

REFT
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bound at its default setting. The calculator
will search for a solution in this range.

Highlight the initial value of x.

Texas
mto access the equation solver ||gouaTION SOLVER
e and enter the equation eaniB=rki-A-12
0=x2-x-12.
Type an initial value for x, e.g. 0. Leave the ||w:_w_|2=g
1]

Bourd={ 199, 1.

H2-H-12=0

' | [vaietveinsd N s
solution to the equation, | 1 E?t..p =i

i.e. x=-2.999...
To find the other solution restrict the Eﬂf; ;ﬁ'éggggggggg
bound to include the second solution, e.g. bound=10,83" "
Bound = {0,5} and repeat the above steps. * lett-ri=0

Note: With this calculator, you need to know how many solutions
there are and roughly where the solutions lie before using the
equation solver.

T .
(% B Exercise 4.3.5

1 Solve the following quadratic equations by factorizing.
a x2+Tx+12=0 b x?+8x+12=0

c x24+3x-10=0 d x2-3x-10=0
e x+5x=-6 f x2+ 6x=-9
g x}-2x=8 h x2-x=20
i x2+x=30 j l—x=42
2 Solve the following quadratic equations.
a x’-9=0 b x2=125
c x21-144=0 d 4x2-25=0
e 9 -36=0 fx2-1=0
g x2+6x+8=0 hx2-6x+8=0
i x2-2x-24=0 j ¥¥-2x-—48=0
3 Solve the following quadratic equations.
a x2+5x=36 b x4+ 2x= -1
c x2-8x=0 d x2-Tx=0
e Ix?+5x+3=0 f 2x2-3x-5=0
g 24+ 12x=0 h x2+ 12x+ 27 =0
i 2xi=172 j 3x?—-12=1288
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In questions 4— 10, construct equations from the information given and then solve
them to find the unknown.

4 When a number x is added to its square, the total is 12. Find two possible

5

10

values for x.

If the area of the rectangle below is 10cm?, calculate the only possible value for x.

_i‘,._w_r+_:_5!um

X cm

If the area of the rectangle below is 52 cm?, calculate the only possible value for x.
(x+9)cm

X cm

A triangle has a base length of 2xcm and a height of (x — 3) em. If its area is
18 cm?, calculate its height and base length.

A triangle has a base length of (x — 8) cm and a height of 2xcm. If its area is
20 cm?, calculate its height and base length.

A right-angled triangle has a base length of xem and a height of (x — 1) em. If
its area is 15cm?, calculate its base length and height.

A rectangular garden has a square flowerbed of side length xm in one of its comers.
The remainder of the gan:lf:n consists of lawn and has dimensions as shown.

l«——TFm 1=y -l

3

3

ot Y | 3 ey

If the total area of the lawn is 50 m?, calculate the length and width of the
whole garden.

The quadratic formula

In general a quadratic equation takes the form ax? + bx + ¢ = 0 where a, b and ¢ are
integers. Quadratic equations can be solved by the use of the quadratic formula,
which states that:

—b + \[b — 4ac
2a

This is particularly useful when the quadratic equation has solutions but does not
factorize neatly.
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1 Solve the quadratic equation L+Tx+3=0.
a=1,b=Tandc =3.
Substituting these values into the quadratic formula gives:

= Ix1
-7 +4/49 - 12
xX= 2
-7 £4/37
X= 2
Therefmex=_—?+6'08m =—-—7—-—6.08

2 : 2
x=—046(2dp.)orx=-654 (2dp.)

2 Solve the quadratic equation 2 —4x—2=0.
a=1,b=-4andc = -2

Subsl:ituting these values into the quadratic formula gives:

gt +4 (42— (4 x 1 x =2)

2x1
4+4/16 + 8
x=——73
42T
x= 2
Therefore x = 4 +24'90 orx= 4 .._24._9(}

x=445(2dp)orx=-045(2dp.)

B Exercise 4.3.6

Solve the following quadratic equations using the quadratic formula. Give your
answers to two decimal places.

la 22-x-13=0 bxa+4x—-11=0
c 2+5x=7=0 d 2+ 6x+6=0
e 2+5x—-13=0 f 22-9x+19=0
2a 2+7x+9=0 b Z-35=0
c 2+3x-3=0 d Z2-5x=-7=0
e 2+x—18=0 f 2-8=0
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4.4

Worked example

Z-2x-2=0
c ¥X—x=5=0

e X-3x+1=0
a 2l -3x—4=0

c 52 -8x+1=0
32 -4x-2=0

-V -

- 4x—11=0
L+ 2x=-7=0
Z—8x+3=0
42 + Ix-5=0

=2 -5x=-2=0
-T2 -x+15=0

Exponential functions and their graphs

Note: You should be familiar with the laws of indices for this section.
Functions of the form y = a*, where a is the base number and x the exponent

(power), are known as exponential functions. Plotting an exponental function is

done in the same way as for other functions.

Plot the graph of the functiony = 2*for -3 = x < 3.

X

-3

-2

-1

V]

2

3

>

y

0.125

0.25

0.5

1

2

4

8

The graph above gets closer and closer to the x-axis as

x gets smaller. For example, when x = -3, y = 2%is

y=2-3 =g =g when x = —4,y = 2%is
y=2-*

Therefore the graph will get closer and closer to the x-axis

1

i

=F=E_

but not cross it. The x-axis is therefore an asymptote.

Exercise 4.4.1

1 For each of the functions below:
i draw up a table of values of x and f(x)
ii plot a graph of the function

H @

= M W B3

B
f

L3
Y

iii check your graph using either your GDC or graphing software.
b fix)=15,-3=x=<3

2 A tapis dripping at a constant rate into a container. The level (Icm) of the
water in the container is given by the equation [ = 2'~1 where t hours is the
time taken.

a flx)=3,-3=sx=<3
c lx)=2"+3,-3=x=<3
e ix)=2"-x-3=x=3

b Calculate the level of the water in the container at the start.

Calculate the time taken for the level of the water to reach 31 cm.
Plot a graph showing the level of the water over the first 6 hours.
From your graph, estimate the time taken for the water to reach 45 cm.

c
d

[

d ix)=2"+x, -3=x=<3
f lx)=3-2,-3=sx=<3

Calculate the level of the water after 3 hours.
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3 Draw a graph of y = 4* for values of x between —1 and 3. Use your graph to find
approximate solutions to both of the following equations.
a =30
b4=1

4 Draw a graph of y = 2* for values of x between -2 and 5. Use your graph to find
approximate solutions to the equation 2* = 20.

General equation of the exponential function

An exponential graph takes the form y = ka™ + ¢, x € R.

We can also write this as y = ka** where x is an integer (x € Z) and 1 is a
real number (1 € R).

The constants k, a and c affect the shape of the graph.

Exercise 4.4.2

Use the GeoGebra file ‘4.4 Graphs of exponential functions’ on the CD.
The file shows two exponential graphs: one of the form y = ka* + c and the
other of the form y = ka~* + c. By moving the sliders, each of the constants
k, aand c can be changed and the resulting transformation observed.

1 By changing the value of c in the equation y = ka* + c, describe mathematically
the transformation that occurs.

2 By changing the value of k, describe mathematically the transformation that
ocours,

3 What effect does the value of a have on the graph?
4 Describe the graphical relationship between y = ka® + candy = ka™* + c.

Exponential growth and decay

The story is told of the Chinese emperor who wanted to reward an advisor who had
averted a famine. The advisor saw a chessboard and asked for one grain of rice to be
placed on the first square, two on the next square, four on the next and so on. By
the 64th square his reward would exceed the present world grain harvest! Thisis an
example of exponential growth.

In England, the FA cup competition for football begins with 256 teams in round
1 playing a knockout system. This reduces to 128, 64, 32 and so on. This is an
example of exponential decay (continuing until there is one winner).

Other examples of phenomena that experience exponential growth and decay
are bacteria, viruses, population, electricity, air pressure, light passing into water,
compound interest and radioactive decay.
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The formulae for exponential growth and decay are:
Growth: y = a(l + r)*
Decay: y = a(l - r)*
where a is the initial amount
r is the growth/decay rate expressed as a fraction out of 100

x is the number of time intervals
y is the final amount.

Earlier we used the Chinese emperor's chessboard example to illustrate the effects
of continued doubling, starting with 1. For this the general formulay = a(l + r)*
has r = 1 (as doubling is represented by 100% growth) and a = 1. Therefore we
obtain the equation:

y=1l+1F=y=12"

In the example of the FA cup football competition, the rate of decay is 50%

and the initial amount is 256. These values can be substituted into the formula
y = a(l - r)% where a = 256, r = 0.5. Therefore we obtain the equation:

y=256(1 - 0.5) =y = 256 x (3)°

To find the number of rounds needed until there is one winner, we solve the
fllowing equation:

L =256 x (3
2 (IR ¥

156 7=
256 = 2*
2=
x=8

Therefore the number of rounds is 8.

Notice that, as there is no constant term in these equations, the horizontal
asymptote of the graph would be y = 0.

Another application of the formula is in compound interest and depreciation,
briefly discussed in Section 2.6 in relation to geometric sequences and series. It will
also be covered in more depth in Tapic 8 on Financial mathematics.

The general formula y = a(l + r)*is rewritten as:

T n
A=C(L+5)
where A is the final amount
C is the capital or starting amount
1 is the interest rate, usually a percentage
n is the number of time periods, usually in years.
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1 What is the final amount when 2500€ are invested at 6% per annum for 5 years

at compound interest?
r n
A= C(l + m)
5
A= 2500(1 + %) = 2500 x 1.06° = 3345.56

The final amount is 3345.56€.
2 A new car cost US$20000 and depreciates on average 20% each year for 8 years.
What is it worth after 8 years?

r T
]
A= 20000(1 - %) = 20000 x 0.8° = 3355.44

The car is worth US$3355.44 after 8 years.

B Exercise 4.4.3

1 A single virus can double every hour. Use your calculator to calculate the
number of viruses there would be after 24 hours.

2 The half-life of plutonium 239 is 24000 years. How long will 1g of
plutonium 239 take to decay to 1 mg?

3 In 1960 the population of China was 650 million. The population was expected
to increase by 50% every 10 years. What would have been the projected
population of China for 20107 Give your answer to two significant figures.

4 A pesticide has a half-life of 20 years. Its use was discontinued after it was found
to be harmful. How much will remain of 100g of the pesticide after 200 years?

5 A chess toumament has 512 entrants in a knockout event. How many remain

after six rounds have been played?

6 A rain forest covers 1 000 000 km’. It is thought that the rate at which itis
being lost is 5% per year.
a What area of the forest will be left in 20 years' time? Give your answer to
three significant figures.
b The rate of loss is in fact 10% per annum. How long will it take before the
forest covers an area less than 500000km??

7 The number of bacteria in a Petri dish has reached 1 million from 1 bacterium in
20 hours. What is the rate of increase? Give your answer to two significant figures.

8 After seven years the population of a region was reduced to half of its original
number. What is the average annual rate of reduction? Give your answer asa
percentage to the nearest whole number.
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4.5 Trigonometric functions and their graphs

Having studied the graphs and properties of linear, quadratic and exponential
functions, this section looks at the graphs and properties of two of the
trigonometric functions.

The sine curve
Plotting the function y = sin x, —180° < x < 540°, produces the following graph.

Yi

1_
_150\_90);/ 901W45054nx
1_

_2_

a3

The graph can be plotted using a GDC.

Casio

urer e to select the graphing

mode.
W L A @ to enter the /_\\_’/
u u equation y = sin x.

é to graph the function.

Note: If the graph does not look the same as the one here, the angle
mode may not be set correctly. It can be changed by selecting

(TR RT
[ ste ) -ﬂ and changing the angle mode to ‘Deg’. The scale on

W-Window

the axes may also need to be changed by selecting (F11) @=9 and

entering the following: Xmin: —180, Xmax: 540, Xscale: 90, Ymin: -2,
Ymax: 2, Yscale: 1.
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Texas

; to enter the function.

... | @ [l e
- equation y = sin x. , '\J

j to graph the function.

Note: If the graph does not look the same as the one here, the angle
mode may not be set correctly. It can be changed by selecting é

and changing the angle mode to ‘Degree’.

The scale on the axes may also need to be changed by selecting

; ; and entering the following: Xmin = —180, Xmax = 540,
Xscl =90, Ymin = -2, Ymax = 2, Yscl = 1.

Graphing software can also be used to visualize trigonometric functions.

Autograph

To use degree mode select E

Select =5, and enter the
equation y = sin x.

To change the scale on the axes

use & .

GeoGebra

Type f{x) = sin(x®) into the input
box.

To change the scales of the axes
select ‘Options’ = ‘Drawing Pad’
and enter the relevant
information.

Note: It is important to enter the ® symbol, otherwise the default is to
graph trigonometric functions in another unit, called radians.
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As can be seen from the screens, the graph of ¥ = sin x has certain properties.

* It oscillates between — 1 and +1 and has an amplitude of 1.
® |t has a period of 360° (i.e. it repeats itself every 360°).

Y
2 ey

1 — e e
T'amplitud?/\
| | | 1 1
_1W 9 1W 450 540 x
-1

period

2|

The cosine curve
Plotting the function y = cos x, —180° £ x £ 540° produces the following graph.

YA
2

WA
T T

: period

-2 -

Thegraphnf:,' = CO§ X hassimilarpmperties to thatufjr = sin x
® ]t oscillates between — 1 and +1 and has an amplitude of 1.
o It has a period of 360°.

The cosine curve is a translation of the sine curve of (.,gon)

General equation of the sine and cosine functions

The sine and cosine curves earlier in this section are just one form of the sine and
cosine functions. The general form of the sine function is ¥y = a sin bx + ¢ and of
the cosine function is y = a cos bx + ¢, where a, b and ¢ can be any rational number,
ie.a,b,c EQ.Sointhe caseof y=sinxandy=cosx,a=1,b=1andc=0.

As the values of a, b and c change, then so do the amplitude, period and position
of the graph.

88



Trigonometric functions and their graphs 137

Exercise 4.5.1

Using the GeoGebra file ‘4.5 Transformations of the sine function’ on the CD,
investigate the effect of changing the values of a, b and c on the graph of
y=asnbx +c.

1 a By dragging the slider ‘a’, ohserve the effect on the graph when the value
of ais changed.
b Describe the effect on the graph of changing the value of a.

2 a By dragping the slider %', observe the effect on the graph when the value
of b is changed.
b Describe the effect on the graph of changing the value of b.

3 a By drmgging the slider '¢’, observe the effect on the graph when the value
of c is changed.
b Describe the effect on the graph of changing the value of c.

Using the GeoGebra file ‘4.5 Transformations of the cosine function’ on the CD,
investigate the effect of changing the values of a, b and c on the graph of

y=acoshx + c.

4 a By drmagging the slider ‘a’, observe the effect on the graph when the value
of a is changed.
b Describe the effect on the graph of changing the value of a.

5 a By dragging the slider ‘b’ observe the effect on the graph when the value
of b is changed.
b Describe the effect on the graph of changing the value of b.
6 a By dragging the slider ‘¢, observe the effect on the graph when the value

of c is changed.
b Describe the effect on the graph of changing the value of c.

Exercise 4.5.2

1 Without drawing the graphs, state the amplitude and period of each of these
functions.

a :,'=%sinx b y=2sinx+2

¢ y=sind5x d 3!=sin%x

e y=3sinlx f y=—sin3x

g :,'=-—Isin%x h y=-3sin2x -1

2 Without drawing the graphs, state the amplitude and period of each of these
functions.

a y=cosx+ 3 b y=3cosx

c y=2cosx—12 d 3r=cc|s%x

e y=cosZx — 1 f y=—cosx+ 1

g :)'=-"CCIE%1+1 h y=—cos(-2x) + 2
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Solving trigonometric equations graphically
Trigonometric equations can be solved both algebraically and graphically. This
section looks at how to use your GDC or graphing software to solve equations
graphically. (Unit 5 will look at solving simple trigonometric equations
algebraically.)

Solve the equation 2 cosx = 1 for x in the range 0° = x = 360°.

This can be solved in one of two ways:
1 Plot the graphs of ¥y = 2cosx and ¥ = 1 and find where they intersect.

2 Rearrange the equation as 2cosx — 1 = 0. Plot the graph of y = Zcosx — 1 and
find where it crosses the x-axis (i.e. where y = 0).

The explanations below demonstrate method 2. Given your increased familiarity
with both the GDC and graphing software, some of the steps have been omitted.

Casio

Hy e to select the graphing

mode. [ P

Enter the equation y = 2cosx — 1. \/

é to graph the function.

sseiv  to select the ‘graph Yi=2cos X-1

m m solve’ menu. s

ae 1o find the ‘roots’ of the
equation (i.e. where it
crasses the x-axis). =60 v=0

to scroll and find the other
root.

ROOT

Note: The calculator must be set to degree mode.
The scale on the axes may need to be changed by selecting

W-Window

m ™» and entering the following: Xmin: 0, Xmax: 360,

Xscale: 90, Ymin: —4, Ymax: 2, Yscale: 1.
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Texas

» ) to enter the function.
Enter the equation y = 2cosx — 1.
) to graph the function.

to select the graph calc.
g grap
menu

mto find where the graph is zero
(i.e. crosses the x-axis).

Use the cursor key to select a left bound,
ie. a point to the left of the first
solution. Press enter and then use the
cursor key to select a right bound. The
calculator will search for a solution
within this range. Press enter twice to
display the answer.

The process is repeated for the second root.

C

fi=2casiE)-1

‘{/P"

C

fit Fomred s
Y595

|

&
5 Y=.39030

SBi

N

/J-"

%

]

ETED oo

Note: The calculator must be set to degree mode.

The scale on the axes may also need to be changed by selecting

. ", and entering the following: Xmin = 0, Xmax = 360, Xscl = 90,

Ymin = -4, Ymax = 2, Yscl = 1.

Autograph

To use degree mode, select @ ]
Select =% and enter the
equation y = 2cosx — 1.

To change the scale on the axes
use | .

Select the graph and choose
‘Object’ and ‘Solve f(x)=0".

The results are displayed at the
bottom of the screen, or by
accessing the ‘results box’ 3 .

Results Box

Equation Solver.
Solution: x=60, y=0
Solution: x=300, y=0
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4.6

GeoGebra

Type fix) = 2cos(x°) — 1 into the
input box.

To change the scales of the axes
select ‘Options’ - ‘Drawing Pad’
and enter the relevant

information. :
To find the intercepts with the E e

x-axis, select the ‘intersect two | s oo |

objects’ icon. o Vidbalstor cont

dick on the curve by the first
solution and the x-axis. The 5k
solution appears in the algebra s ; :
window. Repeat for the second
intercept point.

In the given range 0° < x < 360°, there are two solutions: x = 60° and x = 300°.

Exercise 4.5.3

Solve the following equations graphically, finding all the solutions in the range
0° = x < 360°.

1 a sinx=05 b 2sin%x=ﬂ.5
¢ 4sin3x=12 d sinx =ﬁ
2a 2esx—-3=-12 b cosx =sinx
¢ cosx = sin3x d cos3x+2 =sin3x+ 1

Accurate graph drawing

This topic has been covered within some of the earlier sections in relation to
drawing graphs of different types of function (linear, quadratic, exponential and
trigonometric). As a general reminder, here are the basic guidelines for drawing an
accurate graph, as given earlier in this topic.

® Label the axes appropriately.

o Label the scale for each axis accurately.

¢ Use a table of results to obtain the coordinates of the points to plot.

® For linear functions, use a ruler to draw the straight lines.

* For curved functions, draw a smooth curve through the points rather than a

succession of straight lines joining them.
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4.7 Sketching unfamiliar functions

You should now know how to produce accurate graphs of linear, quadratic and
exponential functions. This section will look at sketching some unfamiliar
functions and describe some of their properties. A sketch should show the main
features of the function but is not plotted using a table of values. It should show:

¢ the general shape of the function
® the position of relevant features such as:

— intercepts

— maxima, minima or points of inflexion
— asymptotes.

The reciprocal function
The graph of y = %is shown. This
belongs to the family of curves whose

equations take the form y = ﬁ,

= N W B Ui

where a and b are rational.
L1 1 L1 o

To investigate the effect that a has on _:15 10| 1 2 3 4 5 x
the shape of the graph, let b= 0, i.e. ST
investigate y = %.

This can be done using a GDC or
graphing software as follows.

Casio

!

51 = to select the dynamic Wl=R+y
graphing mode. H”"*"ic Selline

Enter the equation y = A + x. w
H

@ 2eon to enter the values for

o» T .. dynamic variable A. Yi=A+d

Then @ : _‘\ ||\\——_
&= to run the dynamic graphing A=3

é i process.

Note: The scale on the axes may need to be changed by selecting
% 'h and entering the following: Xmin: -5, Xmax: 5,

Xscale: 1, Ymin: —10, Ymax: 10, Yscale: 1.
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Texas

This calculator does not have a dynamic
graphing facility. However, several of the
functions can be graphed simultaneously to
observe the family of curves, e.g.

_1 _2 13
Y-?Y—;J-EE*C-

Note: The scale on the axes may need to be changed by selecting
) and entering the following: Xmin = -5, Xmax = 5, Xscl = 1,
¥Ymin = —10, Ymax = 10, Yscl = 1.

Autograph
Select =5 and enter the equation y= % 3 i
w = " 3 s
Select the constant controller ."'* 7

Change the settings so that a changes | ——————F—
in increments of 1.

Use [Z] to change the value of a and
|=| see the graph move.

Note: Autograph can display the family of curves or animate the

display, by selecting and selecting either ‘family plot’ or
‘animation” and entering the parameters as required.

GeoGebra

Select the ‘slider’ tool | B ) | and click on —

the drawing pad. This will enable you to
enter the values for ‘a’ and the
incremental change as shown.

|' agpply ']1:0 place the slider on the e | L=
drawing pad.

Type fix) = ; into the input box.

The effect of ‘a’ can be observed by %
dragging the slider. P—
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To see the effect of b on the shape of the graph y = ﬁ, leta = 1 and change
the walues of b in a similar way to that shown above.

B Exercise 4.7 1

1 Describe the effect that changing a has on the shape of the graph y = xf:b'

2 Describe the effect that changing b has on the shape of the graph y = xib'

The graph y = %h}a& a particular property. It does not cross the y-axis (the line

x = 0) or the x-axis (the line y = 0). The graph gets closer and closer to these lines

but does not meet or cross them. These lines are known as asymptotes to the curve.
Therefore the graph of y = 1 has a vertical asymptote at x = 0 and a horizontal

asymptote at y = 0. Although cfﬂar from the graph, they can be calculated as follows.

1 Calculate the equations of any asymptotes for the graph of y = %

Vertical asymptote: This occurs when the denominator = 0 as % is undefined.
Therefore the vertical asymptote isx = 0.

Horizontal asymptote: This can be deduced by looking at the value of y as x
tends to infinity (written as x = +eo).

Asx—a+m,y—bﬂasl~+0 Asxq—m,yqﬂasl-u;ﬂ
X X

Therefore the horizontal asymptote isy = 0.
2 Calculate the equations of any asymptotes for the graph of y = % + land
X —

give the coordinates of any points where the graph crosses either axis.
Vertical asymptote: This occurs when the denominator is 0.

x — 3 = 0,50 x = 3. Therefore the vertical asymptote isx = 3.
Horizontal asymptote: Look at the value of ¥ as x — + o0,

L =0 AEI—-#—O&,?-—-#I&SLH-)G
x—3 X —
Therefore the horizontal asymptote isy = 1.

Asx— 4o,y las

To find where the graph intercepts the y-axis, letx = 0.

Substituting x =0intoé+ lgivesy = —%+ 1 =%
To find where the graph intercepts the x-axis, lety = 0.
N . 1 . 1
Subsﬂtuungy—ﬂmtax_3+lglves. O—m+l
1
x-3 =1
x=12

Therefore the intercepts with the axes occur at (0, %} and (2, 0).
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Thegmphof:,r =%+ 1 can now be sketched as shown.

Note: The asymptotes are shown with dashed lines.

YA ;

cissscg __L ShEE
5“"-\\' i .
0 213 X

Exercise 4.7.2

For each of the equations in questions 1-3:

i) calculate the equations of the vertical and horizontal asymptotes

ii) calculate the coordinates of any points where the graph intercepts the axes
iii) sketch the graph

iv) check your graph using either a GDC or graphing software.

l““;il "3':113

£ 3’=IE4 dy:x_—13
2ay=s+2 by=1-3

e y=—g+4 d5=114-1
3 BY le+1 "5‘211_1“

"3'=3xz_1 Biy= :1"'2
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1 Use a GDC or graphing software to graph the function y = %
x — 2)(x

and determine the equations of any asymptotes.

¥

x Y

Graphing software will produce the following graph of the function:

The equations of any asymptotes can be determined as before.

Vertical asymptote: This occurs when the denominator is 0: (x — 2)(x+ 1) =0
Therefore the vertical asymptotesare x = 2 and x = —1.

Horizontal asymptote: Look at the value of y as x 5 + o,

Asx— o,

1
P P U

Therefore the horizontal asymptote isy = 0.

y%ﬂas(

Therefore a more informative sketch is:

¥

e )
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2 Use a GDC or graphing software to graph the function y = ?ﬁ + 2

and determine the equations of any asymptotes.

The graphing software will ¥
produce the following graph
of the function:

il

0 | x
The equations of the asymptotes are determined as before.
Vertical asymptote: This occurs where the denominator is 0.
Z+x-—6=0
Factorising gives (x — 2)(x + 3) =0
Therefore the vertical asymptotes are x = 2 and x = -3.
Horizontal asymptote: Look at the value of y as x —» .

1
Asx— IGD,}'H-}ZBSm“}G
Therefore the horizontal asymptote isy = 2.
Therefore a more informative
sketch is:
X

Exercise 4.7.3

For each of the equations in the following questions:

i) calculate the equations of any vertical or horizontal asymptotes

ii) calculate the coordinates of any points where the graph intercepts the axes
iii) sketch the graph of the function with the aid of a GDC or graphing software.

1

— 1 —
lay=t-o b e

S| _ 1
e gm ot = o3
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Worked example

1 1
ol by=a 3-10
1 1
‘-':3'_34:2+23c+l+3 dj_zxz—v'?x—‘l-ﬁl

Higher-order polynomials
Earlier in this topic you saw how a quadratic equation can sometimes be factorized, e.g.
L—4x—-5=(x-5)(x+1)

This can be used to find where the graph
of y = & — 4x — 5 intercepts the x-axis,
ie. wheny=0. (x — 5)(x + 1) = 0 gives

x=5and x = -1 as shown.

The reverse is therefore also true. A quadratic equation that intercepts the x-axis at
x= 3 and —6 can be written asy = (x— 3)(x + 6) = x* + 3x — 18.

The same is true of higher-order pol‘:.rnumials.

Using a GDC or graphing software, graph the cubic equation y = & — 2x* — 5x + 6
and, by finding its roots, rewrite the equation in factorized form.

Casio
Select the graphing mode and enter
the equation y = x® — 2x? — 5x + 6. /\\
& to graph the function. / \/

m adsh 1o select the ‘graph solve’

menu. ?1=X“3—2X§:5H+6
,,-a to find the ‘roots’ of the graph. \
O to scroll and find the other roots. f ROOT
K=-2 =0

Note: Although the GDC will also find the y-intercept, it is quicker
simply to substitute x = 0 into the equation, i.e. the y-intercept is +6.
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Worked example

Texas

. and enter the equation
y= X3-2x2-5x+ 6.

h j to graph the function.

to select the ‘graph
ad — alc’ menu.
to find where the graph is zero
(i.e. crosses the x-axis).

Use the cursor key to select a left
bound. Press enter and then use the
cursor key to select a right bound. The
calculator will search for a solution
within this range. Press enter twice to
display the answer.

Repeat the process for the other roots.

AN

1

'l'1‘-“H“3"2H/2-§H'E /

L&ft Bound®

| W=rzdzfeE  IV=-Z.04735

AN,

CeFd
n=-z

N

=0

Note: Although the GDC will also find the y-intercept by entering a
value of x = 0, it is quicker simply to substitute x = 0 into the

equation, i.e. the y-intercept is +6.

Autograph

Select =5 and enter the equation
y=x3-2x2 - 5x + 6.

Select the graph and choose
‘Object’ and ‘Solve f{x) = 0.

The results are displayed at the
bottom of the screen, or by

accessing the ‘results box' [ .

Equation Solver

Solution: ¥=-2, y=0
Solution: x=1, y=0
Solution: x=3, y=0
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4.8

GeoGebra

Type ix) =xA3-2xA2-5x+6
into the input box.

2 Free objects i
Type: Root[f]. This finds the roots s f(x)=x*-2%2-5x+6
for the polynomial f. 23 Dependent objects
The results are displayed in the : g: 'if'{?}}
algebra window. ?Cm= [3'0}

The roots of the equation are therefore x = =2, 1 and 3, so the equation can be
written in factorized form asy = (x + 2){(x — 1)(x — 3).

The y-intercept is found by substituting x = 0 into the equation, giving y = 6.

You can also use your GDC in a similar way to find the stationary points of the
curve. The algebmic method for finding the stationary points of a curve is covered

in Topic 7.

Exercise 4.7.4

For each of the equations in the following questions:

i) Use a GDC or graphing software to sketch the function.

ii) Determine the y-intercept by using x = 0.

iii) Rewrite the equation in factorized form l:n,' ﬁnding the roots of the equation.

lay=2+6+11x+6 by=x=-3+13
c y=x -2 —12x d y=x— 4x
2a y=x-3x+12 b y=x"— 4+ 4x
c y=—x"+ 2 + 3¢ dy=-+x+22x - 40

Solving unfamiliar equations graphically

When an equation has to be solved, it can be done graphically or algebmically. The
bllowing example shows how equations can be solved graphically.
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Worked example

Solve x + 2 =E.

x
Method 1: Rearrange the equation to form the quadratic equation 2 + 2x— 3 = 0.
This produces the graph shown. The roots can be calculated as shown eatlier in

the topic.
Method 2: Both sides of the original equation can be plotted separately and the

x-coordinates of their points of intersection calculated.

Solution: x = 1 and x = -3.

¥)

Casio

Select the graphing mode and enter
; //l,\(f

the equationsy=x+ 2and y = =

é to graph the functions. 7’,\ I

m &k 1o select the ‘graph solve’
i menu. g
Y

&t to find the intersection of the
) graphs e
to scroll and find the other points :;4‘{:“\

of intersection. #=-3 ¥z- |

Texas

- .. and enter the equations !
"-‘-"y=x+23ndy=§. _,-"H/

") to graph the functions. 7& !
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. and enter the equations
— y=x+2andy=%.
u j to graph the functions.

= « to select the ‘graph calc.’
o

s W/ Menu.
to find the intersection of the two
graphs.

to select both graphs

and confirm the first

intersection point.
Repeat the above steps for the second
point of intersection. When prompted for

the ‘guess’, move the cursor over the
second point of intersection.

Intersection
H=-3 b

i

Intersaction
H=i 3

¥=2

Autograph

Select =% and enter the equations
y=x+2andy=%.

Select the graphs, choose ‘Object’
and ‘Solve f(x) = g(x)'.

The results are displayed at the
bottom of the screen, or by accessing

the ‘results box’ [[a.

Equakion Sahabr
Solstion x=-3§, y=-1
Sohation x=1_ y=3

GeoGebra

Type fix) = x + 2 and g(x) = ;into
the input box.

To find the points of intersection,
select the ‘intersect two objects’ icon.

dick on the curve and the straight
line; the intersection point is
marked. Its coordinates appear

in the algebra window.

Repeat for the second point of
intersection.

bl T
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Exercise 4.8.1
1 Using either a GDC or graphing software, solve the following equations.

6
ax+1=? b%=21+5 cx+1=%
2
d21+§=9 {e‘1i=x—l f 2 —3x— _._§
5 5 X

2 Solve the following equations using either a GDC or graphing software. Give

your answers to one decimal place.

a bOx=2%

B Student assessment 1

1 Which of the following is not a function? Give
reasons for ','cn.lr answer.

2 State the domain and range for these functions.
a f(x) =3x-2;-3=x=<1
b glx) = xER

‘/

3 Calculate the range of f: g+ 4+ T, -1 =g =< 5.

4 For the function g: xl—}JIﬁz,Evaluate:

a g(4) b g(0) c g(-3)
5 Find the inverse of these functlclns

a flx) =-3x+9 b glx) =
6 Ifh(x) = % (3 — x), evaluate:

a h-1(-3) b k1(3)
7 Calculate the coordinates of the point of

intersection of each pair of linear functions.

a f(p) = -2 mZpandﬂq) =12q + 10

by=2x—landx+y=8
¢ 3x+2y=Tand5x+ 2y =1

xm6:I

8 The graph of the temperature conversion from
Celsius to Fahrenheit uses the formula
F=§C+32,wheteFandCarethe
temperatures in degrees Fahrenheit and
Celsius respectively.

b 2x-1=2-x

c [%)xr—:i = x3 — 6al

f 3+ sinx= .1
sinx

a Plot agraphof F =2 C + 32;0 < C < 100.

b Use the graph to estimate the following
temperatures in degrees Fahrenheit.

i) 10°C i) 40°C i) 80°C
¢ Use the formula to check your answers to
part b.

9 The cost C in euro of producing a CD for a

band is given by C(n) = 210000 + 1.5n

where n is the number of copies made. Each CD

sells for 12 euro.

a Write down the function R(n) for the revenue.

b Draw on the same axes graphs for cost and
revenue.

¢ What value of n represents the break-even
point (i.e. the point where costs = revenue)?

d What is the profit if the CD sells 250000

copies!

B Student assessment 2

1 a Copy and complete the table below for the
function f(x) = 2 + 3x - 9.

x -3 |=2|=-1|0|1|2]|3

fix)=x?+3x-9

b Plot a graph of f{x) for the given domain.
¢ Deduce the range for f(x).
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2 Factorize each of the following quadratic functions.
a fix)=2-9x+18 b h(y)=3y"+y-12
c flx)=2-3x—-10 d h(x) =222+ Tx -4

3 Solve the following quadratic equations.
a 2+6x+8=0 b 2x + 10 = 12«
c 2+10x+25=0 d 3x*-4=7Tx

4 Using the quadratic formula x = M
for solving quadratic equations of the form

ax? + bx + ¢ = 0, solve the following equations.
a 42 —-6x+1=0 b 5x2-12x-3=0

5 Calculate the final amount saved if 4000€ is put
into an account paying 7.5% interest per year,
for 10 years.

6 The number of a type of bacteria increases by
25% every hour. If the initial number is x,
calculate in terms of x the number of bacteria
after 24 hours.

7 Anoil-field is being depleted by 10% each year.
It currently holds 10 million barrels of oil. How
long will it be before it is reduced to 1 million
barrels?

8 The amount of light which passes through water
decreases off a coral reef by 12.5% per metre. At
how many metres is there only 10% of the light
at the surface? Give your answer to the nearest
metre.

B Student assessment 3

1 a Sketch the graph of f{x) = sinx;
0° =< x < 360°
b On the same axes sketch the function
glx) = 2sinx.

2 a Sketch the graph of f(x) = cosx;
—180° = x = 180°,
b On the same axes sketch the function
glx) = cos 2x + 1.

3 a Sketch the gnaph uff(J:] = sinx;
0° = x = 360°,
b On the same axes sketch the function
glx) = —sinx + 2.

4 a Sketch the graph of f(x) = cos x;
—180° = x < 180°.

b On the same axes sketch the function
g(x) = 3cos % 2

5 Solve the equation 3sin2x = 2 graphically,
finding all the solutions in the range
0° = x < 180°.

6 Solve the equation 3cos x = —1 graphically,
finding all the solutions in the range
0° = x < 360°.
7 For the equation y - _2_ 3 + 1:
a calculate the equations of any vertical and
horizontal asymptotes
b calculate the coordinates of any points
where the gmph intercepts the axes
¢ sketch the gmph.
8 For the equation y =—211T g 1:
a calculate the equations of any vertical and
horizontal asymptotes
b calculate the coordinates of any points
where the graph intercepts the axes
¢ sketch the glaph.
For the function f{x) =t—)_|.'—jx+ 111“5 :
a calculate the equations of any vertical and
horizontal asymptotes
b calculate the coordinates of any points

where the graph intercepts the axes
¢ sketch the glaph.

10 For the function f(x) = IR 2
a calculate the equations of any vertical and
horizontal asymptotes

b calculate the coordinates of any points
where the graph intercepts the axes
¢ sketch the gtaph.
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Geometry and trigonometry

Syllabus content

5.1 Coordinates in two dimensions: points; lines; midpoints.
Distance between points.

5.2 Equation of a line in two dimensions: the forms y = mx + c and
ax+ by +d=0.

Gradient; intercepts.

Points of intersection of lines; parallel lines; perpendicular lines.
5.3 Right-angled trigonometry.

Use of the ratios of sine, cosine and tangent.

. a b c
5.4 The sine rule: PP ST PP

The cosine rule: @ = b? + ¢ — 2bc cosA;

B +ct-d

e

Area of a triangle: % ab sinC.
Construction of labelled diagrams from verbal statements.

5.5 Geometry of three-dimensional shapes: cuboid; prism; pyramid; cylinder;
sphere; hemisphere; cone.

Lengths of lines joining vertices with vertices, vertices with midpoints and
midpoints with midpoints; sizes of angles between two lines and between
lines and planes.

Introduction

On 22 October 1707 four English war ships, The Association ( the flagship of
Admiral Sir Clowdisley Shovell) and three others, struck the Gilstone Ledges off
the Scilly Isles and more than two thousand men drowned. Why? Because the
Admiral had no way of knowing exactly where he was. He needed two coordinates
to place his position on the sea. He only had one, his latitude.
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3.1

The story of how to solve the pmblem of ﬁx‘ing the second coordinate (lﬂngitude]
is told in Dava Sobel’s book Longitude. The British Govemment offered a prize of
£20000 (millions of pounds at today’s prices) to anyone who could solve the
problem of how to fix longitude at sea.

Cartesian coordinates, using (x, ¥) coordinates, are named after Descartes.

René Descartes (1596—1650) was a French philosopher and mathematician. He is
considered one of the most original thinkers of all time. His greatest work is The
Meditations (published in 1641) which asked ‘How and what do I know?'

His work in mathematics formed a link between algebra and geometry. He
believed that mathematics was the supreme science in that the whole phenomenal
world could be interpreted in terms of mathematical laws.

In this topic we will look at fixing positions in one and two dimensions, the
properties of triangles and the geometrical properties of common three-dimensional

shapes.

Coordinates

To fix a point in two dimensions (2D), its position is given in relation to a
point called the origin. Through the origin, axes are drawn perpendicular to each other.
The horizontal axis is known as the x-axis, and the vertical axis is known as the y-axis.

I,

T Y

1T 2 8 4 54X

The x-axis is numbered from left to right. The y-axis is numbered from bottom to top.
The position of point A is given by two coordinates: the x-coordinate first,
llowed by the y-coordinate. So the coordinates of point A are (3, 2).
A number line can extend in both directions by extending the x- and y-axes
below zero, as shown in the grid below.

Yi
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Worked example

Points B, C, and D can be described by their coordinates:

Point B is at (3, =3)
Point Cis at (-4, —3)
Point D is at (-4, 3)

Calculating the distance between two points

To calculate the distance between two points, the coordinates need to be given.
Once these are known, Pythagoras’ theorem can be used to calculate the distance.

The coordinates of two points are (1, 3) and (5, 6). Draw a pair of axes, plot the
given points and calculate the distance between them.

L

(5,6)

o
"

{1.[3) 4

= N W ke OO~ @<
My

=]

1 2 34 586 7 8x

By dropping a perpendicular from the point (5, 6) and drawing a line across
from (1, 3), aright-angled triangle is formed. The length of the hypotenuse of
the triangle is the length we wish to find.

Using Pythagoras’ theorem, we have:

al =3 + 42
a =125

a =425
a =5

The distance between the two points is 5 units.
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Woeorked example

Worked examples

To find the distance between the points directly from the coordinates, use the
formula:

d= ’\Jlll:x'| _12]2 + l:::"] = 3'2)2

Without plotting the points, calculate the distance between the points (1, 3) and
(5, 6).

d =4v(1-52+(3-6)0
=\ (4)* + (-3)
="'J’E
=5

The distance between the two points is 5 units.

The midpoint of a line segment

To find the midpoint of a line segment, use the coordinates of its end points. To
find the x-coordinate of the midpoint, find the mean of the x-coordinates of the
end points. Similarly, to find the y-coordinate of the midpoint, find the mean of
the y-coordinates of the end points.

1 Find the coordinates of the midpoint of the line segment AB where A is (1, 3) and
Bis (5, 6).

1+5
]

The y-coordinate at the midpoint will be % =45
So the coordinates of the midpoint are (3, 4.5).

2 Find the coordinates of the midpoint of a line segment P(Q, where P is (-2, -5)
and Q is (4, 7).

The x-coordinate at the midpoint will be ﬁ22+ % 1

The y-coordinate at the midpoint will be = 2+ 1

So the coordinates of the midpoint are (1, 1).

The x-coordinate at the midpoint will be =:3

=1
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5.2

Exercise 5.1.1

1 i) Plot each of the following pairs of points.
ii) Calculate the distance between each pair of points.
iii)Find the coordinates of the midpoint of the line segment.

a (56)(1,2) b (6,4) (3,1)

c (1,4)(5,8) d (0,0) (4, 8)

€ (25 1) (45 ?:l f (Ds ?] (_35 ]-J
g {-3,~3)(-1,5} h (4,2) (-4, -2)
k (-4,3) 4,5) 1 (3,6)(-3,-3)

2 Without plotting the points:
i) calculate the distance between each of the following pairs of points
ii) find the coordinates of the midpnint of the line segment.

a (1,4)(4,1) b (3,6)(7,2)

< (23 6) (63 _2] d l:]-: 2] (93 _2)

e (0,3)(-3,6) f (-3,-5)(-5,-1)
g (_23 6) (2: Oj h (2: _3) (8‘3 ]-:l

i (6,1)(-6,4) i (-2,2)(4,-4)

k (_55 _3) (65 _3) 1 (35 6) (55 _IJ

Straight lines

Lines are made of an infinite number of points. This section deals with those points
which form a straight line. Each point on a straight line, if plotted on a pair of axes,
will have particular coordinates. The relationship between the coordinates of the

points on a straight line indicates the equation of that straight line.

Gradient

The gradient of a straight line refers to its ‘steepness’ or ‘slope’. The gradient of a
straight line is constant, i.e. it does not change. The gradient can be calculated by
considering the coordinates of any two points (xl, 31], (xz, 32] on the line. Itis
calculated using the following formula:

vertical distance between the two points
horizontal distance hetween the two points

Gradient =
By considering the x- and y-coordinates of the two points this can be rewritten as:

Gradient =22 J1

T |
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Worked examples

1 The coordinates of two points on a straight line are (1, 3} and (5, 7). Plot the
two points on a pair of axes and calculate the gradient of the line joining them.

Gmdient:E—_i=;= ¥
- 8
& (5, 7)

6
5 4
4
3
RN
1
0"y 2 34 586 7 8x

Note: It does not matter which point we choose to be (xl, 31] or (xz, jz:l as
the gradient will be the same. In the example ahove, reversing the points:

2 The coordinates of two points on a straight line are (2, 6) and (4, 2). Plot the
two points on a pair of axes and calculate the gradient of the line joining them.

b (2,8)

2 @|2)

= M W o0 ;s

=]

12 34 56 7 8x

To check whether or not the sign of the gradient is correct, the following guideline
is useful:

A line sloping this way A line sloping this way
has a positive gradient has a negative gradient

Parallel lines have the same gradient. Conversely, lines which have the same
gradient are parallel. If two lines are parallel to each other, their gradients m,

and m, are equal: ie.m =m,
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L,, L,, L, all have the same gradient so are parallel.

The x-axis and the y-axis on a graph intersect at right angles. They are
perpendicular to each other. In the graph below, L, and L, are perpendicular to
each other.

E

The gradient m; of line L, is % and the gradient m, of line L, is -—%.
The product of m;m, gives the result —1, i.e. % % [-%} = —1.
If two lines are perpendicular to each other, the product of their gradients is —1, i.e.

mm, = -1.

Therefore the gradient of one line is the negative reciprocal of the other line, i.e.:
1

W
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@ B Exercise 5.2.1

1 With the aid of axes if necessary, calculate:
i) the gradient of the line joining the following pairs of points
ii) the gradient of a line perpendicular to this line.

a (5,6) (L 2) b (6,4)(31)
e (L,4)(58) d (0,0) (4, 8)
i (=3,5)(4,5) i (2,0)(2,6)
k (—4,3) (4,5) I (3,6)(-3,-3)

2 With the aid of axes if necessary, calculate:
i) the gradient of the line joining the following pairs of points
ii) the gradient of a line perpendicular to this line.

a (L,4)(41) b (3,6)(7,2)

c (2,6) (6, -2) d (1, 2) (9, -2)

e (0,3) (=3, 6) f (=3,-=-5)(=5-1)
g (=2,6)(2,0) h (2, *3) (8,1)

k (-5,-3) (6, -3) 1 (3, 6) (5, -2)

@ Equation of a straight line

The coordinates of every point on a straight line all have a common relationship.
This relationship, when expressed algebraically as an equation in terms of x and/or
y, is known as the equation of the straight line.

1 By looking at the coordinates of some of the points on the line below, establish
the equation of the straight line.

X

1

- W R g

=]

12 3 4587 8¢x

BB A B B A

2
3
4
5
6

Some of the points on the line have been identified and their coordinates
entered in the table. By looking at the table it can be seen that the only rle
that all the points have in common is that y = 4.

Hence the equation of the straight line is y = 4.
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2 By looking at the coordinates of some of the points on the line below, establish
the equation of the straight line.

3

x

1

w| o] s~ e

2
3
4

= W o & N G

(=]

1 2 3 4 586 7 8x

Once again, by looking at the table it can be seen that the relationship
between the x- and y-coordinates is that each y-coordinate is twice the
corresponding x-coordinate.

Hence the equation of the straight line is y = 2x.

B Exercise 5.2.2

1 For each of the following, identify the coordinates of some of the points on the
line and use these to find the equation of the straight line.

a y b ¥

B 8

7 d 7

8 6

5 5

4 4

3 3

) 2

1 1

"1 2 345867 8x 0 1 23 4586 7 Bx
I d v

B 8

7 7

6 6

5 5

4 4

3 3

2 2

1 1

074 2 3 4587 8x "4 2 3 45 6 7 ax
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Wi

Vi

= MW s 3 =~ N
= N W A 3@ = @O

7

1 2 3 45 6 7 Bx

P

[=]
=]

1 2 3 456 7 8x

[ -]
@ =

=
CBE

N
N
N

-4-3-2-101 2 3 4 5% -4-3-2-10 1 2 3 4 5x

i
R w b h & =
oW R &

2 For each of the following, identify the coordinates of some of the points on the
line and use these to find the equation of the straight line.

\ b

Y
I

N W B s
sy B fn @S

=y
.

=Y

-
.

o m
43 ha -+
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c 2 d Y
6 8
5 ir 4
4 6
3 5
o 4
1 3
B2 {1012 3% .
|
- e
. BBRA10 1 2 §
-
=3
e j; f jg.,
= 7
8 6
£ 5
4 4
= " s
) 2
i 1 ,/
#-BR1oft 2 B B2 11 |0 #"2 3 x
5 2
5 3

3 For each of the following, identify the coordinates of some of the points on the
line and use these to find the equation of the straight line.

a 74 b s;u
: -
s ]
2 5

4
5 3
a g
1 L |
e E: 3 x EEESHNEEE

2 r-4
3 3
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c Ya d Ya
8 8

F 7

8 8

N\ . i
4 4

2 L=

2 2

1 |

B2 N o2 3 x H B2 o2 3 x

2 —2

3 3

€ Y f Yi
8 8

Lo 0
MY 8 ‘\ 8

5 5

4 W

N5 \f

1 1
2 \

-1 0 INE 3 x -4-g -2 H Q1 2 3 x
1 L
2 al\
3 -3

4 a For each of the graphs in questions 2 and 3, calculate the gradient of the
straight line.
b What do you notice about the gradient of each line and its equation?
¢ What do you notice about the equation of the straight line and where the line
intersects the y-axis?

5 Copy the diagrams in question 2. Draw two lines on the diagram parallel to the
given line.
a Write the equation of these new lines in the form y = mx + c.
b What do you notice about the equations of these new parallel lines?

6 In question 3 you identified the equation of the lines shown in the form

y=mx+c C]‘Jange the value of the intercept c and then draw the new line.
What do you notice about this new line and the first line?
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Worked examples

In general the equation of any straight line can be written in the form:

y=mXE Yy

where m represents the gradient of the
straight line and ¢ the intercept with the
y-axis. This is shown in the diagram.

By looking at the equation of a Creden
straight line written in the form y = mx
+ ¢, itis therefore possible to deduce the 5
line's gradient and intercept with the y- l
axis without having to draw it. 1
0 X

1 Find the gradient and y-intercept of these straight lines.

a y=3x-2 by=-2x+6

a Gradient =3 b Gradient = -2

y-intercept = —2 y-intercept = 6

2 Find the gradient and y-intercept of these straight lines.

a Zy=4x+12 by-2x=-4

c —4y+2x=4 d}-+3=—1+2

3
2y = 4x + 2 needs to be rearranged into gradient—intercept form

(i.e.y=mx + c):

y=2x+1

Gradient = 2

y-intercept = 1

Rearranging y — 2x = —4 into gradient—intercept form, gives:
y=2x—4

Gradient = 2

y-intercept = —4

Rearranging —4y + 2x = 4 into gradient—intercept form, gives:

y-intercept = —1

Rearranging }-1'—3 = —x + 2 into gradient—intercept form, gives:

y+3=—-4x+8
y=—4x+5
Gradient = —4
y-intercept = 5
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B Exercise 5.2.3

For the following linear equations, find both the gradient and y-intercept in each

case.
la y=2x+1 b
d3=%1+4 e
g y=-x h
2ay-—3x=1 b
d y+2x+4=0 e
g 2+y=x h
3a Zy=4x-6 b
d%3r=w21+3 e
g 6y—-6=12x h
4a lx—-vy=4 b
d 12 - 3y =3x e
g Ix—-2=-—y h
yeE_ 1
5a 3 3% b
d 2:,'-2—31_6 z
g 3x—y =6 h
R Lo 4R b
y
y—x _
c x+:,-_2 d
e “(6124—3') y+1 f

y=3x+5
=-=3x+ 6
y=—-x—12

3r+%x—-2=0
y-%x—6=0

Bx—6+4=0
y=x+8

Jy—6x=0
4y-8+2x=0

x—y+6=0
5x -3y =1
m31+7=~v%3

y=3_%
X

=3 .
X

6— 12y

-3

=72

y=x-—12
=--%x+1

i y=—-(2x-2)

y+3= -2«
-3x+y=12
-Bx+1)+y=0
%y =x-2

%y+1=l

i 2y—(4x-1)=0

-2y=6x+12
Sy +1=12x
—(4x - 3) = -2y
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The equation of a line through two points

The equation of a straight line can be deduced once the coordinates of two points
on the line are known.

Calculate the equation of the straight line passing through the points (-3, 3) and

5, 5).
Plotting the two points gives:

Y
I
2 6/5)
] "

———

[-3-;-3 i -3 ) Tl ]

2

-4-3-2-10 1 2 3 4 5 X

The equation of any straight line can be written in the general form y = mx + c.
Here we have:

=3 F 1
5-(-3) 8 ¢4

The equation of the line now takes the form y = %x+c.

Gradient =

Since the line passes through the two given points, their coordinates must
satisfy the equation. So to calculate the value of ¢, the x- and y-coordinates of
one of the points are substituted into the equation.

Substituting (5, 5) into the equation gives:

5=%x5+.:
5=15+c

Therefore c = 5 - 15 = 32.

The equation of the straight line passing through (=3, 3) and (35, 5) is:

j=%1+3%.

We have seen that the equation of a straight line takes the form y = mx + c. It can,
however, also take the form ax + by + d = 0. It is possible to write the equation

¥ = mx + c in the form ax + by + d = 0 by rearranging the equation.

In the example above, y =$x + 3% can be rewritten as ¥ =$+E.

Multiplying both sides of the equation by 4 produces the equation 4y = x + 15.
This can be rearranged to —x + 4y — 15 = 0, which is the required form with
a=-1,b=4and c= -15.
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B Exercise 5.2.4

Find the equation of the straight line that passes through each of the following
pairs of points. Express your answers in the form:

i) y=mx+c

i) ax+ by +d=0.

1a(l,1){4,7) b (1,4)(3,10) e (1,5)(2, 7}
d (0,-4)(3,-1) e (L,6)(2,10) £ (0,4)(1,3)

2a ("53 3) (2: 4] b ':."'3: "2:' (4: 4) c ("'T: ""'3) (_13 6)
d (2,5)(1,-4) e (-3,4)(50) f (6,49(-7,7)
g (-5,2)(6,2) h (1,-3)(-2,6) i (6,-4)(6,6)

Drawing straight-line graphs

To draw a straight-line graph only two points need to be known. Once these have
been plotted the line can be drawn between them and extended if necessary at both
ends. Itis important to check your line is correct by taking a point from your graph
and ensuring it satisfies the original equation.

1 Plot the line y = x + 3.
; I

y=x+3

- N Wk O ® N ®S

o

12 3 4 5 6 7 8«x

To identify two points, simply choose two values of x. Substitute these into
the equation and calculate their corresponding y-values.

When x=0,y=3.

When x= 4, y= 1.

Therefore two of the points on the line are (0, 3) and (4, 7).

The straight line y = x + 3 is plotted as shown.
Check using the point (1, 4).

When x =1,y = x + 3 = 4, s0 (1, 4) satisfies the equation of the required line.
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2 Plot the liney = —=2x + 4.

o,

L ]

[ I

Whenx=2,y=0.
When x = -1, y= 6.

is plcrtted as shown.
Check using the point (0, 4).

The coordinates of two points on the line are (2, 0) and (-1, 6), and the line

When x =0,y = —2x+ 4 = 4, s0 (0, 4) satisfies the equation of the required line.

Note that, in questions of this sort, it is often easier to rearrange the equation into

gradient—intercept form first.

B Exercise 5.2.5
1 Plot the following straight lines.

a y=2x+3 by=x—4 c y=3x-12
d y= -2« e y=—x—1 f--3r=%x+4
g —y=3x-3 h 2yv=4x-2 i y—4=3x
2 Plot the following straight lines.
a —Ix+y=4 b —4x+ 2y =12 ¢ Jy=6x-3
d 2x=x+1 e Jy—6x=9 f Zy+x=8
g x+y+2=0 h3x+2y—-4=0 i 4=4-12x
3 Plot the following straight lines.
e s 10 I o
a — =1 bx+§—1 c 3+2—1
x N s T(Zx-I-y]_
d +§ 3 E§+j—0 fT—].
b

==Y
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Worked example

Solving simultaneous equations

The process of solving two equations and finding a common solution is known as

solving equations simultaneously. Simultaneous equations can be solved
algebraically by elimination or by substitution.

By elimination
The aim of this method is to eliminate one of the unknowns by either adding or
subtracting the two equations.

Solve the following simultaneous equations by finding the values of x and y which
satisfy both equations.

a 3x+y=9
S5x—y=1
b 4x+y=123
x+y=8
a 3x+y=9 (1)
Sx—y=17 (2)
By adding equations (1) + (2) the variable y is eliminated:
8x=16
x=12

To find the value of ¥, substitute x = 2 into either equation (1) or (2).
Substituting x = 2 into equation (1):

3x+y=9
6+y=9
y=3

To check that the solution is cotrect, substitute the values of x and y into
equation (2). If itis correct then the left-hand side of the equation will equal
the right-hand side.

b 4x+y=123 (1)
x+y=8 (2)

By subtracting the equations i.e. (1) - (2), the variable y is eliminated:

3x=15
x=5
By substituting x = 5 into equation (2), ¥ can be calculated:
x+y=8
5+4y=8
y=3
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Check by substi[uting both values into equation (1):

4x+y =123
20+3=123
23 =123

By substitution
The same equations can also be solved by the method known as substitution.

Solve these simultaneous equations by finding the values of x and y which satisfy

both equations.
a3x+y=9
Sx—y=1
b 4x++y=123
x+y=8
a 3x+y=9 (1)
Sx—y=1 (2)
Equation (2) can be rearranged to give: ¥y = 5x — 7 This can now be substituted
into equation (1):
Ix+(5x =T =9
Ix+5x=-7=9
8x-7=9
8x=16
x=12

To find the value of y, x = 2 is substituted into either equation (1) or (2) as
before giving y = 3.

b 4x+y=123 (1)
x+y=8 (2)
Equation (2) can be rearranged to give y = 8 — x. This can be substituted into
equation (1):
4x + (B—x) =23
4x+8—-—x=123
3x+8=123
3x=15
x=5

y can be found as before, giving a result of y = 3.

Graphically

Simultaneous equations can also be solved graphically by plotting the lines on the same
puir of axes and finding the point of intersection. The Casio GDC can solve
smultaneous equations algebraically. This gives the point of intersection if the graphs do
not need to be drawn. Currently the Texas GDC cannot solve simultanecus equations
algebraically. However, hoth GDCs can solve them graphically.
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Worked example

Using a GDC or graphing software, find the point of intersection of the lines given
by the equations below, either algebraically or a graphical method.

Jx+y=9 and Sx—-y=7

Method 1: Solving algebraically using the equation solve facility

Casio

SET up Al-LOCK

MEHLI m u to select the

‘equation’ mode from the menu
screen.

Trace

@Th select ‘Simultaneous’.

e to select the number of
unknowns as 2.

Enter the equation 3x + y = 9 into
the first row of the matrix where a is
the coefficient of x, b is the
coefficient of y and ¢ the constant.

Enter the equation 5x — y = 7 into
the second row of the matrix.

Trace

(7T to solve the equations

simultaneously.

Wﬁ* I'HJ.H I"Ili-. s,
A rl M -
L5 G|
5

anAHorY=Ln
4 [

E b S

2]
o [EW R BT
A HarY =Ln
4 [ [
1 ] 1 k|
-l[ § =l -]
-
Foes AW TR EvT
anrtbny=ln
-
2
FEFT

not ax + by + d = 0.

Note: The calculator requests the equations in the form ax + by = ¢

The point of intersection of the lines with equations 3x + y = 9and 5x — y = Tis

@, 3).
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Method 2: Solving graphically

Your GDC and graphing software can solve simultaneous equations graphically.
Firstly, rearrange each equation into gradient—intercept form, i.e. y = mx + ¢:

Ix+y=923y=-3x+9
S5x—y=T-2y=5x-17

Then use the GDC or graphing software to plot both lines and find the point of

intersection.

Casio

— to select the graph mode.

Enter the equationsy = -3x + 9
andy=5x-7

é to graph both equations.

Giohy e .
m to select ‘intersect’

from the ‘graph solve’ menu.

The results are displayed on the screen.

v%=53‘1’— 9
A
R £ 14
ued =3

Texas

. to enter the equations
y=-3x+9andy=5x-7
130 graph the equations
mmultanenusly

- i | m to calculate the

coordinates of the point of intersection.

Using the cursor select the first ‘curve’,
then when prompted select the second
‘curve’. Finally move the cursor over the
point of intersection.

q The calculator will give the
coordinates of the point of intersection.

:‘rlml Pk P
Yl -

W -

\3:. 4

i 5.

AN

l:l.hﬂ.:f_llfd T\.
KXl r TER
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Autograph

Select 3 and enter the equations
3x+y=9%and5x-y=7.

Select both graphs and click on
‘Object’ followed by ‘Solve

) = gy

The results are displayed in the
results box by selecting [[13.

Equrton Soleer
SOl TR yE]

GeoGebra

Enter the equations 3x + y = 9 and
5x — y = 7in turn into the input box.

Type ‘Intersect [a, b]’ in the input
box.
The point of intersection is marked

on the graph and its coordinates
appear in the algebra window.

Note: The letters ‘a” and ‘b’ are in the command ‘Intersect [a, b]’ as
Geogebra automatically assigns the lines the labels ‘a’ and ‘b’.

The point of intersection of the lines with equations 3x + y = Yand 5x — y = Tis

(2, 3).
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B Exercise 5.2.6

Solve these simultaneous equations either algebraically or graphically.

lax+y=6 b x+y=11 c x+y=35
x—y=12 x—y-1=0 x—y=1
d 2x+y=12 3x+y=17 S5x +y=129
2x—y=8 Ix—y=13 S5x —y=11
2a3x+2y=13 6x + 5y = 62 x+2y=3
4x=2y+8 4x—5y=8 8x—2y=6
d 9x+3v=24 Tx—y=-3 3x=5y + 14
x—3y=-14 4x +y= 14 6x + 5y = 58
3Jalx+y=14 S5x + 3y =129 4x + 2y =50
x+y=9 x+3y=13 x+2y=20
d x+y=10 2x+5y=128 x+ fy=-12
3x=—y+122 4x + 5y =36 Ix+6y=18
4ax-—y=1 3x—2y=8 Tx—3y=126
Ix—y=6 Ix—2y=4 Ix — 3y =1
d x=y+7 8x—2y= -1 4x —y=-9
3x—y=17 3x—2y= -1 Tx —y=-18
5ax+y=-1 2x + 3y=-18 S5x —3y=9
x—y==3 Ix=3y+ 6 Ix + 3y =19
d Tx+ 4y =42 4x—4y=0 x—3y=-125
O9x—4y=-10 8x+ 4y=12 5x — 3y = -17
6a 2x+3y=13 2x + 4y = 50
Ix—4y+8=0 x+y=120
c x+y=10 5x+ 2y =28
Iy=121 —x 5x + 4y = 36
Ta —4x=4y 3x=19+ 2y 3x+2y=12
4x — 8y =12 —3x+5y=5 =3x+ % =-12
d 3x+5y=129 —5x+ 3y =14 —2x+8y=6
Jx+y=13 5x + 6y = 58 Ix=3-—y

Further simultaneous equations

If neither x nor y can be eliminated by simply adding or subtracting the two
equations then it is necessary to multiply one or both of the equations. The
equations are multiplied by a number in order to make the coefficients of x (or y)
numerically equal.
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Solve these simultaneous equations
a Jx+2y=11
x+y=9
b 5x=3y=1
3x+4y =18
a Jx+2y=12 (1)
x+y=9 (2)
To eliminate y, equation (2) is multiplied by 2:
Ix+2y=122 (1)
Ix+2y=18 (3)

x=4
Substituting x = 4 into equation (2), we have:
x+y=9
4+y=9
y=3
Check by substituting both values into equation (1):
3x+ Iy=122

12+ 10 =122
2 =122

b5x-3y=1 (1)
3x+4y=18 (2)

multiplied by 3.

20x - 12y=4 (3)
Ox + 12y = 54 (4)

29x =58
x=1
Substituting x = 2 into equation (2) gives:
3x +4y=18
6+4y=18
4y=12
y=3
Check by substituting both values into equation (1):
S5x -3y=1
10-9=1
1=1

By subtracting (3) from (1), the variable vy is eliminated:

By adding equations (3) and (4) the variable y is eliminated:

To eliminate the variable y, equation (1) is multiplied by 4 and equation (2) is
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B Exercise 5.2.7

5.3

Solve these equations either algebraically or graphically.

lalx+y=7 b 5x+4y=121 c x+y=1
Ix+ 2y =12 x+2y=9 Ix+4y=123
d 2x—3y=-3 e gx=4y+ 8 f x+5y=11
Ix+2y=15 x+ 3y=10 Ix -2y =10
Zax+y=15 b2x-2y=6 ¢ Ix+3y=15
Ix—-2y+5=0 x—9=-5 2y =15 - 3x
d x—6y=0 e 2x—5y=-11 f x+y=5
3x-3y=15 Ix+4y=18 Ix — 2y = -2
Jaldyy=9+12x b x+4y=13 ¢ Ix=3y-19
Ix+2y=6 Ix—3y=9 Ix+2y=17
d 2x—5y=-8 e S5x—2y=0 f 8y=3-x«
—-3x—-2y=-16 2+ 5y =129 Ix—2y=9
4a4x+2y=5 b 4x+y=14 ¢ 10x—y=-2
Ix+by=6 6x—3y=3 —15x+ 3y =9
d -2y=05-2x e x+3y=6 f 5x—3y=-05
bx+3y=6 -y =1 3x+29y=35

nght-angled trigonometry

Trigonometry and the trigonometric ratios develuped
from the ancient study of the stars. The study of right-
angled triangles probably originated with the Egyptians
and the Babylonians, who used them extensively in
construction and engineering.

The ratios, which ate introduced in this chapter, were
set out by Hipparchus of Rhodes about 150 BC.

Trigonometry was used extensively in navigation at sea,
particularly in the sailing ships of the eighteenth and
nineteenth centuries, when it formed a major part of the

lord Nelson would have used  examination to become a lieutenant in the Royal Navy.
trigonometry in navigation

The trigonometric ratios
There are three basic trigonometric ratios: sine, cosine and tangent and you should
already be familiar with these.

Each of the trigonometric ratios relates an angle of a right-angled triangle to a ratio of
the lengths of two of its sides.

The sides of the triangle have names, two of A

which are dependent on their position in relation '

to a specific angle. 2 hypotenuse
The longest side (always opposite the right angle) 2 B

is called the hypotenuse. The side opposite the angle E: P

is called the opposite side and the side next to the angle B : I e
is called the adjacent side. B  adjacent c
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Note that, when the chosen angle is at A, the sides
labelled opposite and adjacent change.

Tangent
The tangent ratio is:

on C = length of opposite side

length of adjacent side

1 Calculate the size of angle BAC.

x=38.7 (3sf)
#BAC = 38.7° (3 s£.)

2 Calculate the length of QR.

6 x tan42°=p

p=1540 (3 sf.)
QR = 5.40cm (3 sf.)

Sine
The sine ratio is:

length of opposite side
length of h‘l_.'putenuse

sinN =

adjacent

A
W
|

opposite

adjacent

lfl; S

5cm A

uppmite

mT

Q 6 cm
Nﬁ

opposite




182 GEOMETRY AND TRIGONOMETRY

1 Calculate the size of angle BAC.

Worked examples

ginx = 'Dppﬂﬁltﬁ = l
Eypﬂtﬂnuse 12
x = sin-! 1—71)
x =35.7 (3 sf)

ZBAC =35.7° (3 sf)
2 Calculate the length of PR.

sin18° =11
q
q x sin 18° = 11
o
9=3n18°
q =35.6(3sf)

PR = 35.6cm (3 sf.)

Cosine

The cosine ratio is:

length of adjacent side
length of hypotenuse

cos Z =

1 Calculate the length XY.

o 62° = ad]acent _ &
hypatenuse 20
z = 20 X cos 62°
=939 (3sf)

XY = 9.39cm (3 sf)

2 Calculate the size of angle ABC.

adjacent
hypatenuse
5.3

COE X = —

12

COos x =

x= mﬁ'l(E
12
x=638(3sf)
ZABC = 63.8° (3 s1.)

b 12 em

P 11 cm Q

gcm
187
R
X
. hypotenuse
Y adjacent z
X
922
20 cm
zcm
-
Az rd
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Pythagoras’ theorem B

Pythagoras' theorem states the relationship N
between the lengths of the three sides of a . a
right-angled triangle: ¢

ad=b+c

1 Calculate the length of the side BC. R ” -
Using Pythagoras’ theorem: B
ad=p+c
al =8+ 6
al =64+ 36 =100 6m am
a= 100
a=10
BC = 10m A 8m c
2 Calculate the length of the side AC.
Using Pythagoras’ theorem: 0

a =P+l
22— =h 12m 5m
B =144-25=119
b =119 \
b =109 (3sf) B

AC = 109m (3sf)

Angles of elevation and depression

The angle of elevation is the angle above the horizontal through which a line of
view is raised. The angle of depression is the angle below the horizontal through
which a line of view is lowered.

1 The base of a tower is 60m away from a
point X on the ground. If the angle of

elevation of the top of the tower from
X is 40° calculate the height of the tower.

Give yOUr answer to the nearest metre.

tan 40° =%

h =60 % tan 40° = 50
The height is 50m.
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2 An aeroplane receives a signal from apointX K.
on the ground. If the angle of depression of f
point X from the aeroplane is 30°, calculate the 6 km h km
height at which the plane is flying. |
Give your answer to the nearest 0.1 kilometre.

. s _h
sin 30 S

h=6 xsn30°=3.0
The height is 3.0km.

B Exercise 5.3.1
1 Calculate the unknown length in each of the diagrams.

a b c
p 12_cm Q X 14.6 cm N J
AR
Vi .
\ k cm
Xxcm ycm o
b O
d e f
A A A
137em /
45 cm ¢ cm xcm /
[ .
45° ] B 82cm c _ 3‘\ O
c B B acm c

2 Calculate the size of the marked angle x° in each of the following diagrams.

a b c
L M P B S5cm A
O W
-~ I\ '_/IJ
8.1 cm = &3 cm __Ja"/
| xo & B cm = \//{ B o
g oy
-
) o
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3 Calculate the unknown length or angle in each of the following diagrams

a b c
A J Icm K X 14 em Y
a8 [ 1 v
87cm 15.2 cm
6 cm 19 cm
A )
L]
B c 7

4 A sailing boat sets off from a point X and heads towards Y, a point 17km north.
At point Y it changes direction and heads towards point Z, a point 12km away
on a bearing of 090°. Once at Z the crew want to sail back to X. Calculate:

a the distance 7ZX
b the bearing of X from Z.

5 An aeroplane sets off from G on a bearing of 024° towards H, a point 250km
away. At H it changes course and heads towards ] on a bearing of 055° and a
distance of 180km away.

N
J
fo

.
G

a How faris H to the north of G?

b How faris H to the east of G?

¢ How faris ] to the north of H?

d How faris ] to the east of H?

e What is the shortest distance between G and J?
f What is the bearing of G from ]?

6 Two trees are standing on flat ground. The
angle of elevation of their tops from a
point X on the gmund is 40°. If the
horizontal distance between X and the
small tree is 8 m and the distance between
the tops of the two trees is 20m, calculate:

a the height of the small tree

b the height of the tall tree

¢ the horzontal distance between the
trees.
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7 PQRS is a quadrilateral. The sides RS and QR are P
the same length. The sides QP and RS are parallel.

Calculate: '
angle SQR s 12cm

b angle PSQ
¢ length PQ
d length PS
e the area of PORS. 9om

8 Two hot air balloons are 1 km apart in the air.
If the angle of elevation of the higher from
the lower balloon is 20°, calculate:
a the vertical height between the two S
balloons -1 km
b the horizontal distance between the ,-
two balloons. (207~

Give your answers to the nearest metre.

9 A plane is flying at an altitude of 6km directly over the line AB. It spots two
boats A and B on the sea. If the angles of depression of A and B from the plane
are 60° and 30° respectively, calculate the horizontal distance between A and B.

*> —»
A B

10 Two people A and B are standing either side of a transmission mast. A is 130m
away from the mast and B is 200m away. If the angle of elevation of the top of
the mast from A is 60°, calculate:

a the height of the mast to the nearest metre
b the angle of elevation of the top of the mast from B.

-
AE | .mT

|~€—130 m —=f-= 200 m
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5.4 Trigonometry and non-right-angled
triangles

Angles between 0° and 180°

When calculating the size of angles using trigonometry, there is often more than
one possible solution. Most calculators, however, will give only the first solution.
To be able to calculate the value of a second possible solution, we need to look at
the shape of trigonometrical graphs in more detail.

Note: The sine and cosine functions are also covered in Section 4.5.

The sine curve

The graph of y = sinx is plotted below for x in the range 0 < x < 360°, where « is
the size of the angle in degrees.

¥
2

14 /
90° 1W° X
—1.

The graph of y = sinx has:

m a period of 360° (i.e. it repeats itself every 360°)
® amaximum value of 1 (at 90°)
B aminimum value of —1 (at 270°).

sin30° = 0.5. Which other angle between 0° and 180° has a sine of 0.5?

¥
24

051 Ao /
30°  90° 150"1W° x
—1-

From the graph above it can be seen that sin150° = 0.5.

sinx = sin (180° — x)
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M Exercise 5.4.1
1 Express each of the following in terms of the sine of another angle between

0° and 180°.
a sin60° b sin80° ¢ sinll5®
d sin140° e sinl28° f sinl67°
2 Express each of the following in terms of the sine of another angle between
0° and 180°.
a sin35° b sin50° ¢ sin 30°
d sin48° e sin104° f sinl27°
3 Solve these equations for 0° < x < 180°. Give your answers to the nearest degree.
a sinx =0.33 b sinx = 0.99 ¢ sinx = 0.09
d sinx =095 e sinx = 0.22 f sinx =047
4 Solve these equations for 0° = x < 180°. Give your answers to the nearest degree.
a sinx =094 b sinx = 0.16 ¢ sinx = 0.80
d sinx =056 e sinx = 0.28 f sinx =033

The cosine curve

The graph of y = cos x is plotted below for x in the range 0 < x < 360°, where xis
the size of the angle in degrees.

Yi
21

il i N
| R W

As with the sine curve, the graph of ¥ = cos « has:

B a period of 360°
® a maximum value of 1 (at 0° and 360°)
® aminimum value of —1 (at 180°).

Note that cos x® = —cos(180 — x)°.

1 cos 60° = 0.5. Which angle between 0° and 180° has a cosine of —0.57

Ly
29

/u:\\w ...........

-1+
From the graph above it can be seen that cos 120° = —0.5 as the curve is
symmetrical.
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2 The cosine of which angle between 0° and 180° is equal to the negative of cos 50°7

¥
2

=P o

cos 130° = —cos 50°

Exercise 5.4.2

1 Express each of the following in terms of the cosine of another angle between
0° and 180°.
a cos 20° b cos 85° ¢ cos32°
d cos 95° e cos 147° f cos106°

2 Express each of the following in terms of the cosine of another angle between
0° and 180°.
a cos 98° b cos 144° ¢ cos 160°
d cos 143° e cos 171° f cosl23°

3 Express each of the following in terms of the cosine of another angle between
0° and 180°.

a —cos 100° b cos 90° ¢ —cos 110°

d —cos 45° e —cos 122° f —cos25°
4 The cosine of which acute angle has the same value as:

a cos 125° b cas 107° ¢ —cos 120°

d —cos 98° e —cos92° f —cos 110°7

The sine rule

With right-angled triangles we can use the B

basic trigonometric ratios of sine, cosine and

tangent. The sine rule is a relationship which

can be used with non-right-angled triangles. ¢ a
The sine rule states that:

a b c

nA snB snC A b c

It can also be written as:

dnA_sinB_sinC
a b c
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Worked examples 1

Calculate the length of side BC.

Using the sine rule:
a _ b
sinA snB
LB B
sin 40° sin 30°

o 3py *andd

a=1.71(3sf)

BC=17.7lcm (3 sf.)
Calculate the size of angle C.
Using the sine rule:
sin A _sinC

a c
sin 60° _sin C

6 6.5

6.5 x sin 60°
6

C = sin~1(0.94)
C=69.8°(3sf.)

sinC =

B Exercise 5.4.3
1 Calculate the length of the side marked x in each of the following. Give your

answers to one decimal place.

B
7 \ acm
' \
- Y
r: ‘\-.
6cm c
B
6.5 cm 6cm
c
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2 Calculate the size of the angle marked 6° in each of the following. Give your
answers to one decimal place.

a ~ b
~.__5om N
i 32'/' - 35mm
-~ -Bl
| 22 mm
£ 8o d S
Fis Ny 8 am /8 . Bom
. \7em
-BA- ~ 9cm 3;?\\'

3 Triangle ABC has the following dimensions:
AC = 10em, AB = 8cm and angle ACB = 20°.

a Calculate the two possible values for angle ABC.
b Sketch and label the two possible shapes for triangle ABC.

4 Triangle PQR has the following dimensions:
PQ = 6cm, PR = 4cm and angle PQR = 40°.

a Calculate the two possible values for angle QRP.
b Sketch and label the two possible shapes for triangle PQR.

The cosine rule

The cosine rule is another relationship which can be used with non-right-angled
triangles.

A b

The cosine rule states that:
al= b 4+ cl— 2bccos A
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1 Calculate the length of the side BC.
Using the cosine rule: A0,
a® = b+ - 2bc cos A y . acm

al =024 72 — (2% 9 x 7 x c0s50°) /
= 81 + 49 — (126 x cos50°) = 49.0 \ B
a="490 L2
a="700(3sf) A 9cm c
BC = 7.00cm (3 sf.)

2 Calculate the size of angle A.
Using the cosine rule:

a’ =P+ ¢t — 2bc cos A
Rearranging the equation gives:
P +cl-a?
2bc
152 + 122 - 207
s A= Txiz - 00
A = cos~!(-0.086)
A =949°(3sf)

o

cos A =

Exercise 5.4.4

1 Calculate the length of the side marked x in each of the following. Give your
answers to one decimal place.
b c

6cm 4

15cm
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2 Calculate the angle marked 6° in each of the following. Give your answers to

one decimal place.

a b c
2 mm
40 m
20m Y
5mm
& 9cm L 15cm
4 mm
25 m
Eﬂ

& fdom e

18 cm a°

15¢cm

15cm

3 Four players W, X, Y and Z are on a rugby pitch.
The diagram shows a plan view of
their relative positions.
Calculate:
a the distance between players X and Z
b angle ZWX
¢ angle WZX
d angle YZX
e the distance between players W and Y.

4 Three yachts A, B and C are racing off the ‘Cape’. Their relative positions are
shown in the diagram.

Calculate the distance between B and C to the nearest 10m.

z

B
220m
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5 A girl standing on a cliff top at A can see A
two buoys X and Y, 200m apart, floating on i ;%45‘:';?
the sea. The angle of depression of Y from el

A is 45°, and the angle of depression of X |
from A is 60° (see diagram). |f

If A, X, Y are in the same vertical plane, oy
calculate: % s
a the distance AY =200 rm -

b the distance AX
¢ the vertical height of the cliff.

6 There are two trees standing on one side of a river bank. On the opposite side is
a boy standing at X.

Using the information given, calculate the distance between the two trees.

i, e
40m 50m

N

The area of a triangle
The area of a triangle is given by the formula:

Area = 1bh
where b is the base and h is the vertical height of the triangle.

From trigonometric ratios we also know that:

z:in'C-E
a

Rearranging, we have:

h=asinC 1 b

Substituting for h in the original formula gives another formula for the area of a
triangle:
Area = 1absin C
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Exercise 5.4.5

1 Calculate the area of the following triangles. Give your answers to one decimal
place.
: e . 1 '
‘\ Hmhm cm \ e
\.\ ‘\""'\-\.

[ h‘\ d u11
_\ g 7
\\40 cm o~
N 8cm J;"{ /
L\.\ 10‘,\\ r,.f ’/.f'
% cm \"-\.__‘ LY ;/ ___f'f
M ;,F.r/
N\
-
2 Calculate the value of x in each of the following. Give your answers correct to
one decimal place.
a b
9cm
area = 20 cm2
180°
o

b 14 cm

area = 50 cm?
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3 ABCD is a school playing field. The following lengths are known:
OA =83m, OB = 122m, OC = 106m, OD = 78m
Calculate the area of the school playing field to the nearest 100m?.

B

C

4 The roof of a garage has a slanting length of 3 m and makes an angle of 120° at
its vertex. The height of the garage is 4m and its depth is 9m.

3m_<q20°

Calculate:
a the cross-sectional area of the roof

b the volume occupied by the whole garage.

5.5 Geometry of three-dimensional shapes
Egyptian society around 2000 BC was very advanced, particularly in its
understanding and development of new mathematical ideas and concepts. One of

the most important pieces of Egyptian work is called the ‘Moscow Papyrus' — so
called because it was taken to Maoscow in the middle of the nineteenth century.
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The Moscow Papyrus was written in about 1850 BC -p >
and is important because it contains 25 mathematical

problems. One of the key problems is the solution to "
finding the volume of a truncated pyramid. Although

the solution was not written in the way we write it

today, it was mathematically correct and translates into

7 (a® + ab + b1k

3 - ——»

The application of trigonometry first to triangles and then to other two-dimensional
shapes led to the investigation of angles between a line and a plane, and then further
to the application of tigonometry to three-dimensional solids such as the cuboid,
pyramid, cylinder, cone and sphere.

Trigonometry in three dimensions

1 The diagram shows a cube of edge length 3em.
a Calculate the length EG.

b Calculate the length AG.
¢ Calculate the angle EGA.
d Calculate the distance from the midpoint X of AB to the midpoint Y of BC.

A X B
D C Y
3om E
LS R IS
3cm

a Triangle EHG (below) is right angled. Use Pythagoras’ theorem to

calculate the length EG.
A B
D e E
3cm E_ _______ F s
3om H 3cm G

H 3cm .G
EG? = EH? + HG?
EG1=314+32=18
EG = 4/18cm
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b Triangle AEG (below) is right angled. Use Pythagoras’ theorem to
calculate the length AG.

H 3cm G

AG? = AF2+ EG?
AG? =3+ (V18)2
AGI=9+ 18
AG = 427cm

¢ To calculate angle EGA, use the mriangle EGA:
A

3cm

E <18

3
tan G = —
V18

Angle G (EGA) = 35.3° (3 s.f)

d To calculate the distance from % &
X to Y, use Pythagoras’ theorem: bk

XY2= XB? + BY?
XY= 1.5 + 1.52
XYi=45
XY=212cm

1.5cm
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2 In the cuboid ABCDEFGH, AB is
12cm, AD = 9cm and BF = Scm.
a i) Calculate the length AC.
ii) Calculate the length BE.
iii) Calculate the length HB.
b X is the midpointof CG and 9cm
Y is the midpoint of GH. e
i) Calculate the length XY. el
i) Calculate the length XA. i 12 om

a i) To calculate AC, consider triangle ABC.
Triangle ABC is right angled, so use Pythagoras’theorem: c

ACt = AB? + AC2
ACl= 12 4+ 2
AC? = 144 + 81 9om
AC? =225
AC =15cm

12cm

ii) To calculate BE, consider triangle ABE.
Triangle ABE is right angled, so use Pythagoras'theorem:

BE? = AB? + BE2 E
BEl=122 4+ 52

BE? = 169

BE =13cm 5cm

12cm

iii) To calculate HB, consider triangle EBH.
Triangle EBH is right angled, so use Pythagoras'theorem:

HB? = EH? + BE? "
HB? = 92 + 132
HB? = 81 + 169
HB = 15.8cm o

13 cm
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b i) Tocalculate XY, consider the triangle XYG with a tight angle at .

Xy = XG? + YG?
XY2= 1252+ 62
XY2=6.25 + 36

XY =4/42.25=65cm
ii) To calculate XA consider the

triangle AXZ.

D
XZ=9%m &
Calculate AZ using triangle ABZ.
A7 = AB? + BZ?
A7r =12+ 252

A7l =144 + 6.25
A7 =4/150.25 = 12.3cm

Then find XA, using triangle AXZ.

AXE = AL + X2
AX2 = 15025 + 81
AXE = 123125
AX =152cm

B Exercise 5.5.1

Give all your answers to one decimal place. A B
1 a Calculate the length HF. D c

b Calculate the length of HB.

¢ Calculate the angle BHG.

d Calculate XY, where X and Y are the om E

midpoints of HG and FG respectively.

Calculate the length CA. A B
b Calculate the length CE. B ~ c [
Calculate the angle ACE.
2cm E

F
3cm
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3 a Calculate the length EG.
b Calculate the length AG.
¢ (Calculate the angle AGE.

4 a Calculate the angle BCE.
b Calculate the angle GFH.

5 The diagram shows a right pyramid where A is
vertically above X.
a i) Calculate the length DB.
i) Calculate the angle DAX.
b i) Calculate the angle CED.
ii) Calculate the angle DBA.

6 The diagram shows a right pyramid where A
is vertically above X.
a i) Calculate the length CE.
ii) Calculate the angle CAX.
b i) Calculate the angle BDE.
ii) Calculate the angle ADB.

12.cm

A B
D C
7cm
E F
2cm
H 3em G
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7 In this cone the angle YXZ = 60°. X
a Calculate the length XY.
b Calculate the length YZ.
¢ Calculate the circumference of the base.

13 om

8 In this cone, the angle X7Y = 40°.
a Calculate the length XZ
b Calculate the length XY.

9 In the diagram, RS = 19.2em, SP = 16 em and v X
TQ = 7.2em. X is the midpoint of VW. Y is the
midpoint of TW. u O\
Calculate the following, drawing diagrams of
right-angled triangles to help you. ST

a PR b RV L
c PW d XY P “a
e 5Y

10 One comer of this cuboid has been sliced off P Q

along the plane QTU. T
WU = 4cm.
10 cm

a Calculate the length of the three sides of

the triangle QTU. 3
b Calculate the three angles Q, T and Ulin gt SO
triangle QTU.

¢ Calculate the area of triangle QTU.

The angle between a line and a plane

To calculate the size of the angle between the line AB and
the shaded plane, drop a perpendicular from B. It meets
the shaded plane at C. Then join AC.
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The angle between the lines AB and AC represents the angle between the

line AB and the shaded plane.
The line AC is the projection of the line AB on the shaded plane.

Worked exarnlﬂe ABC:DEFGH isa Cll]}ﬂ'ld A B

a Calculate the length CE.
b Calculate the angle between the :
line CE and the plane ADHE. E

4 cm

o Scm G
a First use Pythagoras’ theorem to calculate the length EG:

A B E

D ’ c .
' 2¢cm
4cm EE-------------- F ~

H 5cm G

2cm

H s5cm

EG? = EH? + HG?

EGlI=22+ 52
EGZ=129
EG =129m
Now use Pythagoras' theorem to calculate CE:
A
. z c
D G
4 cm
4cm
F
_______ - E /29 cm G
2¢cm

H- S5ecm G

CE? = EG? + CG?
CEF:(’\."E)2+4I-2
CE!=29+ 16
CE = Y45em

CE = 6.71em (3 sf)
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b - ‘A B c
D c '
5cm /45 cm
4cm E __EF ‘f_\
2cm D E

H s5cm G
To calculate the angle between the line CE and the plane ADHE use the
right-angled triangle CED and calculate the angle CED.

sinE = =

CE

: g
sinE = «m

£ =an( 2
E =482°% (3 sf)

B Exercise 5.5.2

1 Name the projection of each line onto !
the given plane. T u

a TR onto RSWV '
b TR onto PQUT :
¢ SU onto PQRS Sk H
d SU onto TUVW N
e PV onw QRVU =5
f PV onto RSWV W

2 Name the projection of each line onto
the given plane. K : J
a KM onto [JNM
b KM onto JKON :
¢ KM onto HIML L
d IO onto HLOK
e 1O onto JKON o 2 N
f IO onto LMNO

3 Name the angle between the given line
and plane. ; o
a PT and PQRS
b PU and PQRS
¢ SVand PSWT
d RT and TUVW g (EREeS. R
e SU and QRVU e
f PVand PSWT
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4 a Calculate the length BH. A B
b Calculate the angle between the line
BH and the plane EFGH. D C
3om : F
Jcm
H 4cm G
5 a Calculate the length AG. A B
b Calculate the angle between the line '
AG and the plane EFGH. D : c
¢ Calculate the angle between the line i
AG and the plane ADHE. 5cm i .
E i _______ .
pts 4 om
H 8cm G

6 The diagram shows a right pyramid where A is
vertically above X.
a Calculate the length BD.
b Calculate the angle between AB and
CBED.

7 The diagram shows a right
pyramid where U is vertically 1
above X, 12 em

a Calculate the length WY. j

b Calculate the length UX.

¢ Calculate the angle W \ v
between UX and UZY. :

A 10 cm B

8 ABCD and EFGH are square faces lying
parallel to each other.

Calculate:
a the length DB
b the length HF
¢ the vertical height of the object
d the angle DH makes with the plane
ABCD.
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9 ABCD and EFGH are square faces lying A 12 om B
pa.rallel to each other.

Calculate:
a the length AC
b the length EG
¢ the vertical height of the object
d the angle CG makes with the plane
EFGH.

@ Volume and surface area of prisms

A prism is any three-dimensional object which has a constant cross-sectional area
Below are a few examples of some of the more common types of prism:

When each of the shapes is cut parallel to the shaded face, the cross-section is
constant and the shape is therefore classified as a prism.

ot
_,-'—"""'-'_f_ _,-/ \
B ki
Rectangular prism Circular prism Triangular prism
(cuboid) {cylinder)

Volume of a prism = area of cross-section x length

The surface area of a prism is the sum of the areas wate
of its faces. The surface area of a cuboid can be -
calculated as: f
Surface area of a cuboid = 2(wl + Th + wh) £
- 1] =S
To calculate the surface area of = o >

other prisms it is best to visualize
the net of the solid. A cylinder is
made up of one rectangular piece

and two circular pieces.

|——

Area of circular pieces = 2 x mr’

Area of rectangular piece = 2mr X h

Total surface area = 2m? + 2rh
= 2nr(r + h)

|— o —|
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1 Calculate the volume and surface area of the L-shaped prism shown.

2cm

&
I-l(—g—:h-l

The cross-sectional area can be split into two rectangles:

Area of rectangle A =5 x 2 = 10cm?

Area of rectangle B =5 x 1 = 5cm?

Total cross-sectional area = 10cm? + 5em? = 15¢cm?

Volume of prism = 15 x 5 = 75

The volume of the prism is 75em?.

The surface area of the prism = 2 x crass-sectional area + areas of other faces
=2x15+(6+2+5+3+1+5)x5

=2 x 15+ 22 x 5 = 140em?

The surface area of the prism is 140cm?.

2 Calculate the volume and surface area of the cylinder shown. Give your answers
to one decimal place.

=3 om=

Volume of a prism = area of cross-section x length
= wth
=xx3x7
= 63n
= 1979 (1d.p.)

The volume is 197.9cm?.

Total surface area = 2wr(r + h)

=mx3x(3+7)
=6r x 10

= 60x

= 188.5(1d.p.)

The total surface area is 188.5cm’.
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@ B Exercise 5.5.3

1 Calculate the volume and surface area of each of the following prisms. Where
necessary, give your answers to one decimal place.
a A cuboid with these dimensions: w = 6em, [ = 23mm, h = 2 cm.
b A cylinder with a radius of 3.5cm and a height of 7.2 cm.
¢ A triangular prism where the base length of the triangular face is 5cm, the
perpendicular height is 24 mm and the length of the prism is 7cm.

2 The diagram shows a plan view of a cylinder inside a box the shape of a cube. If
the radius of the cylinder is 8 cm, calculate:
a the height of the cube
b the volume of the cube
¢ the volume of the cylinder
d the percentage volume of the cube not occupied by the cylinder.

< )
3 A chocolate bar is made in the shape of a triangular prism. The triangular face of
the prism is equilateral and has an edge length of 4cm and a perpendicular
height of 3.5cm. The manufacturer also sells these in special packs of six bars
armanged as a hexagonal prism. If the prisms are 20em long, calculate:

a the cross-sectional area of the pack
b the volume of the pack

¢ the surface area of the pack.

3.5cm

=1

I-i—’h—l“‘/

4cm

4 A cuboid and a cylinder have the same volume. The radius and height of the
cylinder are 2.5cm and 8 cm respectively. If the length and width of the cuboid
are each 5 cm, calculate its height to one decimal place.

5 A section of steel pipe is shown in the we——

diagram. The inner radius is 35 cm and /,--""j..'-;z \‘-.
the outer radius 36 cm. Calculate the ,/""_' ' )
volume of steel used in making the pipe N _’/
if it has a length of 130 m. @;ﬁ __r,-r-f"

\\Q%
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Worked example

6 Two cubes are placed next to each other. The length of each of the edges of the
larger cube is 4cm. If the ratio of their surface areas is 1 : 4, calculate:
a the surface area of the small cube
b the length of an edge of the small cube.

|~——d Cm—=I

7 A cube and a cylinder have the same surface area. If the cube has an edge length

of 6 cm and the cylinder a radius of 2 cm calculate:
a the surface area of the cube

b the height of the cylinder
¢ the difference between the volumes of the cube and the cylinder.

8 Two cylinders have the same surface area.
The shorter of the two has a radius of 3 cm o
and a height of 2em, and the taller eylinder I~

has a radius of 1cm. Calculate: T
a the surface area of (one of) the 2cm hem
cylinders L] l

b the height of the taller eylinder
C tl'lE dlfference bEtWEEn 'd'lE VDI.UTE[ES Gf
the two cylinders.

9 Two cuboids have the same surface area.
The dimensions of one of the cuboids are

length = 3cm, width = 4cm and height = 2 em.
Calculate the height of the other cuboid if its length is 1 cm and its width is 4 cm.

Volume and surface area of a sphere
The volume of a sphere is given by the following formula:
Volume of sphere = %1':1'3

The surface area of a sphere is given by the following formula:
Surface area of sphere = 4mr?

1 Calculate the volume and surface area of
the sphere shown, giving your answers to

one decimal place.
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Volume of sphere = inr?
=§XExﬁ
= 1131
The volume is 113.1cm’.
Surface area of sphere = 4nr!
=4xnx3
= 113.1

The surface area is 113.1cm?.
2 Given that the volume of a sphere is 150cm?, calculate its radius to one decimal

place.
V =4
3V
™
3 x 150
. Txn =58
rm 358 =33
The radius is 3.3 cm.

B Exercise 5.5.4
1 Calculate the volume and surface area of each of the following spheres. The

radius r is given in each case.
a r=6cm b r=95cm cr=82cm d r=07cm

2 Calculate the radius of each of the following spheres. Give your answers in
centimetres and to one decimal place. The volume V is given in each case.

a V=T20cm’ b V=02Im?
3 Calculate the radius of each of the following spheres, given the surface area in
each case.
a A=16.5cm? b A =120 mm?
4 Given that sphere B has twice the volume of
sphere A, calculate the radius of sphere B. ﬁ
5 Calculate the volume of material used to I<—5.5 cm—=
make the hemispherical bowl shown, if the I<—5 om—=1

inner radius of the bowl is 5em and its outer
radius 5.5 cm.
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6 The volumes of the material used to make the sphere and hemispherical bowl
shown are the same. Given that the radius of the sphere is 7cm and the inner
radius of the bowl is 10 cm, calculate the outer radius rem of the bowl.

< CThs

© @

7 A ball is placed inside a box into which it
will fit tightly. If the radius of the ball is
10cm, calculate:

a the volume of the ball

b the volume of the box

¢ the percentage volume of the box ~
not occupied by the ball. L

8 A steel ball is melted down to make eight smaller identical balls. If the radius
of the original steel ball was 20cm, calculate to the nearest millimetre the
radius of each of the smaller balls.

9 A steel ball of volume 600cm?® is melted down and made into three smaller
balls A, B and C. If the volumes of A, B and C are in the ratio 7:5: 3, calculate
to one decimal place the radius of each of A, Band C.

10 The cylinder and sphere shown have the same radius and the same height.
Calculate the ratio of their volumes, giving your answer in the form:

r— =

volume of cylinder : volume of sphere.

11 Sphere A has a radius of 8cm and sphere B has a radius of 16 cm. Calculate the
ratio of their surface areas in the form 1 :n.
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12 A hemisphere of diameter 10cm is attached < 20 cm >
to a cylinder of equal diameter as shown. T \
If the total length of the shape is 20cm,
10 cm
calculate:
a the surface area of the hemisphem l j

b the length of the cylinder
¢ the surface area of the whole shape.

13 A sphere and a cylinder both have the same surface area and the same height
of 16 cm.

Calculate, to one decimal place:
a the surface area of the sphere
b the radius of the cylinder.

16 cm

Volume and surface area of a pyramid

A pyramid is a three-dimensional shape. Each of the faces of a pyramid is planar
(not curved). A pyramid has a polygon for its base and the other faces are triangles
with a common vertex, known as the apex. A pyramid's individual name is taken
from the shape of the base.

Square - based pyramid Hexagonal-based pyramid

The volume of any pyramid is given by the following formula:
Volume of a pyramid = % x area of base x perpendicular height

The surface area of a pyramid is found simply by adding together the areas of all of
its faces. You may need to use Pythagoras’ theorem to work out the dimensions you
need to calculate the volume and surface area.
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Worked example

A rectangular—based pymmid has a petpendimlar height A
of 5cm and base dimensions as shown. Calculate the , .
volume and surface area of the pyramid. f

Volume = % % base area x height

sam G
=%x3><?><5 : E|l=__
=35 Vi gl

The volume is 35cm’. ER gen D

To work out the surface area you need to know the perpendicular height of the
triangular faces of the pyramid.

A A
h Ein \h
D 7om © \
X 15em F
k=152 +52=2725
h=%2125
Area of two of the triangular faces = 2 x % X 7x N’IZ?.ZS
= 36.541
A A
.-I.L.l'- |
g
g 5cm
'
E; Bem B X a5em

£=35+5=3115
g="31.25

Area of other two of the triangular faces = 2 x % x 3 x 43725

= 18.310
Total surface area = area of base + area of triangular faces
= 21 + 54.851
=759

The surface area of the pyramid is 75.9 cm’.
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B Exercise 5.5.5
1 Find the volume of each of the following pyramids.

8cm

10 cm

6cm

2 The rectangular-based pyramid shown has a sloping edge length of 12cm.
Calculate its volume and surface area, giving your answers to one decimal place.

Bcm

3 Two square-based pyramids are glued together as shown. Given that all the
triangular faces are identical, calculate the volume and surface area of the

whole shape.
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4 The top of a square-hased pyramid is cut off.
The cut is made parallel to the base. If the
base of the smaller pyramid has a side length
of 3 cm and the vertical height of the
truncated pyramid is 6 cm, calculate:

a the height of the original pyramid
b the volume of the original pyramid
¢ the volume of the truncated pyramid.

5 Calculate, to one decimal place, the surface area of the truncated square-based
pyramid shown. Assume that all the sloping faces are identical.

9cm

18 cm

6 Calculate the perpendicular height hem for the pyramid, given that it has a
volume of 168cm’.

9cm

7 Calculate the length of the edge marked xcm, given that the volume of the
pyramid is 14 cm®.

7cm
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8 The top of a triangular-based pyramid
(tetrahedron) is cut off. The cut is made
parallel to the base. If the vertical height of
the top is 6cm, calculate to one decimal
place:

a the height of the truncated piece
b the volume of the small pyramid 5cm
¢ the volume of the original pyramid.

9 Calculate the surface area of a regular
tetrahedron with edge length 2 cm.

2em

10 The two pyramids shown below have the same surface area.

X cm

200m - 12om

Calculate:
a the surface area of the tetrahedron
b the area of one of the triangular faces on the square-based pyramid
¢ the value of x.

Volume and surface area of a cone
A cone is a pyramid with a circular base. The -
formula for its volume is therefore the same as for
any other pyramid.

Volume = % x base area x height h

= nrh
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Before we look at examples of finding the volume and surface area of a cone it is
useful to look at how a cone is formed. A cone can be constructed from a sector of
acircle.

s -h
(7 Vo

The length of the sloping side of the cone is equal to the radius of the sector. The
base circumference is equal to the arc length of the sector. The curved surface area

of the cone is equal to the area of the sector.

Arc length and sector area

An arc is part of the circumference of a circle between

two radii. Its length is proportional to the size of the anc
angle ¢ between the two radii. The length of the arc

as a fraction of the circumference of the whole circle

is therefore equal to the fraction that ¢ is of 360°.
Arc length = % x Imr

A sector is the region of a circle enclosed by two radii
and an arc. The area of a sector is proportional to the

size of the angle ¢ between the two radii. Asa V4 )
fraction of the area of the whole circle, it is therefore { W \
equal to the fraction that ¢ is of 360°. _ 5

Area of sector = % ® wrt _.;’:

Calculating the volume of a cone
As we have seen, the formula for the volume of a cone is:

WVolume =% X base area x height

1
= Emzh

1 Calculate the volume of the cone.
Volume = 11:1'2.‘1

3
=lxrx4x8

= 134.0(1d.p.)

The volume is 134 cm?
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e n ooR

2 Tl'lE sector bB].lDW is 3SSE‘l'ﬂbl.ﬂ:l o fﬂ‘l'[ll a cone as ShDWTl

oM

A x
@ hcm

Calculate the base circumference of the cone.
Calculate the base radius of the cone.
Calculate the vertical height of the cone.
Calculate the volume of the cone.

The base circumference of the cone is equal to the arc length of the sector.

sector arc length =%x 2nr

=%x 2x x 12 = 58.6
So the base circumference is 58.6cm.

The base of a cone is circular, therefore:
C=2mr

_C 586
"=~ In

=90733

So the madiusis 9.33 cm.

The vertical height of the cone can be calculated using Pythagoras’ theorem
on the right-angled triangle enclosed by the base radius, vertical height and
the sloping face, as shown below.

12cm
hcm
Note that the length of the sloping side is equal
to the radius of the sector.
9.33 cm
122 = k2 + 9.332
=122 -933
h =569
h=17.54

So the height is 7.54 cm.

Volume = % % orth
=1 xmx9.33 x 7.54 = 688
So the volume is 688 cm?.
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Worked example

Note: Although answers were given to three significant figures in each case, where
the answer was needed in a subsequent calculation, the exact value was used and
not the rounded one. By doing this we avoid introducing rounding errors into the

calculations.

Calculating the surface area of a cone

The surface area of a cone comprises the area of the circular base and the area of
the curved face. The area of the curved face is equal to the area of the sector from

which it is formed.

Calculate the total surface area of this cone.

Surface area of base = o
= 15x

The curved surface area can best be
visualized if drawn as a sector as shown in
the diagram:

The radius of the sector is equivalent to the

slant height of the cone. The arc length of
the sector is equivalent to the base

dreumference of the cone.
¢ _10m
360 ~ 24m

Therefore ¢ = 150°
Areaof =0 122 = 60n
rea of sector = 360 KX =

Total surface area = 60x + 25%
= 85n
=267

The total surface area is 267 cn’.

12cm

5cm

12 cm

10 cm
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B Exercise 5.5.6

1 For each of the following, calculate the length of the arc and the area of the
sector. O is the centre of the circle.

a

2 A circular cake is cut. One of the slices is shown.

acm

3cm

10 cm

Calculate:

a the length acm of the arc
b the total surface area of all the sides of the slice
¢ the volume of the slice.

3 Calculate the volume of each of the following cones. Use the values for the base
radius r and the vertical height h given in each case.

a r=3cm, h=6cm
b r=6cm, h=Tcm
¢ v =8 mm, h=2cm
d r=6cm, h =44 mm
4 Calculate the base radius of a cone with a volume of 600cm’ and a vertical
height of 12cm.
5 A cone has a base circumference of 100cm and a slope height of 18 cm.
Calculate:
a the base radius

b the vertical height
¢ the volume.
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6 Calculate the volume and surface area of both of the following cones. Give your
answers to one decimal place.

/ \ i .20 cm
ll i \_
4 416 cm \.
."l \.\ - \
i \ 4 ™,
/ \ —
/ : \ =—15 cm —=
LY
l"l.._ e —— —
16 cma=|

7 The two cones A and B shown below have the same volume. Using the
dimensions shown and given that the base circumference of cone B is 60 cm,
calculate the height hcm.

8 The sector shown is assembled to form a cone. Calculate: P
a the base circumference of the cone J,/ y
b the base radius of the cone [ /9em
¢ the vertical height of the cone | = goq
d the volume of the cone \ \
e the curved surface area of the cone. '\\ 'tl
~
—— k]

9 Two cones with the same base radius are stuck together as shown. Calculate
the surface area of the shape.

15cm 30 cm
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10 Two cones have the same total surface area.

15 cm
X Ccm
= 5 gma>=| =—3§ gm —>!
Calculate:
a the total surface area of each cone
b the value of x.

11 A cone is placed inside a cuboid as
shown. If the base diameter of the cone
is 12cm and the height of the cuboid is
16 cm, calculate, to one decimal place
where tequitﬂd:

a the volume of the cuboid

b the volume of the cone

¢ the volume of the cuboid not
occupied by the cone.

12 The diagram shows two similar sectors which are assembled into cones.
Calculate:
a the volume of the smaller cone
b the volume of the larger cone

¢ the ratio of their volumes.



Geometry of three-dimensional shapes 223

13 An ice cream consists of a hemisphere and a
cone. Calculate:
a its total volume

b its total surface area.

1
|

10 cm

I
|

14 A cone is placed on top of a cylinder. Using
the dimensions given, calculate

a the total volume of the shape 10m

b its total surface area.

[<—8m—i

15 Two identical truncated cones are placed end to end as shown.

T g 36 cm |
16 cm
! 7

Calculate the total volume of the shape. Give your answer to one decimal place.
16 Two cones A and B are placed either end of a cylindrical tube as shown.

I——25 om —

V@ T

Given that the volumes of A and B are in the ratio 2: 1, calculate, to one
decimal place:
a the volume of cone A

b the height of cone B
¢ the volume of the cylinder.
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B Student assessment 1 M Student assessment 2

1 The coordinates of the end points of two line Diagrams are not drawn to scale.

segments are given below. In each case: ; :
i) calculate the distance between the two end ' ghmol?zs?;&?mgilguéiz ﬁrtﬂixm mt

peinrs to one decimal place.
2 Sketch the following graphs on the same pair of

ii) give the coordinates of the midpnirlt. 5
a ("'65 "1) (6= 4]
8cm
X cm
30°
axes, labelling each clearly. b o
a x= -2 155G
b y=3
c y=-3x
dy=2
7% i xcm k
3 For each of the following linear equations:

b (1,2) (7, 10)
c (23 6) (-2: 3)
i) find the gradient and y-intercept

d (-10, -10} (0, 14)

ii) plot the graph.

€
a:,-=x+]_ b:,'=3--3x
¢ 2x—y=-4 d 2y-5x=8

4 Find the equation of the straight line which
passes through each of the following pairs of
points. Express your answers in the form

¥ =mx +c.
c ("-2, "'9) (5: 5) d (]-a"']-) (_15 ?) d
5 Solve the following pairs of simultaneous 3cm
equations either algebraically or graphically.
ax+y=4 b3x+y=2 i,
x—y=0 x—y=12
cy+4x+4=0 d x—y=-2 x:em

x+y=12 Ix+2y+6=0
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2 Calculate the angle marked 6° in each of the
following. Give your answers correct to the
nearest degree.

% P
-
150m | :
/9cm
b N
‘_ﬂ—j‘/'..x
4.2 cm
O
6.3 cm
€ 3com
|
Scm b
;\
d _14.8cm
=
"1 " 123 cm

3 Calculate the length of the side marked gcm in

each of the following. Give your answers correct
to one decimal place.

a
gcm
3cm
o
4cm
b
b 10.cm
q cm
12 cm
% 3om
n|
VAt
q cm
d /\
48 cm

A /25" =
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3 Two boats X and Y, sailing in a race, are shown
. StUdent assessment 3 in the diagram. Boat X is 145m due north of a

B S oy 109 buoy B. Boat Y is due east of buoy B. Boats X
and Y are 320m apart.
1 A map shows three towns A, B and C. Town A
is due north of C. Town B is due east of A. The X N
distance AC is 75km and the bearing of C from 320 m %
Bis 245°. 145m
Y
B
(
Calculate:

a the distance BY
b the bearing of Y from X
¢ the bearing of X from Y.

Calculate, giving your answers to the nearest 4 Two hawks P and Q ate flying vertically above
100 m: one another. Hawk (Q is 250m above hawk P.

a the distance AB They both spot a snake at R.
b the distance BC.

2 Two trees stand 16 m apart. Their tops make an
angle of 6° at point A on the ground.

[ 28 km -

Using the information given, calculate:
a the height of P above the ground

== xm je—16 m —>=| b the distance between P and R

R it dinmis bstyen O g B,
shorter tree and its distance x metres from 5 A boy standing on a cliff top at A can see a boat
point A. sailing in the sea at B. The vertical height of

b Express 6° in terms of the height of the taller the boy above sea level is 164 m, and the
tree and its distance from A. horizontal distance between the boat and the

¢ Form an equation in terms of x. boy is 4km.

d Calculate the value of x.

e Calculate the value 8. A
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Calculate:

a the distance AB to the nearest metre
b the angle of depression of the boat from the

6 Draw the graph of ¥y = sinx® for 0° < x® < 180°.
Mark on the graph the angles 0°, 90°, 180°, and

also the maximum and minimum values of y.

7 Express each of the following in terms of
another angle between 0° and 180°.
a an50° b sin150°
c cos45° d cos120°

8 Calculate the size of the obtuse angle marked 6°
in this triangle.

18 cm

a°

=

B Student assessment 4

Give all lengths to one decimal place and all
'.mglen to the nearest degme.

1 For the cuboid shown, calculate:
a the length EG
b the length EC A B

c mg].e BEC. D : c
4cm B /JF
227" 6cm

H 10 cm G
2 Using the triangular prism shown, calculate:
a the length AD
b the length AC
¢ the angle AC makes with the plane CDEF
d the angle AC makes with the plane ABFE.

6 cm

E| ~"5om
E 9cm D

3

6

Draw a graph of y = cos#°, for 0° < §° < 180°.
Mark on the angles 0°, 90°, 180°, and also the

maximum and minimum values of y.

The cosine of which other angle between 0 and
180° has the same value as

a cosl28° b —cos80°7

For the triangle shown, calculate:

a the length PS

b angle QRS

¢ the length SR.

Round your answers to one decimal place,
where necessary.

The Great Pyramid at Giza is 146m high. Two

people A and B are looking at the top of the

pyramid. The angle of elevation of the top of

the pyramid from B is 12°. The distance

between A and B is 25m. If both A and B are

1.8m tall, calculate to one decimal place:

a the distance from B to the centre of the base
of the pyramid

b the angle of elevation @ of the top of the
pyramid from A

¢ the distance between A and the top of the
pyramid.

Note: A, B and the top of the pyramid are in
the same vertical plane.
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B Student assessment 5

o D i A i sl
imglm to the nearest degree.
Diagrams are not draun to scale.

1 For this quadrilateral, calculate:

a thelength JL

b angle KJL

¢ thelength ]M

d the area of JKLM.

J
70"

20m

2 For the square-based right pyramid shown,
calculate:
a the length BD
b angle ABD
¢ the area of triangle ABD
d the vertical height of the pyramid.

3 Find two angles between 0° and 360° which

have the following cosine. Give each angle to
the nearest degree.
a 0.79 b -0.28

a On one diagram plot the graph of y = sin8°
and the graph of y = cos6®, for 0° < 6° <
360°.

b Use your graph to find the angles for which
sin@® = cos"6°.

The cuboid shown has one of its comers

removed to leave a flat triangle BDC.

A B

Becm
Scm

L 6cm

H 5on G
Calculate to two significant figures:
a length DC
b length BC
¢ length DB
d angle CBD
e the area of triangle BDC
f the angle AC makes with the plane AEHD.

In the diagram of the cuboid, X is the midpoint
of VW and Y is the midpoint of TW.

RS = 24cm

SP = 20cm ¥ : w
TQ =9%m N\
o N T
Calculate:
aPR bRV gl R
c W d XY )

e SY. p- 1q
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B Student assessment 6

Give all your answers to one decimal place.

1 A sphere has a radius of 6.5cm. Calculate:
a its total surface area
b its volume.

2 A pyramid with a base the shape of a regular
hexagon is shown. If the length of each of its
sloping edges is 24 cm, calculate:

a its total surface area
b its volume.

12cm

3 The prism here has a cross-sectional area in the
shape of a sector.

Calculate:
a the radius rem
b the cross-sectional area of the prism
¢ the total surface area of the prism
d the volume of the prism.
cm
rem

8cm

4 ThE cone 3111:1 SPhE‘l'E Sth'WTl hE‘l'E h&VE I'_hE same

Wl.l.lmﬂ.

If the radius of the sphere and the height of the
cone are both 6cm, calculate:

a the volume of the sphere

b the base radius of the cone

¢ the slant height xcm

d the surface area of the cone.

The top of a cone is cut off and a cylindrical
hole is drilled out of the remaining truncated

cone as Sl'lﬂle

Calculate:

a the height of the original cone

b the volume of the original cone

¢ the volume of the solid truncated cone

d the volume of the eylindrical hole

e the volume of the remaining truncated cone.
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‘doughnut’ geometry? &5
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geometry ﬂfmﬂ torus. I
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torus a straight line?




Statistics

Syllabus content

6.1 Classification of data as discrete or continuous.
6.2 Simple discrete data: frequency tables; frequency polygons.

6.3 Grouped discrete or continuous data: frequency tables; mid-interval values;
upper and lower boundaries.

Frequency histograms.
Stem and leaf diagrams (stem plots).

6.4 Cumulative frequency tables for grouped discrete data and for grouped
continuous data; cumulative frequency curves.

Box and whisker plots (box plots).
Percentiles; quartiles.

6.5 Measures of central tendency.
For simple discrete data: mean; median; mode.

For grouped discrete and continuous data: approximate mean; modal group;
50th percentile.

6.6 Measures of dispersion range; interquartile range; standard deviation.
6.7 Scatter diagrams; line of best fit, by eye, passing through the mean point.
Bivariate data: the concept of correlation.

Pearson’s product—-moment correlation coefficient: use of the formula

8
r= s -
stj

Interpretation of positive, zero and negative correlations.
5
6.8 The regression line for y on x: use of the formulay -5 = (s—x;z(x - x).
Use of the regression line for prediction purposes.

6.9 The test for independence: formulation of null and altemative hypotheses;
significance levels; contingency tables; expected frequencies; use of the
(-

; degrees of freedom; use of tables for critical values;
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6.1

6.2

Introduction

The word statistics comes from the Latin status meaning state. So statistics was
related to information useful to the state.
Statistics is often not considered to be a branch of mathematics, and many

universities have a separate statistics department.

Statistics developed out of studies of probability.

Societies such as the London Statistical Society, established in 1834, brought the
study of statistics to new heights, but only the advent of computers has brought the
ahility to handle and analyze very large amounts of data.

Discrete and continuous data

Discrete data can only take specific values, for example the number of tickets sold
for a concert can only be positive integer values.

Continuous data, on the other hand, can take any value within a certain range,
for example the time taken to run 100m will typically fall in the range 10-20
seconds. Within that range, however, the time stated will depend on the accuracy
required. So a time stated as 13.8s could have been 13.76s5, 13.764s or 13.7644s, etc.

Exercise 6.1.1

State whether the data below is discrete or continuous.
1 Your shoe size
2 Your height
3 Your house number
4 Your weight
5 The total score when two dice are rolled
6 A mathematics exam mark
7 The distance from the Earth to the moon
8 The number of students in your school
9 The speed of a train

10 The density of lead

Displaying simple discrete data

Data can be displayed in many different ways. It is therefore important to choose
the method that displays the data most clearly and effectively.
The frequency table shows the shoe sizes of 20 students in a class.

Shoe size 6 63 7 iy 8 8 9

Frequency 2 3 3 6 4 1 1
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This can be displayed asa
frequency histogram.

Frequency

R W B ot =~ o

05 55 68 65 7 75 8 85 9 85 10
Shoe size

Shoe sizes are an example of discrete data as the data can only take certain values.
As a result the frequency histogram has certain properties.

m Each baris of equal width and its height represents the frequency.

® The bars touch (this is not the case with a bar chart).

m The value is written at the mid-width of each bar. This is because students with
a foot size in the range 6.75—7.25, for example, would have a shoe size of 7.

If a line is drawn joining the 8
midpoints of the top of each bar -
it forms a frequency polygon.
6
1R
E 4 I / \
£ 7 \
2 \
1 |
C'5 56 6 65 7 75 8 85 9 95 10
Shoe size
Note: A frequency polygon can
be drawn without having to draw
the frequency histogram.

Frequency

R W B O & o~ @

I[:'5 55 6 65 ¥ 75 8 85 9 95 10
Shoe size
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The GDC and gmphing software can also be use to plcut frequency histogmms. The

instructions below are for the shoe data given above.

Casio

E B to select the stat. mode.

Enter the shoe sizes in List 1 and their
frequency in List 2.

,.-!Il'l_'!"'_’- to select the graphing option.

é. to set the graph type and identify

the source of the data, i.e. a histogram
with data taken from List 1 and frequency

£ to select Graph 1. Enter the settings
as shown.

m to graph the histogram.

to obtain the
value and
frequency of
each bar.

Fraxw

=i WS E ]

[Pl RFeE T

Ui
Drgws LEME ]
T ey o B

.1 HisLosram Setlire

e

=l

i

Slalorarhl

i e

Fa B vl
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— PN

H m to enter the data into lists.

Enter the shoe size into List 1 and the
frequency in List 2.

L1 LE L} 1

il i P o B0 0

\ J n to select the type of

graph and its properties, i.e. turn Plot 1
on, choose the histogram graph and
ensure that data is taken from L, and its
frequency from L, as shown.

Flstz FRt2

Hlistily
Fre«:Lz

i p to determine the scales of the axes.

[ T RCICS
AEineD
Hﬂax—ig
necl=
Ymin=
Qmax—ﬁ

Yscl=]
Aares=1

. to graph the histogram.

to obtain the value and
frequency of each bar.

FE-Li-Lz

i

=] -
T S8, &
P (T L

Note: Neither calculator has a frequency polygon function, although it could be

drawn as a line graph.
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Autograph

Select to produce a statistics
page.
to enter the data as a
ﬁ' frequency table.
Ensure the data type is marked as
Discrete and the unit size as 0.5.

Select ‘use (x, f) table’ followed by

Enter shoe size in column ‘X" and
frequency in column ‘f’. Ensure an
additional size is entered as zero as
an upper bound. Click ‘OK".

dick on the histogram icon tﬂ

and enter the histogram options.
Cick "OK'.

To change the scale on the axes

use [.° .

q.
I Y

|+ Er e it g o
[] Grans Proguency Polygan
[=]Fdl Histooram

mﬂ?-[ |

Note: Although the shoe sizes are discrete quantities, Autograph
considers a shoe size of 6 to represent the group 5.75-6.25.

GeoGebra as yet does not have a spreadsheet facility for graphing
statistical data. You should be able to use a spreadsheet program for
graphing statistical data if Autograph is not available.
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B Exercise 6.2.1

1 The figures in the list below give the total number of chocolate sweets in each of
20 packets of sweets.

35, 36, 38, 37, 35, 36, 38, 36, 37, 35, 36, 36, 38, 36, 35, 38, 37, 38, 36, 38

a Present the data in a tally and frequency table.
b Present the data as a frequency histogram.
¢ Add a frequency polygon to the histogram drawn in part b.

2 Record the shoe sizes of everybody in your class.
a Present the results in a tally and frequency table.
b Present the data as a frequency polygon.

¢ What conclusions can you draw from your results?

6.3 Grouped discrete or continuous data

If there is a large range in the data, it is sometimes easier and more useful to group
the data in a grouped frequency table.

The discrete data below shows the scores for the first round of a golf competition.

71 75 82 9 8 115 76 8 103 8 79 77 B3 8 88
04 76 1 79 83 B4 B6 8 102 9 96 99 102 75 72

One possible way of grouping this data in a

grouped frequency table is shown opposite. Score Frequency
Note: The groups are anangad so that no 71-75 5
score can appear in two groups. 76-80 6
B81-85 B
86-90 3
91-95 1
96-100 3
101-105 4

B Exercise 6.3.1

1 The following data gives the percentage scores obtained by students from two
classes, 12X and 12Y, in a mathematics exam.

12X

42 73 93 8 68 58 33 70 71 85 90 99 41 70 65
80 73 B89 88 93 49 50 57 64 78 79 94 80 50 76 99

12Y

70 65 50 B9 96 45 32 64 55 39 45 58 50 82 84
91 92 88 T1 52 33 44 45 53 T4 91 46 48 59 57 95

a Draw a grouped tally and frequency table for each of the classes.
b Comment on any similarities or differences between the results.
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2 The number of apples collected from 50 trees is recorded below.
89 110 112 148 98

¥H 78
67 45
24 38
111 52

table.

15 65 69
25 18 23
73 82 142
8 63 18

3z 12 9
56 71 62
15 98 6

46 128 7

123 49 B85 63
12 55 138 102 53 80

Choose suitable groups for this data and represent it in a grouped frequency

133 96

19

With grouped continuous data, the groups are presented in a different way.
The results below are the times given (in h:min:s) for the first 50 people

completing a marathon.

2:07:11
2:10:46
2:13:12
2:16:25
2:19:27
2:21:47
2:23:17
2:24:04
2:24:45
2:26:22

2:08:15
2:11:42
2:13:26
2:16:27
2:19:31
2:21:52
2:23:28
2:24:12
2:25:18
2:26:51

2:09:36
2:11:57
2:14:26
2:17:09
2:20:00
2:22:32
2:23:46
2:24:15
2:25:34
2:27:14

2:00:45
2:12:02
2:15:34
2:18:29
2:20:23
2:22:48
2:23:48
2:24:24
2:25:56
2:27:23

2:10:45
2:12:11
2:15:43
2:19:26
2:20:29
2:23:08
2:23:57
2:24:29
2:26:10
2:27:37

The data can be arranged into a grouped frequency table as follows.

Group Frequency
2:05:00 < t < 2:10:00 4
2:10:00 < t < 2:15:00 9
2:15:00 < t < 2:20:00 9
2:20:00 < t < 2:25:00 19
2:25:00 = t < 2:30:00 9

Note that, as with discrete data, the groups do not overlap. However, as the data is
continuous, the groups are written using inequalities. The first group includes all
times from 2 h 5 min up to but not including 2 h 10 min.
With continuous data, the upper and lower bound of each group are the
numbers written as the limits of the group. In the example above, for the group
2:05:00 = t < 2:10:00, the lower bound is 2:05:00; the upper bound is considered
to be 2:10:00 despite it not actually being included in the inequality.
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Worked example

Frequency histograms for grouped data

A frequency histogram displays the frequency of either continuous or grouped
discrete data in the form of bars. There are several important features of a frequency

histogram for grouped data.
m The bars touch.

The horizontal axis is labelled with a scale.
The bars can be of varying width.
The frequency of the data is represented by the area of the bar and not the

height. (Note: In the case of bars of equal width, the area is directly
proportional to the height of the bar and so the height is usually used as the

measure of frequency.)

The table shows the marks out
of 100 in a mathematics exam
for a class of 32 students.

Draw a histogram representing
this data.

Test marks Frequency

a@
|
-]
[=]
[ I = 1 T I O « < B B

81-80

91-100 1

All the class intervals are the same. As a result the bars of the histogram will all be of
equal width, and the frequency can be plotted on the vertical axis. The histogram is
shown. Note that the upper and lower bounds are used to draw the bars.

Y

Frequency

== M W ke 0@ =~ @ ©

I_r

_|_‘

0 10 20 30 40 50 60 70 80 90 100

Test score
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When the class intervals are of different widths, the frequency is proportional to
the area of the bar and we plot frequency density on the vertical axis.

The heights of 25 sunflowers were measured and the results recorded in the table.

Height (m) Frequency
0=h<10 6
10=h<15 3
15<h<20 4
20= h<225 3
225 =h<250 5
250 <h<275 4

If a histogram were drawn with frequency plotted on the vertical axis, then it could
look like the one shown.

Frequency

= P W ok o =

EENmEnN
. Q,"P o‘;’g’f’ Ny \"ﬁ’ \‘-’.&"’ ru.g..‘_".bb r;.b.{!f"’
Sunflower height (m)

This graph is misleading because it leads people to the conclusion that most of the
ainflowers were under 1m, simply because the area of the bar is so great. In actual
fact, only approximately one quarter of the sunflowers were under 1 m.

When class intervals are different, it is the area of the bar which represents the
frequency not the height. Instead of frequency being plotted on the vertical axis,
frequency density is plotted.

frequency

Frequency density = = T
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The results of the sunflower measurements above can therefore be written as:

Height {m) Frequency Frequency density

0=h<10 6 Bb+1=6
10=h<15 2 3+05=6
15=h=<20 4 4+05=8
20=h=<225 3 3+025=12
225 =h=<250 5 5+025=20
250 =h=<275 4 4+025=16

The histogram can therefore be redrawn as shown giving a more accurate
representation of the data.

3

20

e
=T o T A =

Frequency density

| Ffli

DQ'?QQ«‘:"Q']"D "JA“J Q.-E)q:bnf:

Sunflower height (m)

[+ = ]

Notice that questions 1 and 2 in Exercise 6.3.2 both deal with continuous data but
that the class intervals are represented in different ways. In question 2, 145— means
the students whose heights fall in the range 145 < h < 150.
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B Exercise 6.3.2

1 The table shows the distances
travelled to school by a class
of 30 students. Represent this
information on a histogram.

2 The heights of students in a
class were measured. The
results are shown in the table.
Draw a histogram to represent
this data.

3 The table shows the time
taken, in minutes, by 40
students to travel to school.

Distance (km) Frequency
0=d<1 8
1=d<2 5
2=d=<3 6
Ii=d<14 3
4=d<5 4
5=d<6 2
6=d<7 1
7=d<8 1
Height (m) Frequency

145- 1
150- 2
155- 4
160- 7
165- 6
170- 3
175- 2
180-185 1
Time {min) Frequency
0=t<10 6

10=t<15 3
15=it<20 13
20=t<25 7
25=t<30 3
W=t<40 4
40 =t <60 4

a Copy the table and complete it by calculating the frequency density.
b Represent the information on a histogram.




244 STATISTICS

e B T
living in their village. Part 0=a<i 35
Shf;l'ltle;i-;ESllltS BEEcLOUCin 1=a<5 12

5=a<10 28
0=a<20 180
20=a<40 260
40 = a < 60 14
B0 = a<9 150

a Copy the table and mmplete it by c&lculating either the frequency or the
frequency density.
b Represent the information on a histogram.

Db ind [ s
taking the 6:00 am train into 0<a<is 3
sty 15< a<20 25

20=a<25 20
25=a<30 30
V=a<35 32
40 =a<50 30
50 =a<80 10

The histogram shows the results obtained when the same survey was carried out
on the 11:00 am train.

[

o

Frequency density

= M W & 3 =~

| | I N ) |I | | | | | |

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 8O
Age of travellers

a Draw a histogram for the 6:00 am train.
b Compare the two sets of data and give two possible reasons for the
differences.
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Worked example

Stem and leaf diagrams

Stem and leaf diagrams (also called stem plots) are a special type of bar chart, in
which the bars are made from the data itself. This has the advantage that the
ariginal data can be recovered easily from the diagram.

The stem is the first digit of the numbers, so if the numbers are 63, 65, 67, 68,
69, the stem is 6. The leaves are the remaining digits written in order.

The ages of people on a coach transferring them from an airport to a ski resort are
shown below.

22 24 25 31 33 13 24 126 37 42
40 36 33 24 25 18 20 27 35 33
28 33 35 39 40 48 27 25 24 19

Display the data on a stem and leaf diagram.

118

2|02 34444555567 7829
3|11333356789 Key
4002 8 2|5meam25

Note that, on the right, the key states what the stem means. If the data were 1.8,
2.7, 3.2 etc., the key would stare that 2| 7 means 2.7.

Exercise 6.3.3

1 A test in mathematics is marked out of 40. The scores for a class of 32 students
are shown below.

24 27 30 33 26 27 28 39
21 18 16 33 22 38 33 21
16 1 14 23 37 36 38 22
28 15 9 17 28 33 36 34

Display the data on a stem and leaf diagram.

2 A basketball team played 24 matches in the 2009 season. Their scores are shown
below.

62 48 85 74 63 67 7
46 52 63 65 72 76 68
54 46 88 55 46 52 58

£ 8|8

Display the scores on a stem and leaf diagram.
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Worked example

3 The 27 students in a class were each asked to draw a line 8cm long with a
straight edge rather than with a ruler. The lines were then measured and their
lengths to the nearest millimetre were recorded.

88 6.2 8.3 79 8.0 59 6.2 100 | 97
79 5.4 6.8 1.3 7.7 B9 104 | 59 B3
6.1 7.2 8.3 94 6.5 58 88 8.0 7.3

Illustrate this data on a stem and leaf diagram.

Back-to-back diagrams

Stem and leafdiagnams are often used as an easy way to compare two sets of data.
The leaves are usually put ‘back -to-back’ on either side of the stem.

The stem and leaf diagram for the ages of people on a coach to a ski resort (as in
the previous worked example ) is shown below. The data is easily accessible.

1|8

2023444455556 778289
3/1333356T789 Key
4002 8 2|5mean325

A second coach from the airport is taking people to a golfing holiday. The ages of
the people are shown below.
43 46 52 61 65 38 36 28 37 45

69 72 63 55 46 34 35 37 43 48
54 53 47 36 58 63 10 55 63 64

Display the two sets of data on a back-to-back stem and leaf diagram.

Golf Skiing
1| 8

8| 2| 02344445 5556778289
B7 76654 313333586729
B766533 |4|0028
B 55432 |5 Key
9543331|686 3|5 means 35

2 0|7

Exercise 6.3.4

1 Write three sentences commenting on the back-to-back diagmm in the worked
example above.

2 The baskethall team in question 2 of the previous exercise had replaced their
team coach at the end of the 2008 season. Their scores for the 24 matches
played in the 2008 season are shown below.

82 32 88 24 105 63 8 42 35 88 18 106
64 72 88 126 35 41 100 48 54 36 28 33

Display the scores from both seasons on a back-to-back stem and leaf diagram

and comment on it.
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P 6.4

Woeorked example

3 The mathematics test results shown in question 1 of the previous exercise were for
test B. Test A had already been set and marked and the teacher had gone over some
of the questions with the class. The marks out of 40 for test A are shown below.

22 18 9 11 38 33 21 14 16 8 12
3 39 25 23 18 34 36 123 16 14 12
22 19 33 35 12 17 22 28 32 39

Draw a back-to-back stem and leaf diagram for the scores from both tests and

comment on it.

Cumulative frequency

Measures of central tendency and measures of dispersion are covered in Sections 6.5
and 6.6. In this section we look at cumulative frequency. A cumulative frequency
graph is particularly useful when trying to calculate the median (the middle value)
of a large set of grouped discrete data or continuous data, or when trying to establish
how consistent a set of results are. Calculating the cumulative frequency is done by
adding up the frequencies as we go along.

The duration of two different brands of battery, A and B, is tested. Fifty batteries of
each type are randomly selected and tested in the same way. The duration of each
battery is then recorded. The results of the tests are shown in the table below.

Type A: duration (h) Frequency Cumulative frequency
0=st<5 3 3
5=t<10 5 8

10=t<15 8 16
15=t<20 10 26
20=t< 25 12 38
25=t<30 s 45
30=t<35 5 50

Type B: duration (h) Frequency Cumulative frequency
0=t<5 1 1
5=t<10 1 2

10=t<15 10 12
15=t<20 23 35
20=t< 25 9 44
25=t=<30 4 43
30=t=<35 2 50
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a Plot a cumulative frequency curve for each brand of battery.
b Estimate the median duration for each brand.

a The points are plotted at the upper boundary of each class interval rather
than at the middle of the interval. So, for type A, points are plotred at
(5, 3), (10, 8), etc. The points are joined with a smooth curve which is
extended to include (0, 0).

s 50 battery
g40r Em
‘;mr ‘;30
'§25 """"""" : '%25
el 5 Ex
10 W

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Duration (h}) Duration (h)

Both cumulative frequency curves are plotted above.

b The median value is the value which occurs half-way up the cumulative
frequency axis. This is shown with broken lines on the graphs. Therefore:
median for type A batteries = 19 h
median for type B batteries = 18 h
This tells us that, on average, batteries of type A last longer (19 hours)
than batteries of type B (18 hours).

Graphing software can produce a cumulative frequency curve and help with
calculating the median value.
The example on the opposite page takes the data for ]:-attery A above.
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Autograph

Select to produce a statistics page.

=L to enter the grouped data
properties as shown. Click ‘OK’.

dick on the cumulative frequency graph

icon |.£ .

Ensure ‘cumulative frequency’ and ‘curve
fit" are selected.

dick "OK".

Ty

To change the scale on the axes use |/ .

To calculate the median, click on the
‘cumulative

frequency diagram measurement’ icon
EA" and select ‘Median’. Click *OK".

A horizontal line is drawn at the middle
value on the cumulative frequency axis.
A vertical line can be dragged at its base
until it intersects the horizontal line on
the curve.

The median result is shown at the base
of the screen.
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B Exercise 6.4.1

1 Sixty athletes enter a cross-country race. Their finishing times are recorded and
are shown in the table helow.

Finishing time (h) 0 0.5- 1.0- 1.5~ 2.0~ 25 | 3.0-35
Frequency 0 0 B 34 16 3 1
Cumulative freq.

a Copy the table and calculate the values for the cumulative fmqumcy.
b Draw a cumulative frequency curve of the results.
¢ Show how your graph could be used to find the approximate median

finishing time.

d What does the median value tell us?

2 Three mathematics classes take the same test in preparation for their final exam.
Their raw scores are shown below.

Class A

Class B 48, 53, 54, 59, 61, 62, 67, T8, 85, 96, 98, 99
ClassC 10, 22, 36, 42, 44, 68, 72, 74, 75, 83, 86, 89, 93, 96,97, 99, 99

a Using the class intervals 0 < x < 20, 20 = x < 40 etc., draw a grouped
frequency table and cumulative frequency table for each class.

b Draw a cumulative frequency curve for each class.

¢ Show how your graph could be used to find the median score for each class.

d What does the median value tell us?

3 The table below shows the heights of students in a class over a three-year period.

12, 21, 24, 30, 33, 36, 42, 45, 53, 53, 57, 59, 61, 62, 14, 88, 92, 93

Height (m) Frequency 2007 Frequency 2008 Frequency 2009
150 < h < 155 6 2 2
155 < h < 160 B8 9 6
160 < h < 165 " 10 9
165 < h < 170 4 4 8
170 < h < 175 1 3 2
175 < h < 180 0 2 2
180 < h < 185 0 0 1

a Construct a cumulative frequency table for each year.

b Draw the cumulative frequency curve for each year.
¢ Show how your graph could be used to find the median height for each

year.
d What does the median value tell us?
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Worked example

Quartiles and the interquartile range

The cumulative frequency axis can also be

represented in terms of percentiles. A 120
percentile scale divides the cumulative
frequency scale into hundredths. The
maximum value of cumulative frequency is
found at the 100th percentile. Similarly the
median, being the middle value, is the 50th
percentile. The 25th percentile is known as
the lower quartile, and the 75th percentile is ;
called the upper quartile. ! _
The range of a distribution is found by 9, q3 93
subtracting the lowest value from the highest Interquartile range
value. Sometimes this will give a useful result, .

but often it will not. A better measure of q, Lower quartile
dispersion is given by looking at the spread of g, Median

the middle half of the results, i.e. the difference a3 Upper quartile

between the upper and lower quartiles. This

result is known as the interquartile range.

8
T

3
|

8
T

Cumulative frequency

Consider again the two types of batteries A and B discussed earlier (page 247).

a Using the graphs, estimate the upper and lower quartiles for each battery.

b Calculate the interquartile range for each type of battery.

¢ Based on these results, how might the manufacturers advertise the two types of
battery?

) Type A battery 3 Type B battery
ﬁnk_ 50—
= = —
53?‘!2 : : §3?4g
g o £
g 25 ............... ‘g 25 e
§ 20 § 20
U D
Vs 125
10+ 0
| ; :I | ; i | L

| I—|
0 5 1015 20 25 30 38 0 5 10 15 20 25 30 35

Duration (h) Duration (h)
a Lower quartile of type A = 13 h Lower quartile of type B =15 h
Upper quartile of type A =25 h Upper quartile of type B =21 h
b Interquartile range of type A =12 h Interquartile range of type B=6h

¢ Type A: on ‘average’ the longer-lasting battery
Type B: the more reliable battery
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The interquartile range can be calculated using graphing software as shown below.

Autograph

Enter the data for battery A and produce
the cumulative frequency graph as
shown earlier.

To calculate each of the quartiles, click
on the ‘cumulative frequency diagram

measurement’ icon {3’ and select
'LQ(25%)’". Click ‘OK’.

A horizontal line is drawn at the lower = -
quartile value on the cumulative
frequency axis. A vertical line can be
dragged at its base until it intersects the
horizontal line on the curve.

The lower quartile result is shown at the
base of the screen.

The above procedure can be repeated
for the upper quartile.

ity Frogeey | Do Sesnsoewrd o000

B Exercise 6.4.2

1 Using the results obtained from question 2 of the previous exercise:
a find the interquartile range of each of the classes taking the mathematics test
b analyze your results and write a brief summary comparing the three classes.

2 Using the results obtained from question 3 of the previous exercise:
a find the interquartile range of the students’ heights each year
b analyze your results and write a brief summary comparing the three years.

3 Forty boys enter for a school javelin competition. The distances thrown are

recorded below.
Distance thrown (m) [ 20— 40~ 60— 80-100
Frequency 4 9 15 10 2

a Construct a cumulative frequency table for the above results.

b Draw a cumulative frequency curve.

¢ I the top 20% of boys are considered for the final, estimate (using the
graph) the qualifying distance.

d Calculate the interquartile range of the throws.

e Calculate the median distance thrown.
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4 The masses of two different types of oranges are compared. Eighty oranges are
m.nd-:rmly selected from each type and weigha:l. The results are shown below.

Type A Type B

Mass (g) Frequency Mass (g) Frequency
75~ 4 75 0
100~ 7 100- 16
125~ 15 125- 43
150~ 32 150 10
175~ 14 175~ i
200~ 6 200- 4

225-250 2 225-250 0

Construct a cumulative frequency table for each type of orange.
Draw a cumulative frequency graph for each type of orange.
Calculate the median mass for each type of orange.

Using your graphs estimate:

i) the lower quartile

ii) the upper quartile

iii) the interquartile range

for each type of orange.

e Write a brief report comparing the two types of orange.

5 Two competing brands of battery are compared. A hundred batteries of each
brand are tested and the duration of each is recorded. The results of the tests are

shown in the cumulative frequency graphs below.

= B -

A Brand X Brand Y

-
(=1
(=1
I
-
=
=]
I

[=:]
=
1

Cumulative frequency
23]
(=1
[
Cumulative frequency
23]
=
|

40+ 401
20 20F
1 1 | | | |
0 10 20 30 40 0 10 20 30 40
Duration (h) Duration (h)

a The manufacturers of brand X claim that on average their batteries will last
at least 40% lcmger than those of brand Y. Shuwing your method clearly,
decide whether this claim is true.

b The manufacturers of brand X also claim that their batteries are more
reliable than those of brand Y. Is this claim true? Show your working clearly.
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@ Box and whisker plots

So far we have seen how cumulative frequency curves enable us to look at how
data is dispersed (spread out) by working out the upper and lower quartiles and
also the interquartile range.

Box and whisker plots (also known as box plots) provide another visual way of
representing the spread of data. The diagram below demonstrates what a ‘typical’
box and whisker plot looks like and also highlights its main features.

I

Minimum  Q,Q, Q, Maximum
value value

The box and whisker plot shows all the main features of the data, i.e. the minimum
and maximum values, the upper and lower quartiles and the median. The box
represents the middle 50% of the data (the interquartile range) and the whiskers
represent the whole of the data (the range]

represents the number of values. Similarly the position of the lower quartile can be

calculated using the formula 1t : and the upper quartile by the formula 3(“: U.

The shoe sizes of 15 boys and 15 girls from the same class are recorded in the

frequency table below.
Shoe size 5 | 55| 6 |6 | 7| 7|8 | 8|9 |9%
Frequency (boys) 0 0 1 2 1 2 3 4 1 i
Frequency (girls) 1 3 4 4 1 1 1 0 0 0

a Calculate the lower quartile, median and upper quartile shoe sizes for the

boys and girls in the class.

b Compare this data using two hox and whisker plots (one for boys and one
for girls).

¢ What conclusions can be drawn from the box and whisker plots?

a Lowerquarﬁlebny=15:1 = 4th ie.q =17
Medianbcw=15;l=8&‘ ie.q,=8
Upl:»arc:[uartilebi:ry=3(1547+l:l=12th ie.q; = 8%

Lower Quartile girl is the 4 ie.q, = 5%
Median gitl is the 8 ie.q, =

Upper quartile girl is the 12 ie.q; = 6%
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minimum values.

'
Girls

|_

Boys

_|

_1PI | | | | | | | | | -
5 5.6 617 758 8 9 of

50% of boys.

Minimum boy shoe size is 6, maximum boy shoe size is 9%.
Minimum girl shoe size is 5, maximum girl shoe size is 8.

b For box and whisker P].CI-[S it is necessary to know the maximum and

Note: There is no scale
on the y-axis as it is not
relevant in a box and
whisker plot.
Consequently, the
height of a box and
whisker plot does not
have a particular value.

c m The overall range of data is greater for bnys than it is for girls.
] The interquartile range for girls is less than for boys, i.e. the middle
50% of girls have a narrower spread of shoe size than the middle

A GDC can also produce a box and whisker plot. The instructions that follow are

for the boys' data above.

Casio

T ma v
m “ to select the stat. mode.
Enter the shoe sizes in List 1 and the boy's frequency in List 2.

gy

£ to select the graphing option.

ﬂ. to set the graph type and identify
the source of the data, i.e. a ‘MedBox’ with data taken from

List 1 and frequency from List 2 m i
Jﬁ to select Graph 1.

_— . to obtain the minimum, lower
o quartile, median, upper quartile

and maximum values.

liese ol iefe B]iegr B]icst &

Gl.llI THD F |
Ed B Ed
| 1 1
W us 2

™ e =g
Pri L

F e bsres o
Ouall. ] § #r-2

Slatorashl

anr =

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the

box and whisker plot.
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Texas
K] Lz 3 1
mto enter the data into lists. Es_ T
Enter the boy’s shoe size into List 1 and the frequency in List 2. 3,5 %
]
B5 L |
| | ]

) u to select the type of graph and its E e
=

Of§
properties, i.e. turn Plot 1 on, choose the box and whisker Pt h. E &

plot graph and ensure that data is taken from L1 and its Wlistila
frequency from L2 as shown. Fresilal
W [ MO
4 to determine the scale of the axes. KH;;FL
scl=
" ) 3hgn:?
« J to graph the box and whisker plot. Uacimi
Ares=l
i 'E. to obtain the minimum, lower quartile, _ED—'
PLAsALE
median, upper quartile and maximum values. D]

Hd=l |

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the
box and whisker plot.

B Exercise 6.4.3

Using a GDC or otherwise, answer the following questions.

1 A foothall team records, over 20 matches, the number of goals it scored and the
numbser of goals it let in in each match. The results are shown in the table below.

Number of goals 0 1 2 3 4 5
Frequency of goals scored 6 9 3 1 0 1
Frequency of goals let in 3 3 8 3 3 0

a For goals scored and goals let in, work out:
i) the mean
ii) the median
iii) the lower quarti le
iv) the upper quartile
v) the interquartile range.
b Using the same scale, represent the data using box and whisker plots.
¢ Write a brief report about what the box and whisker plots tell you about

the team’s results.
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2 Two competing holiday resorts record the number of hours of sunshine they have
each day during the month of August. The results are shown below.

Hours of sunshine 4 5 [ 7 8 9 10 1 12
Resort A 1 2 3 5 5 4 4 4 3
Resort B 0 0 0 4 12 10 5 0 0

a For each resort work out the number of hours of sunshine represented by:

i) the mean

ii) the median

iii) the lower quartile

iv) the upper quartile
v) the interquartile range.

b Using the same scale, represent the data using box and whisker plots.

¢ Based on the data and referring to your box and whisker plots, explain

which resort you would choose to go to for a beach holiday in August.

3 A teacher decides to tackle the problem of students arriving late to his class. To
do this, he records how late they are to the nearest minute. His results are shown

in the rable below.
Number of minutes late | 0 1 2| 3 4 5 6 | 7 8 9 |10
Number of students 6 4 4 5 7|3 1 1] 0 0 0
After two weeks of trying to improve the situation, he records a new set of
results. These are shown below.
Number of minutes late 0 1 2 3 4 |5 |6 | 7| 8|9 |10
Number of students 14| 7 | 4 1 1 1 0| 0 1 V] 1

The teacher decides to analyze these sets of data using box and whisker plots. By
carrying out any necessary calculations and drawing the relevant box and whisker
plots, decide whether his strategy has improved pupil punctuality. Give detailed

6.5 Measures of central tendency

‘Average’ is a word which, in general use, is taken to mean somewhere in the

middle. For example, a woman may describe herself as being of average height. A
student may think that he or she is of average ability in maths. Mathematics is

more precise and uses three main methods to measure average.

® The mode is the value occurring most often.
® The median is the middle value when all the data is arranged in order of size.
# The mean is found by adding together all the values of the data and then

dividing the total by the number of data values.
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The numbers below represent the number of goals scored by a team in the first 15
matches of the season. Find the mean, median and mode of the goals.

1024121125501123

1+0+2+4+1+2+1+1+2+5+5+0+1+2+3
Mean = 5 =1

Arranging all the data in order and then picking out the middle number gives the
median: 0011111(2)2223455

The mode is the number that appears most often. Therefore the mode is 1.

Note: If there is an even number of data values, then there will not be one middle
number, but a middle pair. The median is calculated by working out the mean of

the middle pair.
Your GDC is also capable of calculating the mean and median of this set of data.

Casio

WliE -

m B to select the stat. mode.

Enter the data in List 1.

T
(™™ to access the calculations menu.

.&' to check the setup.

The data has 1 variable (number of goals),

gar Al 1S ilis
welar YLl f—'I..ul.'..

it is in List 1 and each value should be Hiwn Frem o
counted once. —
m i-arigiie
Trace ;}' ::'fj
™ to perform the statistical calculations. | | =r :i;g;gjf*is "
] Bl
The following screen summarizes the
results of many calculations. L-isar 1 gl
gL =
The screen can be scrolled to reveal further e :%
results. A 2

Note: The mean is given by X and the median by ‘Med".
The lower quartile, g,, and upper quartile, g,, are also displayed on
this screen, as Q1 and Q3 respectively.
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Texas
— K] ¥ X 1
STAT to enter the data into lists. [ [— —
Enter the data in List 1. :
L

ED{TU[E]!%_TESTE
=\ar Stats
i . to select the ‘Calc’ menu. 5 i-Var- Slats

3 ified fled )
m followed by m to perform 1=ar Stats Lim

statistical calculations on the 1-variable data

.._
-
=

1]
flar}

in List 1.
1 =a SLaLs
P
o e
Sical. SOISETASL
The following screen summarizes the results lﬁ:fé"ﬂ' 133338

of many calculations.

The screen can be scrolled to reveal further =l
results. Ba=1

Note: The mean is given by x and the median by ‘Med'.

The lower quartile, q,, and upper quartile, q,, are also displayed on
this screen, as Q, and Q, respectively.

B Exercise 6.5.1

1 Find the mean, median and mode for each set of data.

a The number of goals scored by a hockey team in each of 15 matches
10240111253012122

b The total scores when two dice are rolled
T45732868765119738765

¢ The number of pupils present in a class over a three-week period
28 24 25 28 23 28 27 26 27 25 28 28 18 16 15

d An athlete's training times (seconds) for the 100 metres
140 14.3 14.1 143 14.2 14.0 139 138
139 13.8 138 13.7 138 138 138

2 The mean mass of the 11 players in a foothall team is 80.3 kg. The mean mass of
the team plus a substitute is 81.2kg. Calculate the mass of the substitute.
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Worked example

3 After eight matches a baskethall player had scored a mean of 27 points. After

three more matches his mean was 29. Calculate the total number of points he
scored in the last three games.

Large amounts of data
When there are only three values in a set of data, the median value is given by the
second value, i.e. 1 CE_:I 3.

When there are four values in a set of data, the median value is given by the
mean of the second and third values, i.e 1 @ 4.
When there are five values in a set of data, the median value is given by the third

value .

If this pattern is continued, it can be deduced that for n sets of data, the median
value is given by the value at 2 ; 1. This is useful when ﬁnding the median of latge
sets of data.

The shoe sizes of 49 people are recorded in the table below. Calculate the median,

mean and modal shoe size.

1

Shoe size 3 | 3| 4| 4| s

Ko

6 | 65 | 7

Frequency 2 4 5 9 8 6 6 5 4

As there are 49 data values, the median value is the 25 value. We can use the
cumulative frequency to identify which class this falls within.

1

Shoe size 3 | 33| 4 |4 |5 |55 |6 |65 7

Cumulative frequency 2 6 1 20 28 34 40 45 49

The median occurs within shoe size 5. So the median shoe size is 5.
To calculate the mean of a large data set, we use the formula

Zh

E=T where n = Zf.

Shoe size, x 3 | 33| 4| 4| s | 6 | 6 | 7

Frequency, f 2 4 5 9 8 6 6 5 4

x 6 14 20 (405 | 40 33 36 [(325| 28
Mean shoe size = %f_gﬂ = 5.10

Note: The mean value is not necessarily a data value which appearsin the set or a
real shoe size.

The modal shoe size is 4%

These calculations can also be carried out on your GDC.



Measures of central tendency 261

Casio

ST L

n to select the stat. mode.

Enter the shoe sizes in List 1 and their frequency in List 2.

Zoom

@™™H to access the calculations menu.

& to check the setup.

The data has one variable (shoe size), it is in List 1 and its
frequency is in List 2. L-varighle
a2

Bzoaaa
e =
Wl s Fa o

] -Ibl'ﬁiiﬁqqﬂi
L F

.ﬂ;ﬁ to perform the statistical calculations. 'i#ri"’bl! .
[k =i, 5
The screen summarizes the results of many calculations and 35'3} :;
can be scrolled to reveal further results. Fod  =4.3 4
Texas
. . L1 juz L 1
H m to enter the data into lists. — S
& g
Enter the shoe size in List 1 and the frequency in List 2. 3 :
i
Litis=1
H . . to select the ‘Calc’ menu. TESTS
=var Stats
.2 War Stats
:Hed*ﬂed
g nﬁegiax-bh
&1 Eublcﬁ?ﬁ

m followed by L far Stats Li.L
= [0] =] o S—_
o

S

calculations on the 1-variable data in List 1 with frequency ey 73972
in List 2 =] Qgggﬂ: ra
: ert-
ﬂ i—War Stats
=43
The screen summarizes the results of many calculations and Ring=
can be scrolled to reveal further results. oy
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B Exercise 6.5.2

1 An ordinary dice was rolled 60 times. The results are shown in the table below.
Calculate the mean, median and mode of the scores.

Score 1 2 3 4 5 6

Frequency 12 | 1 g |12 | 7 | 10

2 Twao dice were rolled 100 times. Each time their combined score was recorded.
Below is a table of the results. Calculate the mean, median and mode of the
sCOres.

Score 2 3 4 5 ] 7 8 9 (10 | 11| 12

Frequency 5 6 7 9 14|16 |13 | 11 9 7 3

3 Sixty flowering bushes are planted. At their flowering peak, the number of flowers
per bush is counted and recorded. The results are shown in the table below.

Aowers per bush 0 1 2 3 4 5 B 7 8

Frequency 0 0 0 6 4 6 10 | 16 | 18

a Calculate the mean, median and mode of the number of flowers per bush.
b Which of the mean, median and mode would be most useful when

advertising the bush to potential buyers?

Mean and mode for grouped data

As has already been described, sometimes it is more useful to group data, particularly
if the range of values is very large. However, by grouping data, some accuracy is lost.
The results below are the distances (to the nearest metre) run by twenty pupils

in one minute.

256 271 271 274 275 276 276 271 279 180
281 282 1284 1286 1287 1288 196 300 303 308

Table 1: Class interval of 5

Group

250- | 255- | 260- | 265- | 270- | 275- | 2BO- | 285- | 280- | 295- | 300- | 305-
254 | 259 | 264 | 269 | 274 | 279 | 28B4 | 289 | 294 | 299 | 304 | 309

Frequency 0 1 0 0 3 5 4 3 0 1 2 1

Table 2: Class interval of 10

Group 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309

Frequency 1 1] 8 7 1 3
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Table 3: Class interval of 20

Group 250-269 | 270-289 | 290-309

Frequency 1 15 4

The three tables above highlight the effects of different group sizes. Table 1 is
perhaps too detailed, whilst in Table 3 the group sizes are too big and consequently
most of the results fall into one group. Table 2 is the most useful in that the spread
of the results is still clear, although detail is still lost. In the 270—-279 group we can
see that there are eight pupils, but without the raw data we would not know where
in the group they lie.

To find the mean of grouped data we assume that all the data within a group
takes the mid-interval value.

I

n

=

where xis the estimated mean, x is the mid-interval value and n = ¥f.

Group 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309

Mid-interval value, x 2545 264.5 2745 2845 2945 304.5

Frequency, f 1 0 8 7 1 3
74 2545 0 2196 1991.5 2945 9135
Estimated mean = % = 2825

The estimate of mean distance run is 282.5 metres.
The modal group is 270-279.

The GDC can work out the mean, median and quartiles of grouped data. The
mid-interval value should be entered in List 1 and the frequency in List 2. Then

proceed as before.

Exercise 6.5.3

1 A pet shop has 100 tanks containing fish. The number of fish in each tank is
recorded in the table below.

Number of fish 0-9 10-19 | 20-29 | 30-39 | 40-49

Frequency 7 12 24 42 15

a Calculate an estimate for the mean number of fish in each tank.
b Give the modal group size.
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2 A school has 148 Year 12 pupils studying mathematics. Their percentage scores
in their mathematics mock exam are recorded in the grouped frequency table
below.

% Score 0-9 | 10-19 | 20-29 | 30-39 | 40-49 | 50-59 | 60-69 | 70-79 | BO-B9 | 90-99

Frequency 3 2 4 6 8 36 47 28 10 4

a (Calculate an estimate of the mean percentage score for the mock exam.
b What was the modal group score?

3 A stationmaster records how many minutes late each train is to the nearest
minute. The table of results is given below.

No. of minutes late 04 5-9 10-14 | 15-19 | 2024 | 25-29

Frequency 16 9 3 1 1] 1

a Calculate an estimate for the mean number of minutes late a train is.

b What is the modal number of minutes late?

¢ The stationmaster’s report concludes: ‘Trains are, on average, less than five
minutes late’. Comment on this conclusion.

6.6 Measures of dispersion

Range and interquartile range

The range is the difference between the greatest data value and the smallest data
value. ]t is easy to calculate but often does not give a very good picture of how

spread out the data is.

The interquartile range, which was covered in Section 6.4, often gives a better
idea of the spread of the data. It is the spread of the middle 50% of the data and
can be calculated as the difference between the upper and lower quartile.

Interquartile range = q; — 9

It has an advantage over the simple calculation of range in that it isn't affected by
extreme values, since it only deals with the middle 50% of the data. However, its
drawhack is that it doesn't take into account all the data.

Standard deviation

The standard deviation of data is a measure of dispersion that does take into account
all of the data. It gives an average measure of difference (or deviation) from the
mean of the data. The larger the value of the standard deviation, the more widely

spread or dispersed the data is.
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For example:
The ages of two groups of people are given below.

Group 1 Z 6 10 16 16 22 26 30
Group 2 2 6 16 16 16 16 16 30

The mean, median, mode and range of the data are:

Mean Median Mode Range
Group 1 16 16 16 28
Group 2 16 16 16 28

These measures suggest that the data is the same, or at least very similar. However,
if we look at the deviation from the mean, we will find that they are not.

2 (x— %P

n

The formula for the standard deviation of a set of data is given by s, =

where 5, is the standard deviation
x is each of the data values
x is the mean of the data
n is the number of data values.

The standard deviation of the ages of each group can be calculated as follows:

Group1 X=16,n=8 Group2 Xx=16,n=8
x {x - x) b - xp x - x) - xp
-14 196 2 -14 196
5 -10 100 16 0 v]
10 -6 36 16 0 v]
16 0 v] 16 0 v]
16 0 0 16 0 0
22 6 36 16 0 0
26 10 100 16 0 0
30 14 19 30 14 196
Zx -xP = 664 Xx -x)? = 392
- ¥ — ol
=0 _ oo -2 _ 4o
n n
J,'fﬁx'"x}z=g-1l ] ﬁx-x)i‘__-‘r
gl n Y n

From the results it can be seen that the standard deviation for group 1 is greater
than that for group 2. This implies that the data is more spread out.
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The formula given above for the standard deviation can be cumbersome as the mean
value has to be subtracted from each data value. A more efficient formula for the

IEKZ

standard deviation is 5, = ,“j'll S x2. With this formula the mean of the data is

a:luared and subtracted -:linl'g.T once.

Your GDC can also calculate the standard deviation of data. The instructions

below relate to the data for group 1 above.

Casio

u to select the stat. mode.

Enter the data in List 1.

Lheet pligy Rl

hiff g

e 2 B
W to access the calculations menu. !

é to check the setup. PP P ISP P P T

The data has 1 variable (age), it is in List 1

-
T Fres
Lo -

Ll ] F
and each data value is to be counted once. W
gl Lt fli.L.l‘L.,

Trace

=™ to perform the statistical calculations.

The screen summarizes the results of many _ ‘s
calculations and can be scrolled to reveal i
further results.

Xo,,_,. The standard deviation you will need on this course is xa,,.

Note: The calculator gives two types of standard deviation, xo, and
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Texas

m to enter the data into lists.

Enter the data in List 1.

LIST L s =R
- . . to select the ‘Calc’ menu.

— ELIT TESTS
m followed by m to perform {=\ar Stats
!ﬁ"n-',ar S-S

statistical calculations on the 1-variable data I :ﬁﬂu: £
in List 1. =1;:u£:h.cfc'e';

ﬂ I=ae State L

]
T
=1
&

The screen summarizes the results of many Iovp Stata
. AELD
calculations and can be scrolled to reveal Ix=] ;glz
A5
further results. Sx=9, F15453171
JZx=5. 118433575
.nz 9

Note: The calculator gives two types of standard deviation, s, and o,.
The standard deviation you will need on this course is o,.

You will notice that there appears to be different notation used for the standard
deviation. It is important therefore for you to be familiar with the notation that
your calculator uses and also what this course uses.

When the data is given in a frequency table, the formula for the standard

T
deviation of a set of data is given by s, = ,v."l Ef(xn—x]

A certain type of matchbox claims to contain 50 matches in each box. A sample of
60 boxes produced the following results.

Number of matches, x Frequency, f fx (x — x) (x — x) flx — xp?

48 3 144 =205 4.2025 12.6075
49 11 539 —1.05 1.1025 121275
50 28 1400 —=0.05 0.0025 0.07
51 16 816 0.95 0.9025 14.44
52 2 104 1.95 3.8025 7.605

Total 60 3003 48.85
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Calculate: a the mean
b the standard deviation.
Zfx 3003
a x= Ef =60 = 50.05
_ [Ef(x-%7 _ (4685 _
b=y "5 =g -084

B Exercise 6.6.1

Using a GDC or otherwise, calculate:
i) the mean

ii) the range

iii) the interquartile range

iv) the standard deviation

for the data given in questions 1—4.

1262387590924
b 72, 84, 83, 81, 69, 77, 85, 79
¢ 16,29, 3.7,55,4.2,39,28, 45,42, 5.1, 3.9

2 The number of goals a hockey team scores during each match in a season

Number of goals 0 1 2 3 4 5 6

Frequency 3 8 1 7 4 2 1

3 The number of shots in a round for each player in a golf tournament

Number of shots 66 | 67 (68 | 69 | 70 | 71 | 72 | 73 | 74

Frequency 1 2 1 4 1 17 | 43 | 18 3

4 The number of letters posted to 50 houses in a street

Number of letters 0 1 2 3 4 5 B

Frequency 5 8 12 8 7 8 2

5 A class of 25 students was asked to estimate the number of coins (x) in a jar. The
results of their estimations are summarized below.

Zx = 2000 2x? = 163554
Calculate:

a the mean of their estimates

b the standard deviation of their estimates.
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@ 6.7

Woeorked example

6 The results for a series of experiments are given below.

Experiment 1 2 3 4 5 6 7 8 ) 10
Result 62| 61|63 63|67 |61 |62|63|61)|59
Experiment 11 |12 | 13 |14 | 15 | 16 | 17 | 18 | 19 | 20
Result 60| 62 |61 | 63|60|61|62)63]|61

The result for experiment 20 is obscured. However it is known that the mean (x)

for all 20 experiments is 6.2.

Calculate: a the value of the 20th result
b the standard deviation of all the results.

Scatter diagrams, bivariate data and

linear correlation

When we record information about two different aspects (or variables) of a data
item, such as height and mass of children or temperature and number of ice creams
sold on particular days, we are collecting bivariate data. We can use the value of
the two variables for a data item as the coordinates of a point to represent it on a
graph called a scatter diagram (or scatter graph). Scatter diagrams are particularly
useful if we wish to see if there is a relationship between the two variables. How the
points lie when plotted indicates the type of relationship between the two variables.

The heights and weights (masses) of 20 children under the age of five are recorded.

The heights were recorded in centimetres and the weights in kilograms.

Height 32 34 45 46 52 59 63 B4 n 73
Mass 5834 | 3.792 | 9.037 | 4.225 | 10.149| 6.188 | 9.891 | 16.010|15.806| 9.929
Height 86 87 95 9 96 101 108 109 17 121
Mass |11.132 | 16.443 | 20.895 | 16.181| 14.000 | 19.459 | 15.928 | 12.047 | 19.423 | 14.371

a Plot a scatter diagram for the data above.
b Comment on any relationship that you see.

a

a0k

25
EEU— " .
E'Iﬁ_ i . : . ™

.

= 10 s ® s @ b

B_ .. » .

] | | | | | ] | ] ] ] | ] |

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Height {cm)
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Worked example

b The points tend to lie in a diagonal direction from bottom left to top right. This
suggests that as height increases then, in general, weight increases too. Therefore
thereis a positive correlation between height and weight.

Lines of best fit
If the scatter diagram shows that there is a relationship between the two variables,

we can use a line of best fit to estimate the value of one variable given a value of
the other variable. To do this we draw a straight line passing through the data, i.e.
aline of best fit. It will pass through the point (x, ¥) and leaves approximately half
the points above the line and half the points below it. It does not need to pass
through the origin.

Using the data about the height and weight of children above, estimate the weight
of a child with a height of 80cm.

We have to assume that this child will follow the trend set by the other 20
children. To deduce an approximate value for the weight, we draw a line of best fit
through the data, passing through the point (x, ¥).

x=T1.75, 5 = 12.535
X
m —
25

Mass (kg)
o & & 3

0 10 20 30 40 50 60 70 80 S0 100 110 120 130 140
Height (cm)

The line of best fit can now be used to give an approximate solution to the
question. If a child has a height of 80cm, you would expect his/her weight, by
reading from the graph below, to be in the region of 13kg.

N T N NN TR NN N NN T N S A

[
0 10 20 30 40 50 60 70 B8O 90 100 110 120 130 140
Height (cm)
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Your GDC and graphing software can plot scatter diagrams and analyze them.
For example, plot the following data for an ice cream vendor on a scatter

diagram and, if appropriate, draw a line of best fit.

Temperature (°C) 15 (24 |18 |24 |19 |26 | 22 (24 | 27 |28 |30 | 25 |22 |17

Number of icecreamssold | 8 (34 |20 (38| 28 |37 |32 |29 |33 (35 (44|28 (30|25

Casio
SET UP — i e i m
|@ - to select the stat. mode. --Il”- i -::"‘ .
[iC
Enter the temperature data in List 1 and the a . - |
number of ice creams sold in List 2. NIV R TR
Trace
T to access the statistical graphing menu.
) StatGrachl
-ﬁ to check the setup. Uizt iC1st2
Freausncy 11
Mark Trre s
The graph type is ‘scatter’ with the x values B[S [FFF =

from List 1 and the y values from List 2. Each
data value is to be counted once.

Trace o
7 to plot the scatter diagram.

Trace L irerprBw
@7 to select the graph calculation menu. E E'#h : {422

_— oGt e
@™ as the line of best fit required is i O 0
linear. The following screen summarizes the
properties of the line of best fit in the form e
y=ax+b. ~ = =
ﬁ to plot the line of best fit. S i

Note: The screen which gives the properties of the line of best fit also
gives the value of r. This represents the product-moment correlation
coefficient which is dealt with later in this topic.
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Texas

H m to enter the data into lists.

Enter the temperature data in List 1 and the
number of ice creams sold in List 2.

o ) ﬂ to enter the statistical

plot setup.

Turn ‘Plot 1" to ‘On’. Choose the scatter
diagram and ensure the x values are from
List 1 and the y values from List 2.

\ ) to set scale the scale for each axis.

. to plot the scatter diagram.

- to select the ‘Calc’ menu.
-

m to find the linear equation of the line
of best fit through the points.

wlol |=lo

to calculate the equation of the line of best
fit with x values from List 1 and y values
from List 2.

to display the equation in the form

y=ax + b.

st et

=
“Ewmor

iz 1z
Lun=15

| FRET PR
i
et s iy

p ool o

EDIT TESTS
1:1-Var Stats
2:2-Var Stats

2 Med=Med

?Ll nRedl sx+b
:Huadkea
&:Cubickeg
rlbuartReg

LinRegfax+b? Lis
L:
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Autograph
On the 2D-graph page option, click on
[k to enter the data. :| .
Enter the temperature in the x column : u
and the number of ice creams sold in 2

the y column.
dick ‘'OK’ to graph the data.

To identify the coordinate (x, ¥), select
‘Object’ followed by ‘centriod".

To draw a linear line of best fit, select
‘Object’ followed by ‘Best fit'. A straight

line is a polynomial of order 1. Crderi {1 =
dick ‘OK’ to graph the line of best fit.
Select the line. Its equation will appear ke

at the base of the screen. i

Straight Line: y=1.708x~9.081
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Types of correlation

There are several types of correlation depending on the arrangement of the points
plotted on the scatter diagram. These are described below.

¥

xY

A strong positive correlation.
The points lie tightly around the line of best fit.

As x increases, so does y.

A weak positive correlation.

Although there is direction to the way the points are
lying, they are not tightly packed around the line of
best fit.

As x increases, y tends to increase too.

No correlation.

There is no pattern to the way in which the points
are lying, i.e there is no correlation between the
variables x and y. As a result, there can be no line of

best fit.

A strong negative correlation.
The points lie tightly around the line of best fit. Asx

increases, y decreases.

A weak negative correlation.
The points are not tightly packed around the line of
best fit. As x increases, ¥ tends to decrease.
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B Exercise 6.7.1

1 State what type of correlation you might expect, if any, if the following data was
collected and plotted on a scatter diagram. Give reasons for your answer.

a A student's score in a mathematics exam and their score in a science exam
b A student’s hair colour and the distance they have to travel to school
¢ The outdoor temperature and the number of cold drinks sold ]Zﬂj' a shop
d The number of goals your opponents score and the number of times you win
e A person's height and the person's age
f A car's engine size and its fuel consumption

2 The table shows the readings for the number of hours of sunshine and the
amount of rainfall in millimetres for several cities and towns in the UK.

City Hrs. of sunshine  Rainfall
Aberdeen 98 0.3
Aviernore 28 v]
Belfast 41 6.6
Birmingham 64 0.8
Bourmnemouth 93 43
Bristol 10.2 18
Cardiff 10.8 28
Folkestone 10.5 4]
Hastings 72 0.3
Isle of Man 9.3 25
Isle of Wight 10.7 0.3
London 101 15
Manchester 46 20
Margate 109 0
Newcastle 82 05
Newquay 41 23
Oxford 10.1 30
Scarborough 10.6 1.8
Skegness 120 33
Southport 82 74
Torquay 88 1.5

a Plot a scatter diagram of hours of sunshine against amount of rainfall. Use a
spreadsheet or graphing software if possible.

b What type of correlation, if any, is there between the two variables?
Comment on whether this is what you would expect.
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3 The United Nations keeps an up-to-date database of statistical information on
its member countries. The table below shows some of the information available.

Country Life expectancy at birth Adult illiteracy  Infant mortality
rate rate
(%, 1995) {per 1,000 births,
(years, 1990-99) 1990-99)
Female Male Total

Awustralia B1 76 0 6
Barbados 79 74 26 12
Brazil 71 63 16.8 42
Chad 49 46 51.9 12
China 72 68 18.5 11
Colombia 74 67 96 30
Congo 51 46 256 90
Cuba 78 74 44 9
Egypt 68 65 489 51
France 82 74 0

Germany 80 74 0 5
India 63 62 48 72
Iraq 64 61 42 95
lsrael BO 76 49 8
Japan 83 77 0 4
Kenya 53 51 227 66
Mexico 76 70 10.5 31
Nepal 57 58 64.1 83
Portugal 79 72 10 9
Russian Federation 73 61 0.9 18
Saudi Arabia 73 70 278 23
United Kingdom BO 75 0 7
United States of America BO 73 0 7

a By plotting a scatter diagram, decide if there is a correlation between the
Adultilliteracy rate and the Infant mortality rate.

b Are your findings in part a above what you expected? Explain your answer.
¢ Without plotting a scatter diagram, decide if you think there is likely to be
a correlation between male and female life expectancy at birth. Explain

your reasons.
d Plot a scatter diagram to test if your predictions in part ¢ were correct.
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4 The table below gives the average time taken for thirty pupils in a class to get to
school each morming and the distance they live from the school.

Distance(km) | 2 |10 |18 |15 3 [ 4 | & 25| 23 5|1 7| 8|2

Time (mins) 51732 |38( 8 [14| 15 |37 181315 | 8

2 3
7 5

Distance(lem) (19|15 (11| 9 | 2 (3 | 4 |3 |14|14 | 4 |12 (12| 7 | 1
9 9

Time (mins) 27|40 |23 |30 |10 (10| B 15 | 23 20|27 |18 | 4

a Plot a scatter diagram of distance travelled against time taken.

b Describe the correlation between the two variables.

¢ Explain why some pupils who live further away may get to school quicker
than some of those who live nearer.

d Draw a line of best fit on your scatter diagram.

e A new pupil joins the class. Use your line of best fit to estimate how far
away she might live if she takes, on average, 19 minutes to get to school
each moming.

Pearson’s product-moment correlation coefficient

Karl Pearson was a statistician who was one of the few mathematicians who
launched a totally new field. In his case he joined the z00logist Walter Weldon to
study what he called ‘biometry’, that is, he applied statistical analysis to animal
evolution, among other areas.

Pearson’s product—moment correlation coefficient, r, measures the correlation
between two variables x and y.

The range of values forris -1 =r < 1

where -l indicates a perfect negative correlation between x and y.
Oindicates no correlation between x and ¥
lindicates a perfect positive correlation between x and y.

The value for r can be calculated by the following formula

5
X

55,

where S,y Tepresents the covariance of x and y (a measure of how much two
variables change together)

s, represents the standard deviation of x

s, tepresents the standard deviation of y.

Note: You will be given the value of the covariance s_ if the formula is needed in

an examination. However, it can be calculared using the formula
5y (2(Z)
n
5 = .

= n

Tr=
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Worked example

The table below shows the position of a foothall team in the English Premier
League and the goal difference, that is the difference between the goals scored and
goals conceded.

Position 1 2 3 4 B 6 7 8 9

Goal difference +23 +20 +21 +18 +14 +16 +11 +9 +3

Position 10 11 12 13 14 15 16 17 18

Goal difference 0 -2 -4 =11 -9 =10 =14 =17 =33

a Ifsﬂ = —77.14, calculate

i) 5,
ii) s,
iii) r.

b Interpret the value of .

— S
a i) Sx=q/%"iz,WhﬂBE=p/%

R
- ’\f%' 9.50 = 5.19

2 . [=y

o s ey

| 4253
s,=4/ 18 ~ 1.942 = 15.25
sy —T1.14

iii) ;- % = m = -'09?5

b ris very close to —1, implying a strong negative correlation. In this case this is
misleading, as one would expect that the higher the position in the table the
greater the goal difference. However, in this case a higher position in the table is
represented by a lower number, i.e. the top position is 1 rather than 18.
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The values for S0 S, and r can be calculated using the GDC.

Casio

to select the stat. mode.

Enter the position data in List 1 and the
goal difference data in List 2.

i

{7Tm to access the calculations menu.

é to check the setup.

The data has 2 variables (position and goal
difference). They are in List 1 and List 2
respectively and each data value is to be
counted once.

©

lﬁ to perform the statistical calculations
with two variables.

The screen summarizes the results. Where S,
is xo, and Sjr is yo,.

To access the value of r from this screen,
quIt V- Window

press m followed by @ to select

the regression menu.

Trace

¢ to choose the linear regression ‘X'
option.

The equation of the line of best fit is given,
including the value of r.

Lears o lueir alnag mlugs o
Feb| FasiTh id-'!i

L LF SLLE
Bar Fras [ ] -

"*lJ:r:la.Mc
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- ¥ e

:-:n |-*=*§"‘j‘l,v*'i ;

n = |
£-lir |l |

£ il*ﬁ-l-ﬂi-i-ﬂ-l 1
E:l '4{5‘,:

i -IEI hEr -l":f;

=1 ¥
By m- 1008 "

l..ln-:m;ﬂ'?fa_ B!
b -:g:;'é%ﬂdq
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Texas

m to enter the data into lists.

Enter the position data in List 1 and the goal
difference in List 2.

SOAT to select the “Calc’ menu.
-

mfnllnwed by m -

m to perform statistical calculations on

the 2—variable data with x values in List 1

and y values in List 2 n .

The screen summarizes the results for both
sets of data. 5, isg,and s is 0.
Access the equation for the line of best fit

and the value of r from this screen by

to select the ‘Calc’ menu.
H

m to select ‘LinReg (ax + b)* and type

wlo| |wlo]e

to calculate the equation of the straight line
and give the value of r.

-
-

X L3 1
bF P

gy
EEnomeEo

,.
= | sy

=

1]

[

i-Var Stals Lssl

J-Uar Stals

}.‘-L'a

a4t 8
: 244ﬂﬂ44dd

g
= -1EI T
#:—] E g-ﬁm?
g __

Note: The calculator gives two types of standard deviation, 5 and o,.
The standard deviation you will need on this course is o, even
though the formula for standard deviation uses the notation s,.

If r is not displayed on the screen, ‘DiagnosticOn’ needs to be set.

This

is done via and scrolling down to select ‘DiagnosticOn’.
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B Exercise 6.7.2

You are expected to use a GDC to calculate the value of the product—moment

correlation coefficient.

1 The table below shows the height of women in an Olympic high jump event and
the maximum height they jumped.

Height of competitor (m)

1.76

1.83

1.74

1.75

1.80

1.81

173

1.80

1.78

1.82

Height jumped (m)

1.83

2.06

1.75

188

204

2.02

178

1.90

1.78

1.90

a Plot a scatter diagram of the results.
b Calculate %, the mean height of the competitors, and ¥, the mean height

jumped.
¢ Draw a line of best fit on your scatter diagram.
d Give the value of r, the product—moment correlation coefficient, and

comment on its value.

2 The table below shows the percentage scored by a group of students in a mock
English examination and what they scored in the final examination.

Mock %

72

68

83

81

54

59

77| 82

69

81

32

54

37

28

Fnal %

75

66

90

81

48

52 | 81| 85

70

20

27

52

34

17

a Plot a scatter diagram of the results.

b Calculate x, the mean practice score, and ¥, the mean final score.
¢ Draw a line of best fit on your scatter diagram.

d Give the value of r, the product—moment correlation coefficient, and

comment on its value.

3 The same group of students also took a mock and final examination in

mathematics. Their percentage scores are in the table below.

Practice %

72

68

84

78

53

59

77 | 82

55

62

30

51

88

43

Fnal %

76

71

90

BO

58

81

77 | 90

54

67

50

58

87

a Calculate r and comment on its value.
b Comment on any differences between r calculated in this question and the

previous question.
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4 The product—moment correlation coefficient was calculated for data on each of
the relationships listed below.

B The distance someone travels to work and the time it takes

m A group of students’ results in an art examination and their resultsin a
mathematics examination

m The value of a second-hand car and its age

m The size of a pumpkin and its weight

a Which relationship is likely to have the following values of ! Give reasons
for your answers.
i) 098
ii) 0.2
i) 0.8

b Estimate a value for r for the relationship not chosen in part a above. Give
reasons for your answer.

5 For the students in your class, measure in centimetres their height and the
length of their right foot.

Plot a scatter diagram of the results.

Calculate x, the mean height, and ¥, the mean foot size.

Draw a line of best fit on your scatter diagram.

Give the value of r, the product—moment correlation coefficient, and

comment on its value.

e Would you expect the value of r be very different if the data had been
oollected from a class of 11-year-old pupils? Give reasons for your answer.

Lo oo

6.8 The regression line for y on x

Lines of best fit were drawn by eye in the earlier part of this work on correlation.
Another, more accurate, line is called a regression line for ¥ on x. This line is the
optimum line of best fit.

The formula for the regression line for y on x is

3ﬂ5=$(xmﬂ

where  xis the mean of x
yis the mean of y
Ut the standard deviation of x
Sey is the covariance.
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Woeorked example

The table below shows the number of hours 20 students spent studying Spanish in
the month before an examination and their percentage score.

Hours of study 21 32 13 15 26 27 18 19 10

Exam mark (%) 62 20 58 80 66 56 62 68 50

25 46 17

&

Hours of study 21 2 33 19 20

Bl R 3|8

Exam mark (%) 74 70 76 63 95 57 69 58 64

5
a Find the correlation coefficient r, where r = —,

55
b Find the equation of the regression line for y -:JI:1Ir X
¢ Estimate the score for the student who studies 30 hours in the month before the
examination.
Zx 496 1378

_Zx g
=Se Tom 8 5= =L - 688

5= \/2"2_;@ \/1‘“74 24.82 = 9.68
; _szz #= JQTZQ—@.32= 11.40
A (Z)(Zy) 35 747 _ 4% ; 1376

n 0
—] = = 8086
Sy 20

Al

a

=

Sy _ 80.86
88, T 068 x 11.40

Note: The values for x, 3, Zx?, Zy?, Zxy, s, S5, and r can all be taken from your
calculator, once the data has ba&n entered in twn lists as shown before.

Therefore r = = 0.733.

by-5= (Sx;z':x_’_‘)
y— 688 = gﬁf (x — 24.8)

y = 0.863 (x — 24.8) + 68.8
y = 0.863x + 47.39
Note: As there are many stages to these calculations, there is the possibility of

munding errors. The full answer at each stage should be saved in the memory of your
calculator.

The equation of the regression line for y on x can be calculated on your GDC as
shown before.
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Autograph has the facility to produce the equation of the regression line fory on
x efficiently as shown below.

Autograph

On the 2D-graph page option, click on =
Bk to enter the data. =SEE
Enter the hours of study in the x column e

and the percentage score in the y
column.

dick 'OK" to graph the data.

To plot the regression line for y on x,
dick ‘Object’ and select ‘y-on-x : T
Regression Line'.

Its equation will appear at the base of o Ragressions Une ye0 BETRo+47 30
the screen.

¢ As the equation for the regression line has been calculated, this can now be used
to estimate further values.
Substitute x = 30 into the equation of regression line:

y = 0.863x + 47.39
y = 0.863 x 30 + 47.39 = 73.29

Therefore the estimated score for a student who studied 30 hours is 73%.

When the predicted value falls within the range of the given data, then estimates
are generally valid (interpolation). However, when the predicted value falls outside
the range of the data (extrapolation), it is susceptible to large errors as there is the
assumption that the data continues to behave linearly outside the given range.

For example, if using the data above we attempted to predict the examination
score for a student who studied for 100 hours in the month prior to the exam, the
extrapolation may produce invalid results as the data ranges from 10 to 46 hours of
study, and 100 hours is clearly outside of this range.

Substituting x = 100 into the equation gives:

vy = 0863 x 100 + 47.39 = 133.7
This indicates a score of 134%, which is clearly not possible.
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B Exercise 6.8.1

Use your GDC to answer the following questions.

1 A group of club cyclists take part in a 25kilometre race. The table below shows
the time taken and the mean number of hours' training per week done by each
cyclist in the ten weeks prior to the race.

Hours training 12|20 3 |6 |28|22 |16 9| 1 |11|24 17 (13| 9

Race time (mins) | 80 (55|90 |86 (52 |66 |70 |BO B8 74|56 69|74 |78

a Calculate the correlation coefficient r.

b Calculate the equation of the regression line for y on x.

¢ Estimate how long, to the nearest minute, the race would have taken for
someone who trained, on average, 18 hours per week.

d Comment on the validity of your answer to part ¢ above.

2 The score (out of 161) for ten pupils in an IQ test at the age of 11 was compared
with their percentage in an [B mathematics examination. The results are shown

below.
IQ score 90 (100|105 | 88 | 96 | 125 | 130 | 142 | 128 | 105
IB exam score 52 | 66 | 58 | 50 | 60 | B6 | 90 | 97 | B4 | 73

a (Calculate the correlation coefficient r.

b Calculate the equation of the regression line for y on x.

¢ Two further students had IQ results of 95 and 155. Predict their respective
IB scores.

d Comment on the validity of your answers to part ¢ above.

3 The table shows the salary and the number of years experience of a group of fire
fighters.

Salary $(000's) 32 (27 |40 (40 | 36| 32 |25 |30 | 27 | 40 | 37 | 33

Years of experience | 7 | 4 (20 |18 | 11| 7 1 5| 3 |17 |15 |12

a Calculate the correlation coefficient r and comment on its value.

b Calculate the equation of the regression line for y on x.

¢ Estimate the salary of a fire fighter with ten years' experience. Comment
on the validity of your estimation.

d A firefighter has a salary of $100000. Estimate his age using your equation
of the regression line from part b. Comment on the validity of your answer.
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4 The air temperature was taken at various heights b? a metmmlogical balloon.
The results are shown below.

Height {000's m) 4 8 12 | 16 | 20 | 24 | 28 | 32 | 36 | 40

Temperature (°C) 8 4 | -20|-32|-40 | 46  -48 | -51 | -57 | -60

a Calculate the correlation coefficient r. Comment on its value.

b Calculate the equation of the regression line fory on x.

¢ Estimate the height of the balloon if the outside temperature is recorded as
—70 °C. Comment on the validity of your answer.

6.9 The y? test for independence

A chi-squared (y?) test for independence is used to assess whether or not paired
observation, expressed in a contingency table (two-way table) are independent.

For example

Volunteers are testing a new drug in a clinical trial. Itis claimed that the new
drug will result in a more rapid improvement rate for sick patients than would
happen if they did not receive the drug.

The observed results of the trials are presented in the contingency table below.

Improved Did not improve Total
Given drug 55 40 95
Not given drug 42 43 85
Total 97 83 180

It is difficult to tell from the results whether or not the drug had a significant
positive effect on improvement rate. Although the results show that more
volunteers improved than did not improve when given the drug, it is not certain
whether the difference in results is significant enough to justify the claim. In order
to verify the claim, a chi-squared (x?) test for independence can be carried out.

The first step is to set up a null hypothesis (H,). The null hypothesis is always
that there is no link between the variables and it is contrasted against an
alternative hypothesis (Hl] which states that there is a link between the variables.
The null hypothesis is treated as valid unless the data contradicts it.

In the example above:

HU: There is no link between patients being given the dmg and improvement rates.
H;: There is a link between patients being given the drug and improvement rates.

The observed results need to he compared with expected or theoretical population

results.

Of the 180 people in the sample, 95 were given the drug. So, from this we
estimate that, in the population, the probability of being given the drug is %

A total of 97 patients in the trial improved. From the null hypothesis, we would
E}{pﬂct% of these to have been given the drug, i.e. the expected number of
improved patients who had been given the drug is % x 97 = 51.19.
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The next step is to draw up a table of expected frequencies for a group of 180
patients under the null hypothesis that having the drug is independent of

improvement.

Improved Did not improve Total
Given drug idia U = 51.19 55 23 = 43 81 a5
180
Not given drug il = 4581 8 X &9 =39.19 85
180 1
Total 97 83 180

Note: The full answer to each calculation should be stored in your calculator's
mem

The fq.:-rmula for calculating x2 is as follows:

_fy
= EM, where f, are the observed frequencies

A f, are the expected frequencies

(55 — 51.19) & (40 — 43.81) " (42 — 45.81) i (43 — 39.19)2
51.19 43.81 45.81 39.19

= 1.299

Therefore y* =

The importance of this number depmds on two other factors:

m The percentage level of significance required (p)
® The number of degrees of freedom of the data (v).

The level of significance refers to the percentage of the data you would expect to be
outside the normal bounds.

The number of degrees of freedom of the data relates to the amount of data that
is needed in order for the contingency table to be completed once the totals for
each row and column are known. In the example above, if any one of the four
pieces of data are known, the rest can be deduced.

In general, if the data in a contingency table has ¢ columns and r rows, then the
number of degrees of freedom, v = (¢ — 1)(r — 1).

The result for y* above needs to be compared with the result in a y? table. (This
is provided in the information booklet in your examination.)

P 0.005 ool 0.025 0.05 o1 09 095 0975 099 0995
v=1 | 0.0DD04 ©0OOCZ 0001 0004 0016 | 2708 5024 6635 78IS
2 0010 0020 0051 0102 0211 | 4605 5991 7378 9210 10597
3 0072 0115 0216 032 0584 | 6351 7E1S S8 1135 12E38 p=PRX<cq
4 0207 0297 0484 0711 1064 | 7779 G488 11143 13277 14860
5 0412 055 081 1.5 1610 | 9236 11070 12883 15086 16750
6 0676 0872 1237 165 23204 | 10645 12592 14449 16E1Z 18548 P
7 0883 1238 1.6 2167 283 | 12017 467 16013 18475 20278
8 1344 1646 2180 2733 3.490 | 13362 15507 17535 20090 21.955
9 1735 208BB 2700 3325 4168 | 14864 16919 1923 21666 23589
10 2156 2558 3.247 3940 4.865 | 15987 18307 20483 23209 25188
1 2603 3053 386 4575 5578 | 17275 19675 21920 24725 26757
12 3074 3571 4404 5266 6304 | 18549 21026 23IWT 26217 2830 c
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All the values in this table are known as critical values. The highlighted value of
3.841 is the critical value for the 5% level of significance for data with 1 degree
of freedom.

Qur calculation of y* gave a value of 1.299. As 1.299 < 3.841, the null
hypothesis is supported, i.e. there is no evidence of a link between being given the
drug and improvement rates in patients.

If the calculated value of 3?is greater than the critical value then the null
hypothesis is rejected.

The table above has values for 1 degree of freedom (v = 1). Sometimes it is felt
that these estimates are not sufficiently accurate and a different method known as
Yates' correction can be used. However, this method is beyond the scope of this book.

The value of ¥ can be calculated using your GDC for the example above.

Casio

The observed data needs to be entered as a
matrix.

SET UP Wi

m n £ to enter the matrix

menu. m to select matrix A. The

Dimenc ion mEn

dimensions refer to the number of rows x
columns of the matrix, i.e. 2 x 2 @ ! A

: _% —
Enter the observed data in matrix A. d @ d]
Now the y? test can be applied: 4
f PP T (R (e (TR T T 8
SET UP I R YT v
m (7T to access the test
menu within the statistics mode. TR i
Eyve_Kest Nore

:&d'm to select 'CHI'. Execule

l [Mat frHal
Select the observed matrix as A. Select the
destination of the expected matrix as B. @ TR e
The value of y2is displayed as 1.29915596. e et b

To check the expected values matrix B from
this screen:

& O to select matrix B B T
- i, 89 §9. 199

m to display the expected matrix B. g
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Texas

The observed data needs to be entered as a
matrix.

cEETaT

to enter the edit mode.

n to edit matrix A. Enter the dimensions

of matrix A as rows x columns, i.e. 2 x 2.

@ |

Enter the observed data into matrix A.

Now the »? test can be applied:

‘Tests’ option within the statistics menu.

Scroll down to select ‘C: y?—Test'. n

The default is for the observed data to be in
matrix A and the expected matrix to be
entered into matrix B.

Select ‘Calculate’. n

The result for 4? is displayed on the screen.

To check the expected values of matrix B
from this screen:

CECICE

The matrix is displayed on the screen. Scroll
across to view all the expected results.

MATRIMKIA] 2 =2
[® [
& o

MATRIKIA] 2 %2

[ 55 ;E

[ %2

Xi=Tasl
Obsgroed: [A]
E—#ecieditﬁl
Calculate Draw

X I=Tesl,

Mmm =5 555G
xi=] Tooyamay
di=1
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Worked example

A television presenter on a motoring show claimed that ‘men like cars with big

engines and women do not’. In order to test the validity of this claim, data is

collected from a random sample of men and women about the engine size of the
cars that they own. This is presented in the contingency table below.

Engine size (litres) 1.6 1.8 20 23 28 30 5.0 | Total
Male (f) 24 16 18 26 8 5 3 100
Female (f,) 21 17 27 20 1 4 1] 100
Total 45 33 45 46 19 9 3 200
a Set up anull and alternative hypothesis.
b Construct an expected frequency contingency table.
¢ Calculate the value of 4.
d State the number of degrees of freedom of the data.
e State, giving reasons, whether the presenter’s statement was statistically valid at

a 10% level of significance.

H, Choice of engine size is independent of gender.
H, Choice of engine size is dependent on gender.

b
Engine size (litres) 16 18 2012328 |30 |50 |Total
Male {f,) 100 x43_ 225|190 %33_ 465|225\ 23 |95 |45 |15 100
200 200
Female (f)) 225 16.5 225| 23 |95 |45 (1.5 | 100
Total 45 33 45 | 46 (19 | 9 3 | 200
2z
(L=f)  (24-225)7 . (16 - 165) (0 — 1.5)
¢ =X = " =6.398
f. 275 16.5 1.5
doe=(2-107-1)=6
e Look at the ¥’ table. F
p=PRX<q
0 c
p 000s 00l 0025 005 o1 08 095 0875 099 0965
v=1 | 000004 0O000Z ©0.001 0004 0016 | 2706 3841 5024 6635 7875
2 0010 0020 0051 0103 0211 | 4605 5981 7378 9210 10597
3 0072 0115 03216 0358 0584 | 6251 7TEIS 98 11345 12838
4 0207 0297 0488 0711 1064 | 7779 9488 11143 13277 14860
5 0412 055 081 1145 1610 | 923 11070 12883 1508 16750
[ 0676 0872 1237 185 224 12592 14449 16812 18548
7 0989 1239 1.6%0 2167 283 | 12007 146 16013 18475 20278
8 1344 1646 2.180 2733 3490 | 1338 15507 17535 20090 21955

As the y? value of 6.398 is less than the critical value of 10.645, the null
hypothesis is supported, i.e. the presenter’s statement is not supported by
statistical evidence.
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B Exercise 6.9.1
Check your answers using a GDC.

1 A survey of cyclists and non-cyclists was carried out to see whether their
opinions differed as to whether helmets should be compulsory for cyclists.

The results of the survey are given below.

Helmet compulsory Helmet voluntary Total
Cyclist 65 235 300
Non-cyclist 185 115 300
Total 250 350 600

a Set up a null and alternative hypothesis.

b Construct an expected frequency contingency table.
¢ Calculate the value of x°.

d State the number of degrees of freedom of the data.

e State, giving reasons, whether the null hypothesis is supported or rejected
at a 5% level of significance.

2 Patients are given a new cancer drug. The patients selected for the trial were not
expected to live for more than three months. For comparison pu , a second
group of similar patients were given a placebo (a tablet which contains no drug).

The results of the trial are given in the contingency table below.

Alive after 3 months  Not alive after 3 months Total
Given drug 87 53 140
Given placebo b5 65

130

a Set up a null and alternative hypothesis.

b Construct an expected frequency contingency table.
¢ Calculate the value of ¥

d State the number of degrees of freedom of the data.

e State, giving reasons, whether the null hypothesis is supported or rejected
at a 1% level of significance.
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3 A survey was carried out to establish whether or not smn]{ing is related to high
blood pressure.

The blood pressure of a random sample of smokers and non-smokers was taken
and the results are summarized in the contingency table below.

High blood pressure Normal blood pressure Total

Non-smoker B4 46 130
Smoker 362 108 470

Total 446 154 600

a Set up a null and alternative hypothesis.

b Construct an expected frequency contingency table.

¢ Caleulate the value of ¥2.

d State the number of degrees of freedom of the data.

e State, giving reasons, whether the null hypothesis is supported or rejected

at a 1% level of significance.

4 A survey is done to see if the type of holiday preferred by French people is gender
dependent.

The results of the survey carried out on a random samp]f: of French penple are
shown below.

Beach Walking Cruise Sail Ski Total
Male 62 51 22 n 44 210
Female 89 37 45 28 51 250
Total 151 88 67 59 95 460

a Set up a null and alternative hypothesis.

b Construct an expected frequency contingency table.

¢ Calculate the value of 2.

d State the number of degrees of freedom of the data.

e State, giving reasons, whether the null hypothesis is supported or rejected
at a 10% level of significance.



Student assessments 293

5 A music magazine carried out a survey to see if a person’s preference in music

was dependent on their age. The results from a random sample of people are

shown below.

Music Rock Pop Blues Jazz Classical Total
0—19 40 52 1 17 9 129
20—39 18 46 18 33 16 131
40+ 12 14 28 24 1" 89
Total 70 112 57 74 36 349

a Set up a null and alternative hypothesis.

b Calculate the value of 3.

¢ State the number of degrees of freedom of the data.
d State, giving reasons, whether the null hypothesis is supported or rejected
at a 5% level of significance.

B Student assessment 1
1 Identify which of the following types of data are

discrete and which are continuous.

a The number of goals scored in a hackey
match

b The price of a kilogram of carmots

¢ The speed of a car

d The number of cars passing the school gate
each hour

e The time taken to travel to school each
mormning

f The wingspan of butterflies

g The height of buildings

2 Maria helps her father feed their chickens every
Sunday. Over a period of one year she kept a
record of how long it took. Her results are

shown in the table below.

Time (mins) Frequency | Frequency density

0=t<30 8
30=st<45 5
45 < t < 60 8
60=<t<75 9
75=t<90 10
90 <t < 120 12

a Copy the table and complete it by calculating
the frequency density correct to one decimal
place.

b Represent the information on a histogram.

Twenty students take three long jumps. The

best result for each student (in metres) is
recorded below.

43 54 43 40 38 51 3.6 55 6.2 4.1
52 38 24 47 39 56 58 47 33 29

The students were then coached in long jump
technique and given three further jumps. Their
individual best results are recorded below.

417 59 48 46 45 53 5.2 55 6.3 49
521 49 56 53 68 54 58 54 43 55

Draw a back-to-back stem and leaf diagram of
their long jumps before and after coaching.

Comment on your diagram.
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4 Four hundred students sit their mathematics

IGCSE exam. Their marks (as percentages) are

shown in the table below.
Mark (%) | Frequency | Cumulative frequency
31-40 21
41-50 55
51-60 125
61-70 74
71-80 52
81-90 45
91-100 28

a Copy and complete the above table by
calculating the cumulative frequency.

b Draw a cumulative frequency curve of the
results.

¢ Using the graph, estimate a value for:
i)  the median exam mark
ii) the upper and lower quartiles
iii) the interquartile range.

5 Eight hundred students sit an exam. Their marks

(as p-m'oe:ntages) are shown in the table below.

Mark (%) | Frequency | Cumulative frequency

1-10 10
11-20 30
21-30 40
31-40 50
41-50 70
51-60 100
61-70 240
71-80 160
81-90 70
91-100 30

a Copy and complete the above table by
calculating the cumulative frequency.

b Draw a cumulative frequency curve of the
results.

¢ An A grade is awarded to any pupil
achieving at or above the upper quartile.
Using your graph, identify the minimum
mark required for an A grade.

d Any pupil below the lower quartile is
considered to have failed the exam. Using
your graph, identify the minimum mark
needed so as not to fail the exam.

e How many pupils failed the exam?

f How many pupils achieved an A grade’

A businesswoman travels to work in her car
each moming in one of two ways; either using
the country lanes or using the motorway. She
records the time taken to travel to work each
day. The results are shown in the table below.

Time (mins) Motorway Country lanes
frequency frequency

0W=t<is 3 0

15=<t<20 5 ]

20=t<25 7 9

25 =t<30 2 10

M=t<35 1 1

B/=t<40 1 0

0 <t<4s 1 0

a Complete a cumulative frequency table for
each of the sets of results shown above.

b Using your cumulative frequency tables,
plcl-t two cumulative frequency curves — one
for the time taken to travel to work using
the motorway, the other for the time taken
to travel to work using country lanes.

¢ Use your graphs to work out the following
for each method of travel:

i) the median ttave]ling time

ii) the upper and lower quartile travelling
times

iii) the interquartile range for the travelling
times.

d With reference to your graphs or
calculations, explain which is the most
reliable way for the businesswoman to get to
work.

e If she had to get to work one moming
within 25 minutes of leaving home, which
way would you recommend she goes?
Explain your answer fully.
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7 Two classes take a maths test. One class
contains pupils of similar ability; the otheris a

11 Thirty families live in a street. The number of
children in each family is given in the table

|—

mixed ability class. The results of the tests for
each class are presented using the box and
whisker plcrts below.

Explain clearly, giving your reasons, which of
the two box and whisker plots is likely to
belong to the mixed ability maths class and
which is likely to belong to the other maths
class.

8 Find the mean, median and mode of the
following sets of data.
a 45567
b 6372728486
c 3812181824
d 49387113538

9 The mean mass of the 15 players in a mghy
team is 85kg. The mean mass of the team plus
a substitute is 83.5 kg. Calculate the mass of
the substitute.

10 Thirty children were asked about the number
of pets they had. The results are shown in the
table below.

o

NMumberofpets | 0 | 1 | 2 | 3 |4 | 5| 6

Frequency 55| 3 713 1|6

a Calculate the mean number of pets per
child.

b Calculate the median number of pets per
child.

¢ Calculate the modal number of pets.

d Draw a frequency polygon of the data.

below.
Number of 0|1 2| 3|45 |6
dhildren
Frequency 3|5(8|9|3|0|2
a Calculate the mean number of children per
family.
b Calculate the median number of children
per family.

¢ Calculate the modal number of children.
d Draw a frequency polygon of the data.

12 The number of pecrple atte:nding adiscoat a

club’s over 30s evenings are shown below.

8 94 32 45 57 68 127 138
3 77 99 47 44 100 106 132
28 56 59 49 96 103 90 B84
136 38 72 47 58 110
a Using groups 0-19, 20-39, 40-59, etc.,
present the above data in a grouped
frequency table.

b Using your grouped data, calculate an
estimate for the mean number of people
going to the disco each night.

B Student assessment 2

1 The number of people attending thirty

screenings of a film ar a local cinema is given

below.

21 30 66 71 10 371 24 11
62 50 27 31 65 12 38 34
53 34 19 43 70 34 21 128
52 57 45 125 30 39

a Using groups 10-19, 20-29, 30-39, etc.,
present the above datain a gmuped

frequency table.
b Using your grouped data, calculate an

estimate for the mean number of people
attending each screening.

Find the standard deviation of the following set
of numbers.

8, 8,10, 10, 10, 12, 14, 15, 17, 20
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3 A hockey team scores the following number of goals in their matches over a season.

Goals scored 0 1 2 3 4 5
Frequency 4 |12 8 (11| 4|1
Calculate:

a the mean

b the range

¢ the standard deviation.

4 State what type of correlation you might expect, if any, if the following data was collected and plotted
on a scatter diagram. Give reasons for your answer.
a The age of a motorcycle and its second-hand selling price
b The number of people living in a house and the number of rooms the house has

5 A department store decides to investigate whether there is a correlation between the number of pairs
of gloves it sells and the outside temperature. Over a one-year period it records, every two weeks, how
many pairs of gloves are sold and the mean daytime temperature during the same period. The results
are given in the table below.

Mean temp. (°C) 3 6 8 |10(10| 11|12 (14|16 (16 |17 |18 1B

Number of pairsof gloves | 61 | 52 | 49 |54 | 52 | 48 | 44 | 40 | 51 | 39 | 31 | 43 | 35

Mean temp. (°C) 19 |19 |20 |21 | 22 | 22 | 24 |25 (25 |26 (26 | 27 | 28

Mumber of pairsofgloves | 26 | 17 |36 |26 |46 | 40 | 30 |25 |11 | 7 | 3 | 2 | O

a Plot a scatter diagram of mean temperature against number of pairs of gloves.
b What type of correlation is there between the two variables?
¢ How might this information be useful for the department store in the future?

6 The popularity of a group of professional football players and their yearly salary is given in the table
below.

Popularity 1 2 3 4 5 6 7 8 9 10
Salary (£ million) 48 36 45 31 FF 6.3 29 31 41 1.8
Popularity 11 12 13 14 15 16 17 18 19 20
Salary (£ million) 45 ES 2.7 39 6.2 5.8 41 53 72 6.5

a Calculate the equation of the regression line for y on x.

b Calculate the value of the correlation coefficient r.

¢ The statement is made in a newspaper ‘Big money foothallers are not popular with fans’. Comment
on this statement in the light of your results above.
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7 A group of dogs with kidney problems were given a new drug. A control group were not. The results

were as follows.

Improved Did not improve Total
Given drug 162 98 260
Not given drug 104 46 150
Total 266 144 410
a Set up a null and alternative hypothesis.
b Construct an expected frequency contingency table.
¢ Calculate the value of y%.
d State the number of degrees of freedom of the data.
e State, giving reasons, whether the null hypothesis is supported or rejected at a 5% level of
sgnificance.

8 A vote was taken for or against a ban on foxhunting. The results for town and country dwellers are
recorded in the contingency table below.

Town dwellers Country dwellers Total
Ban foxhunting 4240 1263 5503
Allow foxhunting 1360 2537 3897
Total 5600 3800 9400

a Set up a null and alternative hypothesis.

b Calculate the value of 2.

¢ State, giving reasons, whether the null hypothesis is supported or rejected at a 1% level of
sgnificance.
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Andrew Wiles

Andrew Wiles, a Cambridge mathematician, worked secretly for many years to find
a proof. This proof was extremely complex, building on work on elliptical curves by
Eves Hellegouach, and required a proof of the Taniyama-Shimura conjecture.
However, the final proof by Wiles is accepted as a work of genius because of the
innovative way in which he brought together ideas.

Everyone accepts that Andrew Wiles proved Fermat's Last Theorem. However,
this is not the case with the discovery of calculus. Sir Isaac Newton (1643 -1727),
another Cambridge mathematician, is accepted as one of the most influential men
in human history. His work on gravitation and the Laws of Motion in his book,
Philosophae Naturalis Principia Mathematica, influenced mathematics and science for
hundreds of years. His work was only taken further by the great mind of Albert

Einstein. Newton is credited by many as discovering calculus.

Gottfried Wilhelm Leibniz (1646—1716), the German mathematician and
Philosopher, worked on what we now term calculus at the same time as Newton.
The suggestion that Leibniz, who wrote poetry in addition to writing on maths,
politics, law, theology, history and philology, had stolen Newton’s ideas on
calculus and merely improved them, caused a bitter argument that went on long

after they had both died.

Claims as to who should get the credit for an invention are not unusual. Did
Alexander Graham Bell or Antonio Meucci invent the telephone? Did the Scot John
Logie Baird, the American Philo Taylor Famsworth or the Russian Vladimir Kosma
Zworkin, discover television? It often depends upon the country in which the book
you read was published. It has been suggested that ‘there is a time for a discovery’ and
that if one person had not made the breakthmugh, someone else would have. This
claim is supported by one of the great modern discoveries, the structure of the DNA
molecule. Watson and Crick discovered the double helix structure but other
scientists, particularly Rosalind Franklin, were very close to a solution.

Calculus is the comerstone of much of the mathematics studied at a higher
level. Differential calculus deals with finding the formula for the gradient of a
function. In this topic, the functions will be of the form f(x) = ax + bx™' + ...
where n is an integer.

Gradient

You will already be familiar with finding the gradient of a straight line, shown
below.

The gradient of the line passing through points (x,, y,) and

Y3
(x,, v,) is calculated by ﬁ Therefore the gradient of
- ¥,
the line passing through points P and QQ is —}? — ? = 15—0 = %

The gradient of a linear function (a straight line) is
constant, i.e. the same at any point on the line. However
non-linear functions, such as those that produce curves
when graphed, are more difficult to work with as the
gradient is not constant. X

Q(11,10)
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The graph opposite shows the function N
f(x) = x%. Point P is on the curve at (3, 9). If 18 -
P moves along the curve to the right, the 16 |-
gradient of the curve becomes steeper. If P 14 -
moves along the curve towards the origin, the q5.
gradient of the curve becomes less steep. ok

P

[T R I« ]
T

| N | | I I I |
4 32101 2 3 4 x

See GeoGebra file ‘7.1 Gradient of y = x2.

The gradient of the function f(x) = »? at the point P(1, 1)} can be calculated as
pllows.

Mark a point QQ,(3, 9) on the graph and draw the line segment PQ, The gradient
of the line segment PQ), is only an approximation of the gradient of the curve at P.

9—-1 _
3-1"
Mark a point Q, closer to P, for example (2, 4) and draw the line segment PQ, The
gradient of the line segment PQ), is still only an approximation of the gradient of
the curve at P, but it is a better approximation than the gradient of PQ),.

Gradie:ntofPQz=%=3

Gradient of PQI = 4

Yi
18 -

16

If a point Q; (1.5, 1.5%) is chosen, the gradient PQ, will be an even better
approximation.

ient of _152-1 e
Gradient of PQ, S T
2 —_—
For the pDinth_ (1.25, 1.252), the gradient DfPQ4 = % =225
. . 1L.12-1
For the point Q. (1.1, 1.12), the gradient of PQ, = i1 21
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See GeoGebra file ‘7.1 Gradient of line segment PQ)".

The results above suggest that, as point Q gets closer to P, the gradient of the
line segment PQ) gets closer to 2.

It can be proved that the gradient of the function is flx) = «? is2 when x = 1.

Y

(1+h, 1+ kP a

Consider points P and QQ on the function f(x) = »?. Pis at (1, 1) and Q, h units
from P in the x-direction has coordinates (1+h, (1+h)?).
(14 =1  142h+h* =1  h(2+h) 2 +h

Gradient of line segment PQ = e A A

As Q gets closer to P, h gets smaller and smaller (tends to 0), therefore the gradient
(2 + h) of the line segment PQ tends to 2.

Therefore the gradient at P(1, 1) = lim(2 + h) = 2

h-=0

i.e. the limit of 2 + hash tends to Qs 2.

In general:

The gradient of a curve at the point P is the same as the gradient of the
tangent to the curve at P.

See GeoGebra file ‘7.1 Line passing through P and (.

Exercise 7.1.1

1 Using the proof above as a guide, find the gradient of the function f(x) = x?
when:
a x= 2 b xX= 3 cC XxXx= '"].
d By looking at the pattern in your results, complete this sentence.
For the function f{x) = x%, the formula for the gradient is ... .

2 Find the gradient of the function f{x) = 22 when:
a x=1 b x=2 c x=-12
d By looking at the pattern in your results, complete this sentence.
For the function f{x) = 2x%, the formula for the gradient is ... .

3 Find the gradient of the function ﬁ:x]-%xzwhen:
a I=1 b I=2 c x=3

d By looking at the pattern in your results, complete this sentence.
For the function f{x) = 1%, the formula for the gradientis ... .
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In each case in Exercise 7.1.1, a rule was found for calculating the gradient at any
point on the particular curve. This rule is known as the gradient function f'(x) or
%, i.e. the function f{x) = » has a gradient function f(x) = 2x
m% = 2x.

i) S e

The above proof can be generalized for other functions f(x).
Gradient of line segment PQ) = %ﬂ‘%ﬂf

Gradient at P = im(Gradient of line segment P(Q)
h—+Q

= fim fx+h) — f(x)
g e

h

This is known as finding the gradient function from first principles.

Find, from first principles, the gradient function of f(x) = 2% + x.

dy _ i flx+h) — f(x)
il ((x+.ﬁ]2+(ijj—(:uc2 + x)
h=0
n x4+ 2xh+h2+ x+h—xl—x
= lim h
h>0
I 2xh+h*+h
= lim ===
h>0
= lim(2x+h+1)
h=0
= 2x+1
i.e. the gradient at any point P(x, y) on the curve y = x’+x is given by 2x+1.

You can check this by graphing a function and its gradient function simultaneously
On a computer.
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Autograph
= Type equation y = X’ + x
u Select curve. J
m dick on the gradient .
function icon i -
GeoGebra

m Type equation

m Type Derivative [f]

fix) =x2+x i

window.

Note: The equation of the gradient function is given in the algebra

B Exercise 7.1.2

1 Using the worked example above as a guide, find from first principles the
gradient functions of each of the following functions.

a f(x) =3
b f(x) =32
e flx) =x*+ 2x
d fl(x) =x* -2
e flx) =3x-13

f f(1]=212-1+1

2 Copy and complete the table by
entering your gradient functions from
question 1 above and from Exercise
7.1.1.

Function f{x)

Gradient function F(x)

x2

252

12

2

ax

2x+ 1

x3

3x?

X2+ 2x

=2

3x-3

22 -x+1
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3 For each of the functions given in question 2, use a computer to:
i) graph, on the same axes, the function and gradient function
ii) check that the equation of the gradient function is the same as the one you
calculated.

4 Describe any pattemns you notice in your table for question 2, between a function
and its gradient function.

The functions used so far have all been polynomials. There is a relationship
between a polynomial function and its gradient function. This is summarized below.
If f(x) = ax® thmi(—y = anx™7,
i.e. to work out the gradient function of a polynomial, multiply the coefficient of x
by the power of x and then subtract 1 from the power.
[Prpmerpmm—— 1 Calculate the gradient function of the function f(x) = 2x’.

% =3 x 2xd3-1) = b2
2 Calculate the gradient function of the function f(x) = 5x*.

%.1:1 = 4 x 5+ =208

@ B Exercise 7.1.3

1 Caleulate the gradient function of each of the following functions.
a flx)=o b fix) =% ¢ fix) =322
d flx) =543 e flx) =623 f f(x) =87

2 Calculate the gradient function of each of the following functions.
a flx) = %13 b fix) = ;1‘:4.'4 e f(x) =fi12
d fix) = %14 e fix) = %13 f flx) = %13

Differentiation

The process of finding the gradient function is known as differentiation.
Differentiating a function produces the derivative or gradient function.

1 Differentiate the function f{x) = 3 i
with respect to x. 5
The graph of f(x) = 3 is a horizontal 4 -
line as shown. 2
A horizontal line has a gradient of 2
zero. Therefore, 1L

- ﬂl_ L ] I RN S (N LN S B¢
f) =3=7 =0 210 1234567 8x
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This can be calculated using the rule for differentiation:
f(x) = 3 can be written as f(x) = 32°

d}'_ (0-1) —
E—i:.'!>-<3:rc =0

In general therefore, the derivative of a constant is zero.
ffix)=c= % =0.

Differentiate the function f(x) = 2x with respect to x.
The graph of f(x) = 2x is a straight line as

shown.

From work done on linear graphs, you know

the gradient is 2. Therefore,

flx) = 21::%11 =ik
This too can be calculated using the mule for

differentiation: L |

- N oW B 0w
T

f(x) = 2x can be written as f(x) = 2x'.

;E = 1 x 240D = 20

" dy _
But 29 = 1, therefareﬁ =7

In general, therefore, if f{x) = ax= % = a.

Differentiate the function f(x) = %13 — 2x + 4 with respect to x.
Graphically the function and its derivative are as shown.

fix)

It can be seen that the derivative of the function f(x) is a quadratic. The
derivative can be calculated to be f'(x) = x? - 2.

This suggests that the derivative of a function with several terms can be found by
differentiating each of the terms individually, which isindeed the case.
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4 Differentiate the function f(x) = %th respect to x.
Before differentiating, rewrite functions as sums of terms in powers of x.
22 + «? ; 2 x?
can be written as e + .

and simplified to 22 + x.
3

Therefore f(x) =Zx chie =212+x=>%x1=41+ L

Note: A common error herte is to differentiate each of the terms individually.
3

The derivaﬁveofh +12is t 6 424 :

i 1

B Exercise 7.2.1

1 Differentiate each of the following expressions with respect to x.

a 5¢ b 74 c 4af
1 1 3
g 5 h 6x i3
2 Differentiate the following expressions with respect to x.
a 32 + 4 b 50 - 222 ¢ 108 — 122
d 63 — 32 +x e 1224 — 22 45 f o —12+x—4
g 3+ 4d-1  h —6C+3% -4l i 3-8
3 Differentiate the following expressions with respect to x.
x + & b413+x2 62 + 2o
a 7 [ 2
x x x
s e 3x(x+ 1) § 22(x—2)
X
g (x+5)? h (2x = 1)(x + 4) i (2 +x)(x—3)

Negative powers of x

So far all the polynomials that have been differentiated have had positive powers of
x. This section looks at the derivative of polynomials with negative powers of x, for
example differentiating from first principles the function f{x) = x! with respect to x.
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You will know from your work on ¥

indices that x! can be written as ;.

9 |-

The function f{x) is shown graphically
s 1 1

with P(I, ;) and Q(I + .FI, m)

fix + h)

Gradient of line segment PQ

_L x+h  x h
x+h x{x+h)  x(x+h) x{x+h) 1

= kY =h e AR

| —

: 1 e ]
Thessfore i~ o) =~

This tells us that for flx) = ™, the derivative f'(x) = —-—% = —x2,

It can be seen that the original rule for the derivative of polynomials, namely if
flx) = ax™ then f'(x) = anx™", is still valid when n is negative.

flx) = !
fx) = =1 x D = 42

Worked examples 1 Find the derivative of x2.

dy _ 3 x x20

_ _ 2
==L

2 Calculate %, wheny =2x"' + x? + 2.

d}' - {-1-1) {-2-1)
E-Tlxh + =2 % x +0
= —2x? -2x3
=L+l
=W gt
3 Differentiate %W‘ll‘_h respect to x.
First write the expression %in the form ax®, where ais a constant and n an
integer:
B L.
dy (5-1)
FR 5 X 2
= —10x6=-10

8




310 INTRODUCTORY DIFFERENTIAL CALCULUS

B Exercise 7.2.2

1 Find the derivative of each of the following expressions.
a x! b 3 c 2x d —x? e w%r-‘ f __,%1—5

2 Write the following expressions in the form ax", where a isa constantand n an

integer.
1 2 3 2 3 2
a — b < —2 d F € F f w
3 Calcula.tef (x) fcn' the following curves.
a flx) =3x"+ 2x b flx) =22 +x71 + 1
e fla)=3x1-x?+ 2x df(x)=i+13
ef(x] F-§+l ff(ﬂ 313

So far we have only used the variables x and y when ﬁndlng the gradient function.
This does not always need to be the case. g
Sometimes it is more convenient or 5
appropriate to use other variables.

If a stone is thrown vertically upwards from 4
the ground, with a speed of 10ms, its 2
distance (s) from its point of release is given
by the formula s = 10t — 4.9¢%, where t is the 0 1 5t
time in seconds after the stone’s release.

This is represented graphically as shown.

The velocity (v) of the stone at any point can be found by calculating the rate of
change of distance with respect to time, i.e. %

B
~d

Therefore, if s = 10t — 4.9¢ =10 - 9.8t

1 Caleulate $for the function s = 62 — 4t + 1
ds

5= 12t— 4

2 Calculate%fortheﬁmcﬁanr:%+2t2 e
Rewriting the function as r = 662 + 2¢% —1,
d'l' - -3 - ].2
" Mg =12t + 4t = *F+4;

3 Calilate Ec‘l‘;'fm Phe funieanve= (&5 1)(% -1)

Expanding the brackets gives: v = 2r — r* + % -1

dv _ 4
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B Exercise 7.2.3

1 Differentiate each of the following with respect to t.
a y=32+t bov=2d+¢ e m=53 -1

d y=2t! e r=%r."2 f s=tt-1¢?

2 Calculate the derivative of each of the following functions.

a y=3x"+4 b s=2c-t c q.l="_2"_%

B and g mE
dP—2+ZI em—i—j flrI—5

3 Calculate the derivative of each of the following functions.
a y=x(x+4) b r=tl-1t) cu=t(%+13)

d p=r2(%—3) e ﬂ=x(x‘2+%) f 3'=E_](Eﬂé)

4 Differentiate each of the following with respect to 1.

a y=(c+1)t-1) br=(t— 1)2t+2)
3 p=(%+ 1)(%—1) da=(2+ )2 -2)
ev=(23—52+1)(r-1] f3r=(%-t)(2t-—-3?)

Calculating the second derivative

In the previous section we looked at the position of a stone thrown vertically
upwards. Its velocity (v) at any point was found by differentiating the equation for

the distance (s) with respect to t,i.e. v = %

However, acceleration (a) is the rate of change of velocity with time, i.e.a = %.
Therefore, ass = 10t — 4.9¢
v = % =10 - 9.6t
dv

= s —9.8 (acceleration due to gravity)

You will have noticed that the equation for the distance was differentiated twice to
get the acceleration, i.e. the second derivative was obtained. Caleulating the
second derivative is a useful operation will be seen later.

The notation used for the second derivative follows on from that used for the
first derivative.

flx) = ax* ¥y =ax"
= {(x) = anx™! or %II = anx™!
= f"(x) = an(n — 1)x2 % = an(n - 1)x2
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So either f"(x) m% is used to represent the second derivative when differentiating

with respect to x, depending on whether the original function is given in the form
flx) = ax"ory = arx"

d
t Bod G uheny =0~ 22

31_3" = 3x? — 4x
gg; =6x—4
2 Find f"(x) when f(x) = % + ﬁ

f(x) = 22 + 22
f'(x) = —Ixi— x3
f1(x) = 4x3 4 3x4= % ¥

|

2
3 Bod $3ifs = 3t + 12,

ds _
E—3+r:
ds

dg =1

B Exercise 7.2.4
1 Find the second derivative of each of the following.

a y=24 by:x“'w—%xz
c }'=%xﬁ d y=32-2
e j=? f y=73x
2 Find%fareachuf the following.
a :,'=x" 'E.'p"3r=x‘2+x3
-3 ~2
©y='g dy=2
. f _2-x
S y=—"2
3 Differentiate the following twice with respect to x.
a v=2(x-3) b P =12 (2 +x)
¢ pmipiflial) du=2;f‘

e y= (2t 4 1}s7 — x) fr=@
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@ 7.3 The gradient of a curve at a given point

You have seen that differentiating the equation of a curve gives the general
equation for the gradient of any point on the curve. Using the general equation of
the gradient, gradients at specific points on the curve can be calculated.

For the function f(x) = %12 — 2x + 4, the gradient function f'(x) = x — 2. The
gradient at any point on the curve can be calculated using this.

For example, when x = 4, f'(x) = 4 -2

=2

i.e. the gradient of the curve fix) = %xz —2x + 4is 2 when x = 4, as shown below.

Ly

: Gradient of curve
‘atx=4is2

= R W

L1 | I I |
-1 01 2 3 4 5 86 7 x

GDCs and graphing software can also help to visualize the question and check the

solution.
Casio
SET UP - _ -
“ and enter the V1=1,2R2-2K+4

equation of the curve.

é to plot the graph.
- b avodusa

The gradient of the curve at
x = 4 is displayed on the screen.

Note: If the —g—i— derivative feature is not displayed on the screen, it

can be turned on via the set up menu.
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Texas
and enter the equation of 3
s the curve. J}j
oy
; to plot the graph. L
dy
j and select e
m to calculate the duidn=z
gradient when x = 4.

Autograph

m Type equation y = ;'—!xz -2x+4
m Select the curve.
dick on coordinate icon ()
and enter the value x = 4.
A point is plotted on the curve
atx=4.
m Click on the point. Select
‘object’ followed by ‘tangent"’.

Atangent is drawn to the curve

at x = 4. Its equation and the
wordinate of the point are
displayed at the base of the screen.

Note: The equation of the tangent is displayed at the base of the
screen, i.e. y = 2x - 4. The gradient can therefore be deduced from this.

GeoGebra

m Type equation Verr
) = A2 - 2x 4 4 S .

m Type ‘Tangent[4, f]'. This : /
draws a tangent to the curve - /
atx =4, '

Note: The equation of the tangent is displayed in the algebra window,
i.e. y = 2x - 4. The gradient can therefore be deduced from this.
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Tr il Calculate the gradient of the curve f{x) =x* + x — 6 whenx = —1.
The gradient function f'(x) = 322 + 1.
When x= -1, f'(=1) = 3(-1)? + 1 = 4,
i.e. the gradient is 4.

B Exercise 7.3.1

1 Find the gradient of each of the following functions at the given values of x.
a flx)=xtx=3
b fix) =42 - 2,x= -3
e flx) =33 —4x2-2;x=0
d fix)=-o+2x—-Lix=1
e ﬂx]:-—%x3+x-—3;x=-—1,x=2
f flx) =6xx=5

2 Find the gradient of each of the following functions at the given values of x.
a flx) = l; x=2
x

bf(x:l=%;x=].

c f(x) =$—3x;x=2

d ﬂx)=x2mﬁ;x=~rl
e ﬂx)=$+xzwl;x=2

1 1.1 1 1
f ﬂ1]=;f?+F;x=§,x=7
3 The number of people, N, newly infected on day t of a stomach bug outbreak is

given by N = 5¢ — 18,
a Calculate the number of new infections, N, when:
i) t=1 i) t=3 i) t=6 iv) t=10.

b Calculate the rate of new infections with respect to t, i.e. calculate %

¢ Calculate the rate of new infections when:
e=1 fi) t=3 ii) t=6 iv) t=10.
d Using a GDC, sketch the graph of N against t.
e Using your graph as a reference, explain your answers to part a.
f Using your graph as a reference, explain your answers to part c.

4 A weather balloon is released from the ground. Its height h (m) after time
t (hours) is given by the formulah = 302 — ¢, t < 20.
a Calculate the balloon’s height when:
i)et=3 i} t=10.
b Calculate the rate at which the balloon is climbing with respect to time t.
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¢ Calculate the rate of ascent when:
it=12 i) t=5 iii) £ = 20.
d Using a GDC, sketch the graph of h against t.
Using your graph as a reference, explain your answers to part c.
Use your g[aph to estimate the time when the balloon was climbing ar its
fastest rate. Explain your answer.

-

Calculating x, when the gradient is given

So far we have calculated the gradient of a curve for a given value of x. Itis
possible to work backwards and calculate the value of x, when the gradient at a
point is given.

Consider the function f(x) = x* — 2x + 1. It is known that the gradient at a
particular point on the curve is 4. [t is possible to calculate the coordinate of
the point.

The gradient function of the curve is f'(x) = 2x — 2.
As the gradient at this particular point is 4 (i.e. f'(x) = 4), an equation can be formed:

Ix—2=4
Ix=6
=73

Therefore, when x = 3, the gradient of the curve is 4.
Once again a GDC and graphing software can help solve this type of problem.

The function flx) = x* — «2 — 5 has a gradient of 8 at a point P on the curve.
Calculate the possible coordinates of point P.

The gradient function f'(x) = 3x2 — 2x
At P, 3 - 2x= 8.

This can be rearranged into the quadratic 3x* — 2x — 8 = 0 and solved either
algebraically or graphically as shown in Topic 2.

/‘

25 x

Graphically
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From the graph it can be seen that x = —1% and x = 2, i.e. there are two possible

positions for point P.

By substituting these values of x into the equation of the curve, the y~coordinates of

P can be calculated.

A-13)=(-15) -(-13) 5 = -3 = o

f2)=2-22-5=—1

Therefore, the possible coordinates of P are ( - l%,

Algebraically

~94) and (2, - 1).

The quadratic equation 3xf — 2x — B =0 can be solved algebraically by factorizing.

(3x+4)x-2)=0

Therefore, (3x+ 4) = 0= x—%or(x—Z] =0=x=2

Your GDC can also be used to solve (quadtatic] equations.

Casio

SET UP

@ and select Equation mode.
f-:ﬁ to select Polynomial.

.-!ﬁ, to select polynomial of degree 2.
Enter the values of g, b and c.

pﬁ to solve the equation.

?&H%ﬁwm?
| L] £

L 1

| 0 NP [T [T

axe+g><+-;=a

ko]

[REFT

Texas

to select equation solver and

H then enter the equation.
nu to find one solution.

Change the value of x to a number closer
to the second solution, e.g. x= 1.

mu to find the second solution.

ECQUATION SOLVER
eap i Bl =2K-2

IX2=TH-E=0

Eym=] EXTIIIIIS.
bound={ -1 99,1 _.

s left=-ri=0

Sui=2H-8=0
" =g

Py
bound={-1e99,1..
* lett—rt=

equation first.

Note: To find the second solution, you will already need to know
approximately where it is. This can be done by graphing the
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Once the values of x have been calculated, the values of y can be calculated
as before.

B Exercise 7.3.2

1 Find the coordinate of the point P on each of the following curves, at the given
gradient.
a flx) =« - 3, gradient = 6
b flx) = 3x? + 1, gradient = 15
¢ flx) =22 — x + 4, gradient = 7
d flx) = 12 - 3x— 1, gradient = -3
e flx) = %xz + 4x, gradient = 6
f flx) = =322 + 2x + 1, gradient = 4

2 Find the coordinate(s) of the point(s) on each of the following curves, at the given
gradient.
a fix)= %13 + %12 + 4x, gradient = 6

b flx) = %13 + 2x? + 6x, gradient = 3
c flx) = %13 — 222, gradient = —4
d flx) = - + 4x, gradient = 5

3 A stone is thrown vertically downwards off a tall cliff. The distance (s) it travels
in metres is given by the formula s = 4t + 52, where t is the time in seconds
after the stone’s release.

a What is the rate of change of distance with time %E? (This represents the
velocity.) ‘
b How many seconds after its release is the stone travelling at a velocity

of 9ms™?

¢ The stone hits the ground travelling at 34 ms™'. How many seconds did
the stone take to hit the ground?

d Using your answer to part ¢, calculate the distance the stone falls and
hence the height of the cliff.

4 The temperature (T °C) inside a pressure cooker is given by the formula
T = 20 + 12¢ —t% t < 8, where tis the time in minutes after the cooking started.
a Calculate the temperature at the start.
b What is the rate of temperature increase with time?
¢ What is the rate of temperature increase when:
t=1 i) t=4 i) t=87

d The pressure cooker was switched off when % = 36.

How long after the start could the pressure cooker have been switched off?
e What was the temperature of the pressure cooker if it was switched off at
the greater of the two times calculated in part d?
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Worked examples

Equation of the tangent at a given point
As was seen in Section 7.1, the gradient of a tangent drawn at a point on a curve is

equal to the gradient of the curve at that point.

What is the equation of the tangent to f{x) = %xz + 3x + 1in the graph below?
The function f{x) = %12_}, 3x + 1 has a gradient function of f'(x) =x + 3

At point P, where x = 1, the gradient of the curve is 4.

The tangent drawn to the curve at P also has a gradient of 4.

LM e o @

8 7 -8 -4 -3 -2 -

-4 |-

As it is a straight line, it must take the form y = mx + ¢. The gradient m is 4 as
shown above.

Therefore, vy = 4x + c.

As the tangent passes through the point P(1, 4%], these values can be substituted
for x and y so that ¢ can be calculated.

4% =4 +c

eal
The equation of the tangent is therefore y = 4x + %

Exercise 7.3.3

1 For the function f{x) =xf—3x+ 1:
a calculate the gradient function
b calculate the gradient of the curve at the point A (2, 1).

A tangent is drawn to the curve at A.
¢ What is the gradient of the tangent?
d Calculate the equation of the tangent in the form v = mx + c.

2 For the function ﬁx] =2yl —4x - 2:
a calculate the gradient of the curve where x = 2.

A tangent is drawn to the curve at the point (2, -2).
b Calculate the equation of the tangent in the form y = mx + c.
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7.4

3 A tangent is drawn to the curve f(x) = %xl — 4x -2 at the point P (0, -2).
a Calculate the gradient of the tangent at P.
b Calculate the equation of the tangent in the form y = mx + c.

4 A tangent T, is drawn to the curve f{x) = —2 + 4x + 1 at the point A (4, 1).
a Calculate the gradient of the tangent at A.
b Calculate the equation of the tangent in the form y = mx +c.

Another tangent T, is drawn at the point B (2, 5).
¢ Calculate the equation of T,

5 A tangent T, is drawn to the curve f(x) = --%xz — 3x + 1 at the point P (-2, 6).
a Calculate the equation of T,.

Another tangent, T, with equation y = 10, is also drawn to the curve at a point Q.
b Calculate the coordinates of point Q.

¢ T,and T, are extended so that they intersect. Calculate the coordinates of
the point of intersection.

6 The equation of a tangent T, drawn on the curve f(x) = —%x?‘ —x—4atP, has
an equation y = —3x — 6.
a Calculate the gradient function of the curve.
b What is the gradient of the tangent T?
¢ What are the coordinates of the point P?

Increasing and decreasing functions
The graph shows the heart rate of an adult male over a period of time.

Heart rate

Time

By simply looking at the graph, it is easy to see when his heart rate is increasing,
decreasing and when it is at a maximum.

By comparing the shape of the graph with its gradient, we can see that when the
gradient is positive, the heart rate is increasing. When the gradient is negative, the
heart rate is decreasing. When the gradient is zero, the heart mate is at its maximum.

This section will look at the properties of increasing and decreasing functions.
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For the function f(x) = «* the following observations can be made.

When x > 0 the gradient is positive, therefore f(x) is an increasing function for
this range of values of x.

When x < 0 the gradient is negative, therefore f(x) is a decreasing function for
this range of values of x.

When x = 0 the gradient is zero, therefore f(x) is stationary at this value of x.

¥
14

12
10

R B ® @

1 1 1 |
5 4 3 -2 -0

1 a Using your GDC, sketch the function f{x) = x* — 52 + 8.

a

b Calculate the range of values of x for which f(x) is a decreasing function.

N,
\V

b f(x) = x? — 5x? + 8, therefore f'(x) = 3x? — 10x.

For a decreasing function, f'(x) < 0.

Therefore, either solve the inequality 3x* — 10x < 0 to find the range of
values of x.

Or, from the graph it can be
deduced that the function is A /’

decreasing between the stationary
points A and B.

At the stationary points, f'(x) = 0 \\
so the quadratic 3x? — 10x = Qiis

solved to find the stationary B

points.
3x2 - 10x=0

(3x-10)=0
x= 0m13—0

Therefore f{x) = x> — 5x% + 8 is a decreasing function in the range 0 < x < ?
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2 Show that f(x) = £ + x — 8 is an increasing function for all values of x.
flx)=32+1
For f(x) to be an increasing function, f'(x) > 0.
3x? + 1 >0 forall values of x as »? is never negative.
Therefore f(x) is an increasing function for all values of x.

Exercise 7.4.1
1 For each of the following, calculate:
i) f'(x)
ii) the range of values of x for which f(x) is increasing.

a fx)=+-4 b f(x) =« -3x+ 10
¢ flx) ==+ 10x - 21 d f(x) =23 — 1222 + 48x — 62
e f(x) = = + 25x f f(x):%x“-—%xz

2 Using the functions and your calculations in question 1 above find, in each case,
the range of values of x for which f(x) is a decreasing function.

3 a Prove that f(x) = %13 + %I is an increasing function for all values of x.
b Prove that f(x) = %x} - x -—%xs is a decreasing function for all values of x.

4 Calculate the range of values of k in the function f{x)} = ©* + x! — kx, given that
f(x) is an increasing function for all values of x.

Stationary points

In the previous section we looked at the concept of increasing and decreasing
functions. If the gradient of a curve is positive (i.e. f'(x) > 0), then it is an
increasing function for that value of x. If the gradient of a curve is negative (i.e.
f'(x) < 0), then the function is a decreasing one for that value of x.

However, there are cases where the gradient function is zero (i.e. f'(x) = 0). This
section looks at those cases in more detail.

D fp)=0
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Worked example

The curve on the previous page is an increasing function between A and B and
between C and D (where x takes values in the range x, < x <x, and x;< x < x,
respectively). It is a decreasing function between B and C, between D and E and
between E and F (where x takes values in the range x, < x < x,, x<x< x;and x; <
zLin respectively). However, at points B, C, D and E the gradient function is zero.
These are known as stationary points.

There are different types of stationary point. Points B and D are called local

maxima. Point C is a local minima, whilst point E is a point of inflexion.

It is not necessary to sketch a graph in order to find the position of any

stationary points or to find out what type of stationary point they are.

a

b

a

Find the coordinates of the stationary points on the curve with equation

y =%x3 — 4x + 5.
Determine the nature of each of the stationary points.
o dy _
Fy=q2 —dx+5 3 =2 -4
d

At astationary point, H_xl =0.
Therefore, solve x* —4 = 0 to find the x coordinate of any stationary point.

£L—4=0
2=4
x=2orx=-12

When x = 2 and x = -2 are substituted into the equation of the curve, the y-
coordinates are found.

When x = 2: 3r=%(2)3—4(2)+5=—%
When x = —2: y=1(=2P - 4(-2) +5=10}
The coordinates of the stationary points are (2, —%) and(—z, 10%).

There are several methods that can be used to establish the type of stationary
point.
i) Graphical deduction
As the curve is a cubic of the form y = ax® + bx® + cx + d and a, the
coefficient of x%, is positive, the shape of the curve is of the form

VARV

therefore it can be deduced that the coordinates of the stationary points are

(-, 103)

(2.-3)

Hence {—2, 10 %) is a maximum point and (2, —%) aminimum point.
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ii) Gradient inspection
The gmdient of the curve either side of a stationary point can be calculated.

At the stationary point where x = 2, consider the gradient atx = 1 and x = 3.
HI_3:2--—4‘- whenx=l,g%=-—3

when x = 3, %Il =5

The gradient has changed from negative to positive as x increased, therefore
the stationary point must be a minimum.

At the stationary point where x = —2, consider the gradientat x = -3 and

x= -1
j-x—3=x2-—4 whenx=-—3,%=5
when x =v—1,d—i= =3

The gradient has changed from positive to negative as x increased, therefore
the stationary point must be a maximum.

A maximum stationary point

A minimum stationary point

A point of inflexion stationary point

dy{ﬂ

A GDC and graphing software can also be used to find the position of any
stationary points. For example, find the coordinates of the stationary points for the
graph of y =%x$ — 4x + 5.
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Casio

w1 R

s to select the graph mode.

Enter the equation y = %13 ~4x+5
6T
m to graph the function.

G-5alv
@™ to access the graph solve menu.

Zoom

@0 to find any maximum points.

The results are displayed on the graph.
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to find any minimum points.
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\.__J maximum point.

ta move to the left of the
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maximum point.

u um find the maximum point.

T2 E to search for the
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procedure described above for the
maximum point.
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Autograph
Select =5 and enter the equation Pias f
Y= - ax45 J 1\
To change the scale on the axes use £ I-'I ! "H_;.f"

Select the curve then click ‘Object’
followed by f'(x) = 0'.

The solutions appear at the base of the

screen or more clearly in the results box Equation Sobrar
] Solution r=-2, y=10 33
by selecting E Solution: =2, ye={ 3333

GeoGebra

Enter the equation
y= %X"“B - 4x + 5 into the input

field. o I;’f\\-

To find the position of any f .
stationary points type ‘Extremum | \j
(f)’ into the input field. The points I!

are plotted on the graph and their
coordinates displayed in the
algebra window.

2
There is also a way of finding stationary points using the second derivative g}:;'
Although it is beyond the scope of this textbook, you may wish to investigate it as

it is, in most cases, an efficient method.

Exercise 7.5.1

For questions 1 and 2, calculate:

i) the gradient function

ii) the coordinates of any stationary points.

1af(x)=x—6x+13 b fix)=x*+ 12x+ 35
¢ flx)= - +8x—13 d flx)= —6x+ 7

2 a f(x) = — 122 + 48x — 58 b fix)=x*—12x
¢ flx) = —3x"—45x+ 8 df(x]=%13+%12—41—5
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For questions 3 and 4:

i) calculate the gradient function

ii) calculate the coordinates of any stationary points
iii) determine the type of stationary point

iv) calculate the value of the y-intercept

v) sketch the graph of the function.

3aflx)=1—4x -

c f(x]=—%13+311—4x
4 a flx) = =92+ 27x = 30

B Student assessment 1

1 Find the gradient function of each the
following.
ay=y b y=2x—x
f.:)'=—%12+21 d 3r=%1j+412—1

2 Differentiate the following functions with

respect to x.
a flx) = x(x + 2)

b f(x) = (x + 2)(x — 3)

= x _ 22
c f(x) = p d f(x) Sy

e fx) =2 f, st

X

3 Find the second derivative of both of these
functions.
ay=at-3x

b f(x) =2 = 7

4 Find the gradient of the following curves at the
given values of x.
a flx) = %12 + x;
b f(x) = =+ 2 + x
[ (1}=—+x; x=—3

d f(x) = (x — 3)(x + 8);

5 A stone is dropped from the top of a cliff. The
distance it falls (s) is given by the equation
s = 5, where s is the distance in metres and
t the time in seconds.
a Calculate the velocity v, by differentiating
the distance s with respect to time t.
b Calculate the stone's velocity after 3 seconds.

b flx) =12° = 42+ 12x - 3
d flx) = =322 —30x + 4

b f(x) = 2t = 423 + 16x

¢ The stone hits the ground travelling at
42 ms'. Calculate:
i) how long it took for the stone to hit the
ground

ii) the height of the cliff.

B Student assessment 2

1 The function f(x) = O+ =1hasa
gradient of zero at points P and Q, where
the x-coordinate of P is less than that of Q.
Calculate the gradient function f'(x).
Calculate the coordinates of P.
Calculate the coordinates of Q.
Determine which of the points P or Qis a
maximum. Explain your method clearly.
Explain why the point A (1, 1) lies on the
curvey = 2 — x? + x.
b Calculate the gradient of the curve at A.
¢ Calculate the equation of the tangent to the
curve at A.
3fx)=(x=-2+3
a Calculate f'(x).
b Determine the range of values of x for which
f(x) is a decreasing function.
4 f(x) = xt — 222
a Calculate f(x).
b Determine the coordinates of any stationary
points.
¢ Determine the nature of any stationary point.
d Find where the graph intersects or touches:
i) the y-axis
ii) the x-axis.
e Sketch the graph of f(x).

[ =T e T -
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Financial mathematics

Syllabus content

8.1 Currency conversions.

8.2 Simple interest: use of the formulal = %, where C = capital, r = % mate,

n = number of time periods and I = interest.

83 Compoand interest: use of the faimilal = C X (1 + ﬁ) _C.
Depreciation.
The value of r can be positive or negative.

8.4 Construction and use of tables: loan and repayment schemes; investment
and saving schemes; inflation.

Introduction

Juno Moneta (Juno the Alone) was the Roman
e God of Finance. The word money is derived
1L M from her name. In Rome, financial contracts

)Y ._,l_.J."":'. . o, and loans, etc. were swom before this god and
f ' contracts were lodged in her temple.

o
]
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The kingdom of the Lydian King Croesus (Lydia is now part of Turkey) is credited
as being the first to mint coins in about 560 BC. The expression ‘As rich as
Croesus’ came to describe people of vast wealth.

Numismatics is the study of money and its history. Numismatists are coin and
note collectors.

One hundred thousand years ago in what is now Swaziland in Africa, trading was
done using red ochre as a form of money. In other parts of the world conch shells
and precious metals, particularly gold and silver, were used as currency by traders to
supersede the straight exchange of goods.

For a substance to be used as money it must be a ‘scarce good'. It may be red
ochre, diamonds or, in some circumstances, cigarettes. Scarce goods like gold are
called ‘commodity money’. Bank notes, which came later, are called ‘representative



Currency conversion 331

8.1

money’ as the paper itself has no value, but it can be exchanged for other goods.
One pound sterling is so called because it could, on demand, be exchanged for one
pound weight of sterling silver.

What are the advantages and disadvantages of paper money compared to
commodity money?

Currency conversion

The Eurozone is a term that describes those European countries that replaced their
previous currencies with one common currency, i.e. the euro.

In 2002, just after its launch, its exchange rate against the US dollar (USD or $)
was below patity, i.e one euro was worth less than one dollar.

In June 2008 before the banking crisis, one euro was worth approximately one
dollar and sixty cents. The value of a bank note relative to other currencies can
change, sometimes very rapidly.

When changing currencies, banks take a commission (a fee). This meant that
when Europe had a large number of different currencies, traders lost money paying
these commissions and currency fluctuations meant long-term planning was
difficult for exporters.

Commission can either be a fixed sum or a percentage of the money exchanged.
In addition, when you exchange money, there are two rates; one for when selling
and another for buying. For example, a bank might buy £1 sterling (GBP) for $1.30
and sell for $1.35. So if you changed £1000 into dollars you would receive $1300 but
if you changed your dollars back into pounds you would receive 1300 + 1.35 =
£963, a cost of £37. Had they charged a percentage commission of 3%, it would have
cost £30 to make the original exchange. So you would get £970 x 1.30 = $1261.
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Worked example

The table below shows the rate at which countries entering the euro in 2002

changed their old currency for one euro.

Country Currency Exchange for 1 euro
France Franc 6.56 francs
Germany Deutsche mark 1.96 Deutsche marks
[taly Lira 1940 lire

Spain Peseta 166 pesetas

Holland Guilder 2.20 guilders

Austria Schilling 13.76 schillings
Belgium Franc 40 francs

Finland Markka 5.95 markkas
Greece Drachma 341 drachmas
Ireland Punt 0.79 punts

Portugal Escudo 200 escudos
Luxembourg Franc 40 francs

The euro became the single currency for the twelve countries above on 1st January
2002. It was the biggest change in currencies Europe had ever seen. By 2008
Andorra, Cyprus, Malta, Monaco, Montenegro, San Marino, Slovenia and Vatican
City had joined the euro. European countries still to join include Great Britain,
Sweden and Denmark. Why do you think these countries have not joined the euro?

Note: There is no universal agreement about whether the € sign should go before
or after the number. This depends to a great extent on the conventions that were
in place in each country with its previous currency.

Using the exchange rate in the table above, change 15 000 pesetas into guilders.

From the table: 166 pesetas = 1 euro = 2.20 guilders
166 pesetas = 2.20 guilders

1 peseta = % guilders
15000 pesetas = 220 x 15000 guilders

Therefore, 15 000 pesetas = 198.80 guilders.

Exercise 8.1.1
Using the exchange rates in the table above, convert each of the following.
1 100 Deutsche marks into French francs
2 500 guilder into drachmas
3 20000 lira into schillings
4 7500 pesetas into escudos
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Worked example

5 1000 Belgian francs into French francs
6 1 million punt into markkas
7 200000 lira into pesetas
8 3000 Deutsche marks and 1000 schillings into punts
9 5000 Deutsche marks into lira
10 2500 guilder into shillings

This gives you some idea of the many changes occurring every day in Europe
before 2002.

The pound sterling was a ‘reserve currency’. Many economists think that the
euro could become a ‘reserve currency’. What does the term mean?

Currencies change their value with respect to each other because of the change
in economic circumstances in each country.

For example, in 2002 1€ could be exchanged for $1.04. In 2008 1 euro could be
exchanged for $1.54.

The exchange rate I:oday can be found from what is called the curmrency
exchange market.

In 2008, visitors to the USA from Germany would have found the country
cheap to visit. Americans visiting Europe would have had the opposite experience,
since their dollars did not buy as many euros as in previous years. In theory the
external exchange rate does not affect the intemal worth of the currency. In
practice, because countries need to import and export goods and services, the
strength or weakness of a currency will directly affect people. For example if your
currency weakens compared to the dollar, then the cost of oil and gas, which are
priced in dollars, will increase. Sometimes a currency becomes so weak that it is
impossible to import goods. In 2008, the currency of Zimbabwe was not accepted
for overseas trade payments. The economy suffered badly and many Zimbabweans
could not find work.

In 2001 Kurt and his family travelled to the USA. The flights cost $1650, hotels
cost $2200 and other expenses were $4000. At that time, the exchange rate was
1€ = $1.05.

In 2008 they took the same vacation but the costs in dollars had increased by 10%.
The exchange rate was now 1 euro = 1.55 dollars.
a What was the total cost in euros in 20017
b What was the total cost in euros in 20087

a Total costin dollas = $7850
$1.05 = 1€ = $1 = 0.95€
Therefore total cost in euro was 7850 x 0.95 = T476€.
b A 10% increase is equivalent to a multiplier of 1.10.
Total costin dollars = 7850 x 1.10 = $8635
$1.55 = 1€ = §1 = 0.65€
Therefore total cost in euros was 8635 x 0.65 = 5613€.
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8.2

Worked examples

Exercise 8.1.2

1 The rate of exchange of the South African rand is £1 = 12.8 rand.
£1 = 1.66 US dollars.
a How many pounds could be exchanged for 100 rand?
b How many rand could be exchanged for $10007

2 An apartment in Barcelona is offered for sale for 350 000€. The exchange rate is
£1 =1.24¢€.
a What was the cost of the apartment in pounds?
b The value of the pound against the euro increases by 10%.What is the new
cost of the apartment in pounds?

3 The Japanese yen trades at 190¥ to £1. The dollar trades at $1.90 to the pound.
a What is the yen—dollar exchange rate?
b What is the dollar—yen exchange rate?

4 The Russian rouble trades at 24 roubles to $1. The Israeli shekel wrades at
3.5 shekels to $1.
a What is the rouble—shekel exchange rate?
b What is the shekel-rouble exchange rate?

5 Gold is priced at $930 per ounce. 16 ounces = 1 pound weight.
a What is the cost of 1 ton (2240 pounds) of gold?
1 dollar = 0.62 euros and 1 dollar = 41 Indian rupees.
b What does 1 ton of gold cost in rupees?
¢ What does 1 ton of gold cost in euros?
d What weight (in ounces) of gold could be bought for 1 million euros?

Simple interest

Interest is money added by a bank or building society to sums deposited by
customers, or money charged to customers for borrowing. The money deposited or
borrowed is called the capital. The percentage interest is the given rate and the
money is usually left or borrowed for a fixed period of time.

The following formula can be used to calculate simple interest:

_Cm

~ 100

where | = the simple interest paid

C = the capital (the amount borrowed or lent)
n = number of time periods (often years)

T = percentage rate.

1

1 Find the simple interest eamed on €250 deposited for 6 years at 8% p.a.
_Cm
~ 100
1=20x8x6
100
=120

The interest paid is €120.

1
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2 How long will it take for a sum of €250 invested at 8% to earn interest of €807

I_C_"“
- 100
250x 8xn
e 100
8000 = 2000n
n=+4

It takes 4 years for €250 to earn €80 of interest.

3 What rate per year must be paid for a capital of £750 to eam interest of £180 in
4 years?

_ M0 xrx4
180= "0 —

180= 30r
r= 6%

A rate of 6% must be paid for £750 to earn interest of £180 in 4 years.

The total amount A after simple interest is added is given by the formula

Cm
A-C+W.
Thiscanalsabewrit@asﬂ=c+nxﬁ.

100
Compare this with the formula for the nth term of an arithmetic sequence used in
Section 2.5:

u =u, +(n— 1M
In simple interest calculations, the final amounts after each year (A) form an

arithmetic sequence with first term «; = C and common difference d = %

Exercise 8.2.1
Alll rates of interest are annual rates.

1 Find the simple interest paid in each of the following cases.

Capital Rate Time period
a NZ$300 6% 4 years
b £750 8% 1 years
c 425¥ 6% 4 years
d 2800 baht 4.5% 2 years

e HK$880 6% T years
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2 How long will it take for the following amounts of interest to be eamed?

C R 1
a 500 baht 6% 150 baht
b 5800¥ 4% 96¥
¢ AU$4000 1.5% AU$1500
d £2800 8.5% £1904
e 900€ 4.5% 243€
f C=400Ft 9% 252Ft

3 Calculate the mate of interest per year which will eam the given amount of
interest in the given time period.

Capitals Time periods Interest
a 400€ 4 years 1120€
b US$800 7 years US$224
¢ 2000 baht 3 years 210 baht
d £1500 6 years £675
e B50€ 5 years 340¢€
f AUS$1250 2 years AUS$275
4 Calculate the capital required to eam the interest stated in the number of years
and with the rates given.
Interest Time period Rate
a BOFt 4 years 5%
b NZ$36 3 years 6%
c 340€ 5 years 8%
d 540 baht 6 years 1.5%
e 540€ 3 years 4.5%
f US$348 4 years 1.25%
5 What rate of interest is paid on a deposit of £2000 that earns £400 interest in
5 years!

6 How long will it take a capital of 350€ to eam 56€ interest at 8% per year?

7 A capital of 480 Ft earns 108 Ft interest in 5 years. What rate of interest was
being paid?

8 A capital of 750€ becomes a total of 1320€ in 8 years. What rate of interest was
being paid?

9 AUS$1500 is invested for 6 years at 3.5% per year. What is the interest eamed?

10 500 haht is invested for 11 years and becomes 830 baht in total. What rate of
interest was being paid?
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(% 83

Worked example

Compound interest

In this section we move on from simple interest to look at compound interest. For
the first time period, there is no difference between the two types: a percentage of
the capital is paid as interest. However, simple interest is calculated using the
ariginal amount whereas compound interest is paid on the total amount, which
includes the interest paid in the first time period. Simple interest has few
applications in real life: when we talk about interest in real life, it will usually be
compound interest. If you have a savings account the money in it will earn
compound interest and when people take out a loan they will pay compound
interest on the money they have borrowed.

For example, a builder is going to build six houses on a plot of land in Spain. He
borrows 500000 euros at 10% p.a. and will pay off the loan in full after 3 years,
when he expects to have finished building the houses and to have sold them.

At the end of the first year he will owe:

500000€ + 10% of 500000€ i.e. 500000€ x 1.10 = 550 000€
At the end of the second year he will owe:

550000€ + 10% of 550000€ i.e. 550000€ x 1.10 = 605 000€
At the end of the third year he will owe:

605000€ + 10% of 605000€ i.e. 605000€ x 1.10 = 665 500€
The amount of interest he has to pay is:

665500€ — 500 000€ = 165 500€

The simple interest is 50000€ per year, i.e. a total of 150 000€.
The difference of 15500€ is the compound interest.
The time taken for a debt grow at cnmpcrund interest can be calculated as shown

in the example below.

How long will it take for a debt to double with a compound interest rate of 27% p.a.?
An interest rate of 27% implies a multiplier of 1.27.

Time (years) 0 1 2 3

Debt £ 1.27C 127 C=161C | 1.273C=205C

® 127 X 127 ®x1.27

The debt will have more than doubled after 3 years.
Using the example of the builder's loan above, if C represents the capital he
borrows, then after 1 year his debt will be given by the formula:
T

D=C (1 + ﬁ)’ where r is the mate of interest.



338 ANANCIAL MATHEMATICS

Worked examples

This formula for the debt includes the original capital loan. By subtracting C, the
compound interest is calculated.

T n
1=C(1+55) -C
Compound interest is an example of a geometric sequence. You studied geometric
sequences in more detail in Topic 2.6.

The nth term of a geometric sequence is given by:
u, = 1.1|'|""1

Compare this with the formula for the amount of money eaming compound
interest at r%:

T n
A=clt+5)
Note: The differences between this and the formula for calculating compound
interest. u_ is analogous to the amount in an account, A, but n is used differently in
the two formulae. The initial amount in an account, C, is when n = 0 whereas the
first term of a geometric sequence, u,, is when n = 1. r represents the common
difference in the formula for the nth term of a geometric sequence. The common

difference in a sequence of the amount of money

in an account eaming compound interest is (1 + L), where r is the rate of

interest. 100

The interest is usually calculated annually, but there can be other time periods.
Compound interest can be charged or credited yearly, half-yearly, quarterly,
monthly or daily. (In theory, any time period can be chosen.)

1 Alex deposits 1500€ in his savings account. The interest rate offered by the
savings account is 6% compound interest each year for a 10-year period.
Assuming Alex leaves the money in the account, calculate how much interest

he has gained after 10 years.

1 1500(1 6)m 1500
— .|.m s

I = 2686.27 — 1500 = 1186.27
The amount of interest gained is 1186.27€.
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2 Adrienne deposits £2000 in her savings account. The interest rate offered by the
bank for this account is 8% compound interest per year. Calculate the number of
years Adrienne needs to leave the money in her account for it to double in value.

An interest rate of 8% implies a common mtio of 1.08.
This can be found by generating the geometric sequence using the recurrence
rule u ,, =u_ X 1.08 on your calculator as shown on page 37. Think of the

initial amount as Uy

u, = 2000 x 1.08 = 2160
w, = 2160 x 1.08 = 2332.80
u, = 2332.80 x 1.08 = 2519.42

u, = 399801
uyy= 4317.85

Adrienne needs to leave the money in the account for 10 years in order for it to
double in value.

3 Use your GDC to find the compound interest paid on a loan of $600 for 3 years
at an annual percentage rate (A.P.R.) of 5%.

The total payment is $694.58 so the interest due is $694.58 — $600 = $94.58.

4 Use a GDC to calculate the compound interest when $3000 is invested for 18
months at an APR of 8.5%. The interest is calculated every 6 months.

Note: The interest for each time period of 6 months is %%. There will
therefore be three time periods of 6 months each.

3000 = 1.0425% = £3398.99
The final sum is $3399, so the interest is $3399 — $3000 = $399.

B Exercise 8.3.1

1 A shipping company borrows £70 million at 5% p.a. compound interest to build
a new cruise ship. If it repays the debt after 3 years, how much interest will the

company pay’

2 A woman borrows 100000€ for home improvements. The interest rate is 15%
p-a. and she repays it in full after 3 years. Calculate the amount of interest
she pays.

3 A man owes $5000 on his credit cards. The APR is 20%. If he doesn’t repay any
of the debt, calculate how much he will owe after 4 years.

4 A school increases its intake by 10% each year. If it starts with 1000 students,
how many will it have at the beginning of the fourth year of expansion?

5 8 million tonnes of fish were caught in the North Sea in 2005. If the catch
is reduced by 20% each year for 4 years, what weight is caught at the end of
this time?
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6 How many years will it take for a debt to double at 42% p.a. compound

interest?

7 How many years will it take for a debt to double at 15% p.a. compound
interest?

8 A carloses value at a rate of 15% each year. How long will it take for its value
to halve? Give your answer in years and months.

9 $3600 is invested for 18 months at 9.5% APR compound interest. What is the
total interest paid when interest is calculated:
a annually
b half-yearly
¢ monthly?

10 960€ is invested for two years at 7.5% APR. What is the total interest paid
when it is compounded:
a annually
b every 6 months
¢ monthly?

8.4 Your money

Loans and repayments
Banks and other lenders often supply customers with the kind of repayment tables

shown below.
The table shows the repayments due each calendar month on a loan of $100000
borrowed over different time periods.
Interest rate

6% 65% 7% 7.5% 8%
5 1933 1956 1980 2003 2027
Timein| 10 110 | 1135 | 1161 | 1187 | 1213
sl gaa | 87 899 927 | 956
20 644 746 775 805 836
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A customer borrows $200000 at 6% interest at a repayment term of 20 years.

a What is the monthly repayment?
b What is the total repayment over the term of the loan?

a $200000 at 6% has a repayment of 2 x $100000 at 6%, therefore using the
table above, the monthly repayment is 2 x $644 = $1288.
b Repayment will be $1288 x 12 x 20 = $309 120.

Worked example

Note: The table is the same for all currencies.

Savings schemes

If you put money into a savings scheme or bank, the interest is usually paid
annually. Some schemes, for example those intended to be used for a pension, may
calculate monthly interest (although the annual amount is published).
The table below shows interest paid on an investment of 100 000€ (not including
This is compound interest with no withdrawals.

Percentage rate
5% 6% 7%
Yearly | Monthly | Yearly | Monthly | Yearly | Monthly
1 500 | 511 600 | 617 | 700 | 723
2 1025 | 1050 | 1236 | 1272 | 1450 | 1500
Teln | g 2763 | 2834 | 3382 | 3849 | 4025 | 4176
years
10 | 6200 | 6470 | 7909 | 8194 | 9672 | 10100
20 | 16533 | 17126 | 22071 | 22310 | 28700 | 30387

Tl What is the interest on 500000€ invested at 6% for 5 years calculated:

a annually

b monthly?

a 3382 x 5=16910€
b 3849 x 5 = 19 245€

Inflation

The price of goods and services tends to increase over time, as do salaries. Which
comes first is a ‘chicken and egg’ situation.

Most governments keep a check on prices to produce a measure of price
increases. In the UK this is called The Retail Price Index. This indicates the rate of
inflation in the economy.

The rate of inflation is compounded year on year.



342 ANANCIAL MATHEMATICS

Worked example

In London, from 2002 to 2007, house price inflation was 18% compounded.

In the same period, average salaries increased by 4% annually.

In 2002 a house cost £240 000 and a couple with a combined income of £60000

could just afford to buy it.

a What was the value of the house in 20077

b What was the couple’s combined income in 2007, if their salaries increased in
line with the average?

¢ What is the price to eamings ratio in:
i) 2002 i) 20077

240000 x 1.18° = £549062
60000 x 1.04° = £72999
c i) 240000:60000=4:1
ii) 549062 : 72999 =75:1

o B

Exercise 8.4.1

For questions 1—4, use the loan and repayments table on page 340.

1 Calculate the total repayment on a loan of $250000 at 6.5% interest for 20 years?
2 At what rate of interest will a loan of 100000€ cost 161 820€ to repay in 15 years?

3 The repayments on a loan taken for 20 years at 6% were £386400. How much
was borrowed?

4 $9962.50 was paid monthly on an investment for 5 years at 6%. How much was
invested?

5 a Inflation in the Eurozone is 3.5%. How long before prices double?
b If inflation doubles to 7%, how long will it take before prices double?

6 At what rate of inflation will prices double in 5 years?

7 An economy has a mate of inflation of 3%. Savings are paid at 4.5% compound
interest. What is the ‘real’ return on $50000 of savings over 10 years?
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B Student assessment 1 M Student assessment 2

1 Vincent Van Gogh painted his Sun series
of still life paintings. One was called Vase with
15 Sunflowers. His brother bought it in 1887
for the equivalent of $10. In 1987, the
Japanese Insurance millionaire Yasuo Goto
bought it for the equivalent of $40 million.
What was the compound rate at which the
painting increased in value?

2 €1 is equivalent to $1.35 and £1 is equivalent
to 1.32€. What is 1 million dollars worth in

pcmnds?

3 What is the difference in percentage terms
between 10% simple interest for 10 years and
10% compound interest for 10 years?

4 The population of a town increases by 5%
each year. If the population was 86 000 in
1997, in which year would you expect the
population to exceed 100000 for the first time?

5 €3 million is borrowed for two years at an
interest rate of 8%. Find:
a the simple interest
b the compound interest.

6 A house increases in value by 20% each year.
How long will it take to double in value?

7 The population of a type of insect increases by
approximately 10% each day. How many days
will it take for the population to double?

8 A man borrows €5 million for 3 years at an
interest rate of 6%. Find:
a the simple interest
b the compound interest
¢ the compound interest calculated quarterly.

9 A boat loses 15% of its value each year. How
long does it take to halve in value?

10 A couple borrows $250000 over 20 years at
7.5% interest to buy a house. Use the table on
page 340 to calculare:

a the munthly repayment

b the total repayment

¢ the value of the house if prices increase by
11% annually.

1 Jackson Pollock sold his abstract painting 1948
number 5 in 1949 for the sum of $100000. It
was most recently bought by David Martinez at
an auction in 2006 for $140 million. What was
the mmpcrund rate at which the painting
increased in value?

2 €1 is worth $1.35 and £1 is worth 1.32€. What
is one million pounds worth in dollars?

3 What is the difference in percentage terms
between 12.5% simple interest for 20 years and
12.5% compound interest for 20 years?

4 The population of a city increases by 15%
each year. If the population was 800000 in
1997, in which year would you expect the
population to exceed 3 000000 for the first

time?

5 €5 million is borrowed for 12 years at an
interest rate of 5%. Find:
a the simple interest
b the compound interest

6 A house increases in value by 12.5% each
year. How long will it take to double in value?

7 The population of a type of insect increases by
approximately 7% each day. How many days
will it take for the population to double?

8 A man borrows four million dollars for three
years at an interest rate of 8.5%. Find:
a the simple interest
b the compound interest
¢ the compound interest calculated quarterly.

9 A carloses 12% of its value each year. How
long will it take before it is only worth 25% of

its original value?

10 A couple borrows $350000 over 15 years at
7% interest to buy a house. Use the table on
page 340 to calculate:

a the monthly repayment
b the total repayment

¢ the value of the house if prices increase by
11% annually.



Discussion points, project ideas
and theory of knowledge
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1 Find the current exchange rate
of the US dollar to the euro. Find
websites offering currency
exchange with and without
commission and compare the
exchange rates. How marny euros
would be given by each for
§1000? How many dollars do you §
have to exchange for the number
of euros to be the same?

2 In 2008 the world financigl

markets froze i
termed ‘Th € In what was
, '€ Credit
a,,d",fi"; :gaq was this 4 Why do investors *
5 lt caused? go‘d: m tfm,esurs mm m
3 Mark Twain said i 1900: uncertainty of financial

'pyt your money in lgnd.
They have stopped making
it." What did he mean and
is it true? john maynard
Keynes said: "The markets
can remain irrational
jonger than you can
remain solvent.” who were
these two men? Discuss
the quotes.

5 Compound irﬁst has

peen desaibed as the
eighth wonder of the
world. With reference to
question 1 of the student
assessments about the sale
of the Van Gogh and
Jackson pollock paintings,
what do you think that
means?
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10 What was the purpose
of @ meeting at Bretton
Woods after the second
World war? What did



I . Revision exercises

2.2 Approximation

Approximation: decimal places; significant figures. Percentage errors. Estimation.

1 Round each of the following numbers to the nearest:
i 1000 i 100 iii 10
a 2842 b 12938 c 9561 d 496

2 Round each of the following numbers to:
i 1decimal place ii 2decimal places iii 3 decimal places.
a 2.1827 b 09181 ¢ 9.9631 d 0.0386

3 Round each of the following numbers to:
i lsignificant figure i 2significantfigures  iii 3 significant figures.

a 3.9467 b 2036 c 001548 d 0.97152
4 Without using a calculator estimate the answer to the following calculations.
Show your method clearly.
26.1 x 3.8
a 309x9 b 19.22 EET
2 2
doapgsigs @ X190 f (322 x 3.1)2
213
5 Estimate the area of each of the following shapes. Show your method clearly.
a 12.3cm b
3.8cm
4.9cm
51.6cm
c d 5.2cm
18.1cm 8.7cm 2o
~=—22 4 om —= =<—22 4cm—= 16.4cm

6 a Calculate the actual area of each of the shapes in question 5.
b Calculate the percentage error in your estimates for each of the areas.
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7 A certain brand of weighing scales claim that they are accurate to within +3% of the actual mass
being weighed.
A suitcase is weighed and the scales indicate a mass of 18.5kg. Calculate
a the maximum possible mass of the case
b the minimum pnssible mass of the case.

8 The value 7 is sometimes approximated to either 3 01'%.
A circle has a radius of 8cm.
a Using the & button on your calculator, calculate the area of the circle, giving your answer correct
to 5 decimal places.
b Calculate the percentage error in the area if 7 is approximated to 3.

; i ; 2
¢ Calculate the percentage error in the area if is appmxlmata:l to -

9 The formula for converting temperatures given in degrees Celsius (C) to temperatures in degrees
Fahrenheit (F) is F = 2 C + 32.
a The temperature in a classroom is recorded as 18 °C. Convert this to degrees Fahrenheit using the
formula above.
An approximate conversion is to use the formula F = 2C + 30.
b Calculate the temperature of the classroom in degrees Fahrenheit using the approximation above.
¢ Calculate the percentage error in using this approximation for a temperature of 18°C.

d What would the percentage error be for a temperature of 30°C?
e At what temperature would the percentage error be zero!?

10 The formula for calculating the velocity of a stone dropped from rest off a cliff is given by v = gt,
where v is the velocity in ms™, g the acceleration in ms™ and t the time in seconds.
a Taking g as 9.81 ms~, calculate the velocity of the stone after 6 seconds.
b Calculate the velocity of the stone if gis approximated to 10 ms=.
¢ Calculate the percentage error in the approximation.
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2.3 Standard form

Expressing numbers in the forma x 10 where 1 =a< 10 and k € Z.
Operations with numbers expressed in the form a X 10* where l = a < 10and k€ Z.

1 Which of the following numbers are not in the form a x 10* where | <a < 10andk € 77

a 7.3x 10° b 604 x 10? ¢ 1.0 x 107
d 05x 10° e 3.874x 10° f 8x10°¢
2 Write the following numbers in the form a x 10* where L<a< 10 and k€ Z.
a 32000 b 620 ¢ 777000000
d 90000 e 8 million f 48.5 million

3 The distance (in kilometres) from London to five other cities in the world is given below.

London to Tokyo 9567km
London to Paris 343km
London to Wellington 18831 km
London to Cambridge 78km
London to Cairo 3514km

Write each of the distances in the form a % 10* where 1 = a < 10 and k € Z correct to two
significant figures.

4 Calculate each of the following, giving your answers in the form a x 10* where 1 < a < 10and k € Z.

a 500 x 6000 b 20 x 450000
¢ 3 million x 26 d 5 million x 8 million
5 Write the following in the form a X 10* where 1 £a < 10andk € Z
a 0.04 b 0.0076 ¢ 0.000005 d 0.03040
6 Write the following numbers in ascending order of magnitude.
3.6 5102 1.5 x 102 74 x 102
9.8 x 10! 8.7x 10 1.4 x 102
7 Calculate each of the following, giving your answer in the forma x 10* where l s a < 10 and k€ Z.
a 63x 107 + 84 x 10° b 400 + 800000
¢ Tx 100+ 42 x 108 g 12 X100
9x10
8 Deduce the value of n in each of the following.
a 00003 =3 x 10 b 0.000046 = 4.6 x 10
c 0005 =25x 10" d 0.0006" =2.16 x 107

9 A boy walks 40km at a constant rate of 2ms.
Calculate how long, in seconds, the bay takes to walk the 40km.
Give your answer in the forma X 10* where Ll = a < 10 and k € Z.

10 The Earth's radius is approximately 6370km.
Calculate the Earth's circumference in metres, giving your answer in the form a X 10* where 1 = a < 10
and k € Z correct to three significant figures.
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2.4 S| units of measurement

SI (Systéme International) and other basic units of measurement: for example, gram (g), metre (m),
second (s), litre (1), metre per second (m s7!), Celsius and Fahrenheit scales.

1 Write an estimate for the following using the appropriate unit.
a The mass of a large suitcase
b The length of a baskethall court
¢ The height of a two-storey building
d The capacity of a car's fuel tank
e The distance from the North Pole to the South Pole
f The mass of a table-tennis ball

2 Convert the following distances.

a 20em into millimetres b 35km into metres

¢ 46mm into centimetres d 60m into kilometres

e 320m into millimetres f 95mm into kilometres
3 Convert the following masses.

a 100kginto tonnes b 60g into kilograms

¢ 3.6 tonnes into kilograms d 14ginto milligrams

e 8.67kg into milligrams f 2560g into tonnes
4 Convert the following capacities.

a 2600ml into litres b 80ml into litres

¢ 1.65 litres into millilitres d 0.085 litres into millilitres
5 The masses of four containers are as follows:

25kg 035t 650g 0.27kg

Calculate the total mass of the four containers in kilograms.

6 The lengths of five objects are as follows:
56mm 24cm 0.672m  1030mm l5cm
Calculate the length, in metres, of the five objects if they are laid end to end.

7 The liquid contents of four containers are emptied into a tank with a capacity of 30 litres. The
capacities of the four containers are as follows:

3250ml 1.05litres 26000ml 762ml
Calculate the overspill, in litres, after the liquids have been poured in.

8 The following formula converts temperatures in degrees Celsius (C) to temperatures in degrees
Fahrenheit (F).
F=3C+32
a Rearrange the formula to make C the subject.

b Convert the following temperatures in degrees Fahrenheit to degrees Celsius.
i 120°F ii 65°F iii 255°F continued on the next page. ..
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9 Using the formula F = %C + 32 for converting temperatures in degrees Celsius (C) to temperatures
in degrees Fahrenheit (F), calculate the temperature that gives the same number in degrees
Fahrenheit as it does in degrees Celsius.

10 The formulae for converting temperatures between degrees Celsius (C), Fahrenheit (F) and Kelvin
(K)areF =3C +32and K = C + 273.
Convert the following temperatures.
a 25°C to degrees Fahrenheit b 300°K to degrees Celsius
¢ 650°K to degrees Fahrenheit d 125 °F to Kelvin
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2.5 Arithmetic sequences and series

Arithmetic sequences and series, and their applications.
Use of the formulae for the nth term and the sum of the first n terms.

1 In each of the following sequences, the recurrence relation and u, are given.
i Calculate and u,, u; and .
ii State whether the sequence is arithmetic or not.
au, =u—6u=15 bu,,=12-u,u =15
u =5
2

_ o
cu ,=3u+2,u=3

2 d “n-l-]:

y Uy =5

2 In each of the following arithmetic sequences
i deduce the formula for the nth term ii calculate the 20th term.
a 4,9,14,19, 24 b 3,-5,-13, =21, =29
c —4.5,-2,05,3,55 d 3.5,3.25,3,2.75, 2.5

3 In the following arithmetic sequences:
i deduce the common difference d ii the formula for the nth term.
- T TR | k.
c ow= =12, uy = 100 d U, = 19, Uy = -128

4 Write in full the terms of the following series.

5 8

a 2112“--1 bis:--nvl-é C.Ez:ﬁ-%n d);J(mm-z)
5 Write the following arithmetic series using the Y, notation. Each series starts at n = 1.

a 2+6+10+14+18 b5+3+1+-14+-3+-5

¢ 2+ l+B+4+50+7 d 41+ 42 +-43+ 44
6 Evaluate the following.

a $3n bEIZD—n cgn+1 df;‘-—ln+5ﬂ
7 The 5th and 15th terms of an arithmetic series are 10 and 10 respectively.

Calculate:

a the common difference d b the first term

¢ the 20th term 485

8 The 11th term of an arithmetic series is 65. If S}, = 495, calculate:
a the first term
b the common difference
e Sy

9 The Tth term of an arithmetic series is 2.5 times the 2nd term, x. If the 10th term is 34, calculate:
a the common difference in terms of x
b the first term
¢ the sum of the first 10 terms.

10 The first term of an arithmetic series is 24. The last term is —12. If the sum of the series is 150,
calculate the number of terms in the series.
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2.6 Geometric sequences and series

Geometric sequences and series, and their applications.
Use of the formula for the nth term and the sum of n terms.

1 Describe in words the difference between an arithmetic and a geometric sequence.

2 In each of the following geometric sequences, the recurrence relation and u, are given.
i Calculate the values of u,, u, and U,

oy
ii State whether the sequence is geometric or not.
auﬂ+l=‘fru“+2,u]=0 buﬂ+l=—3u“,ul=1
6-12
- 1":|'|+l=%|"l:r|=1"l]=6 d U1 = Z'l'lﬂil‘l:4
3 For the geometric sequences below calculate:
i the common ratio r
ii the next two terms
iii the formula for the nth tenm.
a 5,15, 45, 135 b 1296, 216, 36, 6
c 36,24, 16, 102 d 4,-10, 25, 621

4 The nth term of a geometric sequence is given by the formula u = -3 x 4"~ 1,
Calculate:
a u,u,and u,
b the value of n if u, = -12288.

5 Part of a geometric sequence is given as ..., 27, ..., ..., 1, ... where u, and u; are 27 and 1
respectively. Calculate:
a the common ratio r b € Uy

6 A homebuyer takes out a loan with a mortgage company for £300 000. The interest rate is fixed at

5.5% per year. If she is unable to repay the loan during the first four years, calculate the amount extra
she will have to pay by the end of the fourth year, due to interest.

7 Evaluate the following sums.
5 [ 10 7

a 33 b Z-20p- c L34y d %9[-%)"
8 Ina geometric series, u; = 10 and u, = ;5—6 Calculate:

a the common ratio r

b the first term

c S,

9 Four consecutive terms of a geometric series are (p - 5), (p), (2p) and (3p + 10).
a Calculate the value of p.
b Calculate the two terms before (p - 5).
¢ fu;=(p-5), calculate § .

10 Ina geometric series u, + w,= 5. If r = %, find the sum of the infinite series.



Graphical solution of equations 353

2.7 Graphical solution of equations

Solutions of pairs of linear equations in two variables by use of a GDC.
Solutions of quadratic equations: by factorizing; by use of a GDC.

For these questions, use of a GDC or graphing software is expected.

1 Sketch the following straight-line graphs on the same axes, labelling each clearly. Write the
coordinate of the point at which they intercept the y-axis.

a y=x-95 by=2x=-5 cy=-x-5

2 The diagram shows four straight-line graphs. The line y = x + 2 is marked. Write down possible
equations for the other three graphs.

y=x+2

& J

3 Find the coordinates of the points of intersection of the following pairs of linear graphs.

a y=8-x b 3x+2y=2 c y=3—4x dy=
I--

-3
y=2x-1 Iy=x+ 14 3y+ 10x =16 =6

&

4 a Sketch the following linear graphs on the same axes.
¥y= %x +3 xX= 23' + 8
b Explain why there are no points of intersection.

5 Sketch each of the following quadratic equations on separate axes.
a y=x+6x+8 by=+-16

c y=9-« d y=—=(x=3}x-5)
6 For each of the following quadratic equations:
i sketch the graph
ii find the coordinates of any roots.
a y=x-10x+21 b y=12 + 4x — «?
c y=— + 10x - 25 d y=2< - 12x+ 20

e y=82-2x-1
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3.1 Set theory

Basic concepts of set theory: subsets; intersection; union; complement

1 In the following questions:
i describe the setin words
ii write another two elements in the set.
a {Egypt, Morocco, Zimbabwe, Nigeria, ...}
b {3,6,9,12,...}
¢ {Amazon, Nile, Mississippi, ...}
d L2234 }
,3, 4, 5, aa-.
2 In the following, set A = {integers between 20 and 50}.
a List the subset B {even numbers}.
b List the subset C {prime numbers}.
¢ List the subset D {square numbers}.

3 In the following, set P = {a, b, c}.
If Q C P, list all the possible sets Q.

4 State whether each of the following statements is true or false.
a {odd numbers} C {real numbers}
b {1, 3,5, 7,9} C {prime numbers}
¢ {New York, Paris, Tokyo} & [cities}
d {euro, dollar, yen, rupee} C {currencies}

5 If the universal set U = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50}.
A = {35, 40, 45, 50} where A C U. Deduce the set defined by A'.

6 U = [days in the week} and P = {Monday, Sunday}. Deduce the set defined by P".

7 The set M = [Alex, Johanna, Sarah, Vicky, Asif, Gabriella, Pedro} and the
set N = {Alex, Gabriella, Frances, Raul, Luisa}.
If the universal set U = M U N, write the following sets.
a MUN bMNN c MNN'

8 The set E = {even numbers}, F = {odd numbers} and the universal set U = {positive integers}. Describe
the contents of the following sets.
a EUF b ENF ¢ EENF
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3.2 Venn diagrams
Venn diagrams and simple applications.

1 a Copy the Venn diagram below.

A B

U = {Integers from 1 to 20},
A={1,3
B={2 3,51 11,13, 17, 19}

.5, 7,9,11, 13, 15,17, 19}

b Enter the information above in the Venn diagram.
2 The Venn diagram below shows three sets of numbers.

u
Complete the following.
a P={.} b R={..} c PNQ=1{.}
d PUug=§t.} ePn={.}

3 The Venn diagram below shows three sets of numbers.
Complete the following. L
a LNN=/{.}

b NUM={.}

e LOMNN=[.}

d NnL={..}

e NUL ={...} 13
f MULNN={..} )

continued on the next page. ..
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4 In the Venn diagram below, the numbers shown represent the number of members in each set.
For example, n(E) = 3.

ok
S

a State whether the following statements are true or false.

A

i CCB i ECA iii DNC=a
b Give the number of members in each of the following statements.
i n(B) ii n(A) iii n(A N B)

iv n(A U E) valANBND) vi n(A' N D)

5 Represent the following sets in a Venn diagram.
A={3,418 B=1{1,2,45¢619 C={26}

6 In acollege 60% of students study mathematics and 40% study science.
75% of students study either maths or science or both.
Represent this information in a Venn diagram.

7 A language school offers three languages for its students to study: English,
Spanish and Chinese. Each student is required to study at least two languages.
85% study English, 50% study Spanish and 20% study all three.

Copy and complete the following Venn diagram for the information above.

u
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3.3 Sample space

Sample space: event, A; complementary event, A'.

1 Two ordinary dice are rolled and their scores added rogether.
Write down the sample space of the combined scores.

2 A packet of sweets contains sweets of three different colours: red, yellow and green.
Write down the sample space if two sweets are picked at random.

3 Two students sit a maths exam.
a What are possible complementary results?
b What is the sample space?

4 In afootball match the total number of goals scored is 5.
a What are the possible complementary results?
b What is the sample space for the number of goals scored by each team?

5 A mother gives birth to triplets.
a What is the number of events for the sex of the babies?
b What is the sample space for the sex of the babies?

6 A pack of cards is shuffled thoroughly. Assuming that, for a particular game, three cards are picked at
random and only their colour is important:
a what are the mmplementm—y event
b whatis the sample space for the colour of the three cards?
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3.4 and 3.5 Logic and Sets and logical reasoning

Basic concepts of symbolic logic: definition of a proposition; symbolic notation of propositions.
Compound statements: implication, =; equivalence, «; negation, —; conjunction, ; disjunction, v;
exclusive disjunction, ¥.

Translation between verbal statements, symbolic form and Venn diagrams.

Knowledge and use of ‘exclusive disjunction’ and the distinction between it and ‘disjunction’.

1 State whether the following are propositions.
For each proposition state whether it is true, false or indeterminate.
a Five squared is twenty-five.
b Linear equations can include values of +2.
¢ v equals plus nine.
d No dogs can talk.
e Itis snowing today.
f How many students are there in your class?

2 Write the following compound propositions using the symbols for conjunction (and), disjunction (or,
or both ) and exclusive conjunction (or but not both).
p: Anna has a brother.
q: Petra has a sister.

a Anna has a brother and Petra has a sister.
b Anna has a brother or Petra has a sister or both are true.
¢ Anna has a brother or Petra has a sister but not both are true.
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3.6 and 3.7 Truth tables and Implication;
converse; inverse; contrapositive and logical

equivalence

Truth tables: the use of truth tables to provide proofs for the properties of connectives; concepts of
logical contradiction and rautology.
Definition of implication: converse; inverse; contrapositive.

Logical equivalence.

1 Draw a truth table for the three propositions p, g and r.
Compare it with the sample space for the result of tossing three coins.

2 Whyisp qand p v q acontradiction?
3 A truth table for the propositions p and q is given below.

Copy and complete the table.
p q -p pPvg pPAg pvg
T T

4 Construct a truth table to show that = (p v q) is logically equivalent to (—=p) A (—¢g).

5 For the following propositions,
i rewrite the propositions using ‘if ... then'
ii state the converse, inverse and contrapositive of the propositions
iii state whether the propositions are true or false.
a An odd number is divisible by two.
b An octagon has eight sides.
¢ An icosahedron has twelve faces.
d Congruent triangles are also similar.

Draw a truth table for (p = q) v (g= p).
Comment on the meaning of (p = q) ¥ (g = p) by referring to your table.

o m

7 a lllustrate the proposition (p = q) v (g = p) on a Venn diagram by shading the correct region(s).
b Describe the shaded region(s) using set notation.
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3.8 and 3.9 Probability and Combined events

Equally likely events. (A)
Probability of an event A given by P(A) given by P(A) = ol

m
Probability of a complementary event, P(A') = 1 — P(A).
Venn diagrams; tree diagrams; tables of outcomes. Solution of problems using ‘with replacement’ and
‘without replacement’.

1 There are 10 red, 6 blue and 8 green sweets in a packet.
a If a sweet is picked at random, calculate the probability that it is:
i red ii red or blue.
b If the first sweet taken from the packet is blue and not put back, calculate the
probability that the second sweet is:
i red ii blue or green.

2 A fourssided dice (numbered 1 to 4) and a six -sided dice (numbered 1 to 6) are rolled
and their scores added together.
a Copy and complete the two-way table below showing all the possible outcomes.

Six-sided dice

1|23 |4|5|6

1 6

2

3 5

Four-sided dice

4

b Calculate the probability of getting a total greater than 8.
¢ Calculate the probability of getting a total score of 6.

3 A hexagonal spinner is split into sixths as shown.

The spinner is spun twice.

a Draw a tree diagram to show all the possible outcomes.

b Wirite the probability of each outcome on each branch.

¢ Calculate the probability that the spinner lands on blue on both occasions.

d Calculate the probability that the spinner lands on blue at least once
out of the two spins.
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4 A football team plays three matches. The team can either win, draw or lose. The results
of each match are lndepcndent of each other. The probability of winning is § L and the
probability of drawing is ?

a Calculate the probability of losing.
b Calculate the pmbability that the team wins all three matches.
¢ Calculate the pmbability that the team does not lose all three matches.

5 A student buys 15 tickets for a raffle. 300 tickets are sold in total. Two tickets are drawn at random.
Calculate the probability that:
a she wins both prizes
b she wins at least one prize.

6 A college offers three sports clubs for its students to attend after school. They are volleyball (V),
basketball (B) and Football (F). The number of students attending each is shown in the Venn
diagram below.

u
v B8

(N

F

40

a How many students attend none of the sports clubs?

A student is picked at random. Calculate the following probabilities.

b The probability that the student plays volleyball

¢ P(VNB) d P(VNBNF) e P(VUF) f P(F')

7 The following are three sets of numbers.
A=1{2,4,6,8,10,112, 14,16, 18, 20, 22, 24, 26, 28, 30}
B =1{3,6,9, 12, 15,18, 21, 24, 27, 30}
C = {5, 10, 15, 20, 25, 30}

a Draw a Venn diagram showing the three sets of numbers.
b A numberis picked at random. Calculate the following probabilities.
i P(A) i P(BUC) iii P(A' N B)

8 Inaclass of 30 students, 24 study Biology, 14 study Chemistry and 1 studies neither.

a Draw a Venn diagram to show this information.
b A student is picked at random. Calculate the following probabilities.
i P(B') ii P(BUC) iii (BN C')
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3.10 Laws of probability

Laws of probability.
Combined events: P(A U B) = P(A) + P(B) — P(A N B).
Mutually exclusive events: P(A U B) = P(A) + P(B).

1 In a 100m sprint, the record holder has a probability of 0.85 of winning. He has a 0.08 probability of
coming second.
a What is his probability of finishing in the first two?
b Given that he hasn't come first, what is the probability that he has come second?

2 ] spin a coin and throw a dice. What is the probability of getting:
a a tail and a multiple of 2
b a tail or a multiple of 2
¢ a tail or a multiple of 2, but not both?

3 Three friends have a birthday in the same week. Assuming that they are independent events, calculate
the probability that they are all on different days.

4 Raul takes a bus followed by a train to work. On a particular day the probability of him catching the
bus is 0.65 and the probability of catching the train is 0.6.
The probability of catching neither is 0.2. A represents catching the bus and B the train.
a State P(A U B)
b Find P(A U B)
¢ Given that P(A U B) = P(A) + P(B) — P(A N B) calculate P(A N B).
d Calculate P(B| A), the probability of catching the train given that he caught the bus.

5 Julie revised for a multiple choice science exam. Unfortunately she only managed to revise 60% of the
facts necessary. During the exam, if there is a question on any of the topics she revised she gets the
ANswer correct.

If there is a question on any of the topics she hasn't revised, she hasa % chance of getting it right.
a A question is chosen at random. What is the probability that she got the answer correct?
b If she got a question correct, what is the probability that it was on one of the

topics she had revised?

6 Miguel has a driving test on one day and a drama exam the next. The probability of him passing the
driving test is 0.82. The probability of him passing the drama exam is 0.95. The probability of failing
both is 0.01. Given that he has passed the driving test, what is the probability that he passed his drama

exam too!
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4.3 Quadratic functions and their graphs

The graph of the quadratic function: f(x) = ax’ + bx + c.
Properties of symmetry; vertex; intercepts.

1 For each of the quadratic functions below:
i use a GDC to sketch the function
ii write the coordinates of the points where the graph intercepts the x-axis
iii write down the value of the y-intercept.

a flx)=o-9x+20 b flx) =2 -3x-18
c flx) = (x—4)" d f(x) = & + 10x + 27
2 Write the equation of the axis of symmetry of each of the following quadratic functions.
a y=o -2« b y=—-x—4x
c y=x(5-1) d y=-x2+3x-10
3 Give a possible equation of a quadratic function with each of the following axes of symmetry.
a x=6 b x=-5
4 Factorize the following quadratic functions.
a flx) =+ 11x + 30 b flx) = + 4x— 12
¢ fix)=—22+ Bx—15 d f(x) =2 - 36
5 Solve the following quadratic equations by factorizing.
a 2-3x—4=0 b x-—2x-24=0
c =X+ 10x-16=0 d = 11x - 28

6 The following quadratic equations are of the form al +bx+c=0.

Solve them by using the quadratic formula x = w.
a 2+5x-25=0 b 24+9%-24=0
c 42 +8x+3=0 d =2+9%-15=0
7 For each of the following:
i form an equation in x
ii solve the equation to find the possible value(s) of x.
= x+6 : y
/ y x+2
x Area = 16cm? Area = 48cm?
y

4x
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4.4 Exponential functions and their graphs

The exponential expression: a’; b € Q

Graphs and properties of exponential functions.

flx) = a5 fix) =¥ f(x) = ka* + c;k,a,c, 4 € Q.

Growth and decay; basic concepts of asymptotic behaviour.

1 i Plot the following exponential functions.
ii State the equation of any asymptotes.
a fltx)=2+1 b flx)=-2+12 c flx)=3-3

2 A tap isdripping at a constant rate into a container. The level (lcm) of water in the container is given
by the equation 1 = 3t + 5, where t is the time in hours.

Calculate the level of water in the container at the start.

Calculate the level of water in the container after 4 hours.

Calculate the time taken for the level of the water to reach 248 cm.

Plot a graph to show the level of water over the first 6 hours.

Use your graph to estimate the time taken for the water to reach a level of 1m.

Plot a graph of y = 5% for values of x between —1 and 3.
Use your graph to find approximate solutions to the following equations.
i 5*=100 i 5* =50

4 The graph below shows a graph of the function f(x) = 2=

0 A oM

o m

833230 1 2 3 ax

a Copy the graph and on the same axes sketch the graph of f{lx) = 2* + 3. Label it clearly.
b On the same axes sketch the graph of f(x) = —=2* + 6. Label it clearly.

5 The half-life of plutonium 239 is 24000 years. How long will 2g of plutonium 239 take to decay to
62.5mg!
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4.5 Trigonometric functions and their graphs

Graphs and properties of the sine and cosine functions:
flx) = asinbx + c; f(x) = acosbx + ¢; a,b, c € Q.
Amplitude and period.

1 Sketch the graph of the trigonometric function f(x) = sinx for the values of x between 0° and 360°.

2 Copy and complete the following sentences.
a The sine curve hasa period of ......... and has an amplitude of ......... ;
b The cosine curve has a period of ......... and oscillates between ... and ... .

3 The graph of the function f{x) = cosx is shown below.

3

MW B

~180__<80 _10 90~ 180 270 360 X

a Copy the graph and on the same axes sketch the graph of f(x) = cosx + 2. Label it clearly.
b Sketch the graph of f{x) = 3 cos x on the same axes and label it clearly.

4 The graph of f(x) = cosx is shown below. Point A(180, —1) is marked on it.

¥
2

1

0 \ / >
45 QWD 315 360 X

= ! I ]

A(180, —1i

-2
Give the coordinates of point A after each of the following transformations.
a flx)=2cosx b f(x) = cosx+ 3
c flx) = uus%x d f(x) = —cosx—1

5 Using a GDC, solve the following equations graphically, finding all the solutions in the
range —180° < x < 180°.
a snx=04 b —snx=05
¢ 3cosx—1=-125 dccrsx=%+sinx
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5.2 Straight lines

Equation of a line in two dimensions: the forms y = mx + candax + by +d = 0.
Gradient; intercepts.
Points of intersection of lines; parallel lines; perpendicular lines.

1 Calculate the gmdient of the line passing thmugh the points with the fcrlluwing coordinates.
a (3,5)and (5, 13) b (6, 1) and (10, =9)

2 The gradients (m) of straight lines are given. Calculate the gradient of a line perpendicular to each of
the ones stated.

am=4 bm=-6 cm=% dm=—lfi
3 Find the length of the following line segments.
-4, 15)
(13, 9)
@7

(1, 4
4 Calculate the coordinates of the midpoint of the line segments in question 3 above.

5 The following tables give the x- and y-coordinates of several points on a line. Deduce from the
coordinates the equation of the line in the form y = mx + c.

a b
x|y %L
% o lhey -2| 0
7| ~1]05
0| -1 01
13 1 (15
215 2 (2
6 Deduce the gradient and y-intercept of the following straight lines from their equations.
ay=x-12 by=-3x+1

c 2y—4x+6=0 d Iy+5x—-12=0
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7 Calculate the equation of the straight line passing through the following pairs of points. Give your
answers in the form

i y=mx+c i ax+by+d=0
tzl _1]
(4, 15)
{51 '_?:I
{1.3)
8 Plot the following straight lines. Indicate clearly where they intercept both axes.
a y=2x-4 b 2x+2y-1=0
9 Solve the following simultaneous equations either algebraically or graphically.
a y—2x=1 b y=5-2«x
Sy +2x =17 x+3y=5

10 The cost of buying three cups of tea (t) and one cake (c) is £4.40. The cost of buying two cups of tea
and three cakes is £4.80.
a Construct two equations from the information given.
b Solve the two equations simultaneously and work out the cost of:
i one cup of tea ii one cake.
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5.3 Right-angled trigonometry

Right-angled trigonometry.
Use of the ratios of sine, cosine and tangent.

1 Copy the right-angled triangle below. The angle x is shown.
In relation to the angle x label the sides ‘opposite’, ‘adjacent’ and ‘hypotenuse’.

-

2 Calculate the size of the angle marked x in each of the following right-angled triangles.
a b 6.5cm

6om
10cm

13cm

3 Calculate the length of the side marked a in each of the following right-angled triangles.

a b

9cm

15.2cm
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4 Calculate the length of the sides marked a and the size of the smgles marked x in each of the fn]lnwing
diagrams.

a

S5cm

Bem
12cm

H

Bcm

5 Towns A, B and C are situated as shown. B is due North of A, whilst C is due East of A.

B

..
E ]
17km !

a Calculate the distance BC, giving your answer to three significant figures.
b Calculate the bearing of C from B.

continued on the next page. ..
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6 Two towers X and Y are 120m apart. The height of tower X is 58 m and the height of tower Y is 72 m.
A tightrope walker attaches a rope from X to Y as shown.

/ o

Wgs

58m
=

- 120m >

a Calculate the angle of elevation of the tightrope.
b Calculate the distance walked by the tightrope walker getting from X to Y.

7 Three villages X, Y and Z are shown in the diagram below. X is Northwest of Y and 20km away. Z is

Northeast of Y. The distance X7 is 56 km.
Calculate the distance between villages Y and Z.

z

56km

20km
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5.4 Trigonometry and non-right-angled triangles

: a b c
The sine rule: sinA sinB snC

2
The cosine rule: a? = b + E-chmA;mA:%.

Area of a triangle = {—.absin C.
Construction of labelled diagrams from verbal statements.

1 Give all the possible solutions for the angle x, where 0 < x < 180° for each of the following.
a snx=065 b sinx = 0.25 ¢ sinx=1 d snx=10

2 Give all the possible solutions for the angle 6, where 0 <8 < 360° for each of the following.
a cosf =05 b cosf = -0.4 c cosf = -1

3 Use the sine rule to find the length of the side marked x below.

12em

: ==
Qess

4 Find the size of angle A in the triangle below.

continued on the next page. ..
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5 Use the cosine rule to answer the following questions.
a Find the length of the side labelled a.

b Calculate the size of angle a.

7.60cm

6 Calculate the area of the following triangle.

8 a Construct the following triangle with a ruler and a pair of compasses.
Triangle PQR with PQ = 6cm, PR = Tem and QR = 9em
b Calculate the size of angle PRQ.
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5.5 Geometry of three-dimensional shapes

Geometry of three-dimensional shapes: cuboid; prism; pyramid; cylinder; sphere; hemisphere; cone.
Lengths of lines joining vertices with vertices, vertices with midpoints and midpoints with midpoints;
sizes of angles between two lines and between lines and planes.

1 The cubein the diagram has edge lengths of 10cm as shown. H, a
Calculate: '
a the length BD :
b the length of the body diagonal BH E : 10cm

¢ the size of angle DBH.

A 10cm B

2 The diagram shows a square-bmed pyramid. The centre
of the base, X, is directly beneath the
pyramid’s apex E. M is the midpoint of CB.
Calculate:
a the length CX
b the height of the pyramid EX
¢ the distance XM
d the angle the face BCE makes
with the base of the pyramid.

3 Calculate the total surface area of the shapes below.
a . - b -

Scm

,// E'Gm T— —

9cm

continued on the next page. ..
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4 The diagram shows a triangular prism. Its cross-section is N
aright-angled isosceles triangle. &y
Caleulare:

a the length of the edge O]

b the total surface area of the prism

¢ the volume of the prism

d the angle OL makes with the base JKLM.

5 The sector shown has a radius of 14cm and an angle at
its centre of 260°.
Calculate:
a the length of the arc
b the area of the sector.

6 The sphere and cube below have the same volume.

7em
Calculate the radius, r, of the sphere.

7 Two points A and B are directly oppasite each other on the surface of a cylinder as shown.

16cm

A

a Calculate the circumference of the top of the cylinder.
b A line is drawn on the surface of the cylinder. It represents the shortest distance from A to B on the
cylinder's surface. Calculate the length of this line from A to B.
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6.3 and 6.5 Grouped discrete or continuous data

and Measures of central tendency

Grouped discrete or continuous data: frequency tables; mid-interval values; upper and lower boundaries.
Frequency histograms.

Stem and leaf diagrams (stem plots).

Measures of central tendency.

For simple discrete data: mean; median; mode.

For grouped discrete and continuous data: approximate mean; modal group; 50th percentile.

1 The amount of milk (in litres) drunk by a group of students in a week is given in the table below.

Mumberoflitres |0 |1 |2 | 3| 4|5 |6 |7 |8

Frequency 6 (1| 4|9 |22|16| 2 (4|1

a Draw a frequency histogram for this data.

b State the modal value.

¢ Calculate the mean number of litres drunk per student.
d Calculate the median number of litres drunk per student.

2 The masses M kg of suitcases being checked-in for a flight at an airport are recorded. The results are
shown below.

Mass (kg) 0=M<5 | 5=M<10 |10=M<15|15=M<20|20=M<25|25=M<30
Frequency [ 18 64 105 94 18

a State the modal group.
b Estimate the mean mass of the suitcases.
¢ State, giving reasons, which group the median mass belongs to.

3 An omithologist records the wingspan (in centimetres) of a particular type of bird. He measures 20
adult birds. The results are listed below.

151 158 146 147 157 156 156 157 156 1512
141 149 158 157 161 16.2 144 148 155 154

a Draw a stem and leaf diagram of the results.
b Using the stem and leaf diagram, state the median wingspan.

4 The mass Mkg of football players in a team is recorded.
For the team of 11 players, 2M = 836kg.
a Calculate the mean mass, M, of the 11 players.
b The mean of 11 players and 1 substitute is 76.75 kg. Calculate the mass of the substitute.

continued on the next page. ..
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5 The cost (C euros) of a litre of unleaded petrol at different petrol stations is shown in the frequency
histogram below.

10

Frequency

9
8
7
6
5
4
3
2

1

0
0.96

0.98 1 1.02 1.04 1.06 C
a How many petrol stations were surveyed?

b Estimate the mean price of unleaded petrol.



Cumulative frequency 377

6.4 Cumulative frequency

Cumulative frequency tables for grouped discrete data and for grouped continuous data; cumulative
frequency curves.

Box and whisker plots (box plots).

Percentiles; quartiles.

1 The percentage test result (x) for 20 students in a class are given in the grouped frequency table below.

Percentage

0=x<20

20=x <40

40<x <60

60 =x <80

80=x<100

Frequency

2

4

6

7

1

a Calculate the cumulative frequency for the data.
b Draw a cumulative frequency curve for the results.
¢ From your graph estimate the median test result.

2 A business surveys its employees to find how long it takes them to travel to work each moming
(t minutes). The results are displayed below.
Time (min) 0=<t<15 15<t<30 30<te45 45<t <60 60<t<75
Frequency 1 3 12 22 12

a Calculate the cumulative frequency for the data.

b Draw a cumulative frequency curve for the results.
¢ From your graph estimate the median time taken to travel to work.
d From your graph estimate the time taken to travel to work by the middle 50% of the employees.

e Draw a box plot to summarize the data.

The scores (x) for the 150 students are summarized in the table below.

150 students enter an intemational maths competition. The scores are out of a maximum 300 points.

Score

0=x<50

50<x < 100

100=x<150

150 < x < 200

200=x < 250

250 < x < 300

Frequency

7

25

56

32

21

9

a Draw a cumulative frequency curve of the scores.

b From your graph estimate the median score.

¢ Studentsin the top 20% are invited to take part in the next round of the competition. From your
graph estimate the score needed for a student to be in the top 20%.

continued on the next page. ..
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4 The mass (m gmms) of fcn:ty apples of the same variety was recorded at a market and at a mpm'market.
The results are given in the table below.

Mass (g) 0<m<100 | 100<m<140 | 140<m< 180 | 1B0<m <220 | 220<m < 260
Frequency (market) 5 8 12 9 6
Frequency (supermarket) 0 3 28 9 v]

a On the same axes draw two cumulative ﬁ'equency graphs, one for the mass of the apples ar the
market and the other for the mass of apples at the supermarket.

b Using your graph complete the table below.

Minimum value | Lower quartile Median Upper quartile | Maximum value

Market
Supermarket

¢ Use your results table above to draw a box and whisker plnt for each sert of a.pple data.
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6.6 Measures of dispersion
Measures of dispersion: range; interquartile range; standard deviation.

1 For the following lists of numbers calculate:
i the range ii the interquartile range.
a 2612141515 17 21 221 22
b 262711418719 3 12

2 The number of goals conceded by a football team is recorded. The results are given in the frequency table
below.

Numberofgoalsconceded | 0 | 1 | 2 | 3 | 4 | §
Frequency 7|62 |5|2(1
Calculate:

a the range in the number of goals scored
b the interquartile range of the number of goals scored.

3 Calculate the standard deviation using the formula 5 = 4 & — &2 of the following lists of numbers.
a34777888869 n
b1468 1012 15 18 24 30

4 The temperatures (in °C) at two holiday resorts are recorded every other day during the month of
June. The results are given in the table below.

Day 1 3 5 709 |11 |13 |15 |17 |19 |21 (23|25 |27 | 29
TemperatureResort A | 23 | 24 | 22 | 24 [ 25 | 26 | 25 (23 |23 |24 | 22 | 24 | 24 | 26 | 27
Temperature ResortB | 15 | 17 | 24 | 28 |33 | 33 (26 | 22 |22 |19 |16 |16 | 15 | 26 | 31

Calculate the mean temperature for resort A and B.

Calculate the range of temperatures at both resorts.

Calculate the interquartile range of temperatures at both resorts.
Calculate the standard deviation of the temperature at both resorts.
Explain the meaning of your answer to part d.

o oLn o

5 The times (in seconds) taken by two sprinters to run 100m during their training sessions are recorded
and given below.

Sprinter A 11.2 10.9 11.0 108 109 11.0 11.1 11.1 109
Sprinter B 10.2 99 10.1 11.8 11.2 10.1 10.1 103 10.4

a Calculate the mean sprint time for each runner.

b Calculate the standard deviation of the sprint times for each runner.
¢ Which runner is faster? Justify your answer.

d Which runner is more consistent? Justify your answer.

continued on the next page. ..
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6 Two maths classes sit the same maths exam. One of the classes has students of similar mathematical

ability, the other has students of different abilities. A summary of their percentage scores is presented
belaw.

Mean Standard deviation

Class A 65 8
Class B 50 2

From the results table deduce which class is likely to have students of similar mathematical ability.
Give reasons for your answer, which refer to the table above.
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6.7 and 6.8 Scatter diagrams, bivariate data and
linear correlation and The regression line for y on x

Scatter diagrams; line of best fit, by eye, passing through the mean point.
Bivariate data: the concept of correlation.

5

Pearson's product-moment correlation coefficient: use of the formula r = i
Y

Interpretation of positive, zero and negative correlations.

5
The regression line for y on x: use of the formulay — § = Fx;;: (x-x)
Use of the regression line for prediction purposes. =

1 Decide on the possible correlation (if any) hetween the following variables. Justify your answers.
The height of a child and the child's mass

A student’s result in a maths exam and the same student’s result in a science exam

A student’s result in a maths exam and the same student’s result in an art exam

The outside temperature and the number of umbrellas sold

The number of cigarettes a woman smokes during pregnancy and the mass of her baby

The number of people living in a household and the amount of water which the household uses
A person’s height and their intelligence

The number of DVDs sold and the attendance at cinemas

Mmoo LN o R

2 Describe the correlation, if any, depicted in the following scatter diagrams.

a . L

-
-

A

3 A farmer wishes to find a way of increasing the milk yield of his herd of cows. He decides to mix a
special feed with the ordinary feed to see whether it has any effect on the yield. The results are shown
in the table below.

Special feed (%) 0 2 4 B 8 10 12 14
Milk yield (litres) | 2050 2100 2180 2230 2300 2360 2390 2470
Special feed (%) 16 18 20 22 24 26 28 30
Milk yield (litres) | 2540 2600 2650 2720 2800 2830 2850 2860

a Plot a scatter graph of the results, with the yield on the y-axis.
b Calculate the mean special feed % (%) and the mean milk yield ().
¢ Plot the point (%, ¥) on the graph and label it clearly. continued on the next page. ..
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d Assuming the relationship between the two variables is linear, draw a line of best fit passing
through the point (%, §).

e Use your line of best fit to predict the yield the farmer would get if the percentage of special feed
was 15%.

f Calculate the equation of the line of best fit in the form y = mx + c.

g Use your equation of the line of best fit to extrapolate the results and predict the milk yield if the
percentage of special feed was 100%.

h Do you think your answer to part h is valid? Justify your answer.

4 A supermarket counts the average number of people entering the store during a period of time and the
amount of money collected at the tills. The results are displayed below.

Average number of people in store | Amount collected at tills (£)
72 3006
51 2021
12 B12

108 3102
156 4671
92 4092
26 1125
48 19585
52 1991
61 2082
17 742
5 306
88 4128
16 738

a Using your GDC, calculate Pearson's product—moment correlation coefficient.
b Explain the meaning of your answer to parta.

5 Alorry driver starts a journey with 1000 litres of fuel in his fuel tank. During his journey he records
the amount of fuel left in the tank and the number of kilometres he has travelled. The results are
displayed below.

Distance travelled (km) "] 50 150 | 300 | 700 | 1000 | 2000 | 4000

Fuel in tank (litres) 1000 | 985 | 970 | 930 | 850 | 785 | 575 | 215

a Using your GDC, calculate the equation of the y on x regression line, giving it in the formy = mx + c.
b Explain the meaning of the value of m in the context of this problem

¢ Use your equation to predict how much fuel he has left in the tank if he has travelled 3000km.

d Use your equation to estimate how far he can travel on 1000 litres of fuel.
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6.9 The y? test for independence

The x* test for independence: formulation of null and alternative hypotheses; significance levels;

)2
contingency tables; expected frequencies; use of the formula y2 =3 — 7 — G f ; degrees of freedom; use
of tables for crllleal values; ok ~values.

1 The numbers of male and female students getting either a distinction, pass or fail for a course are given
in the contingency table below.

Distinction Pass Fail Total
Male 18 B84 28 130
Female 20 132 18 170
Total 38 216 46 300

a State the number of degrees of freedom of the table.

b Assuming the results are independent, construct a contingency table to show the expected
frequencies.

¢ Itis thought that the likelihood of failing is dependent on the gender of the student.
i State the null hypothesis (H,).
ii State the alternative hypothesis (H, ).

(f—J

d Using the formulay? = ¥

e Decide whether failing is dependent on gender at the 5% level of significance. Justify your answer
clearly.

for testing independence, calculate the value of 2.

2 Researchers wish to know if students prefer a different type of film genre according to their gender.
The results of their survey are given in the contingency table below.

Romance Horror Action Comedy Total
Male 3 14 15 18 50
Female 25 15 10 30 80
Total 28 29 25 48 130

a State the number of degrees of freedom of the table.

b Assuming the results are independent, construct a contingency table to show the expected
frequencies.

¢ Itis thought that there is a difference in the viewing preferences of males and females.
i State the null hypothesis (Hﬂ] :
ii State the alternative hypothesis (H, ).

d Calculate the value of y%.

e State whether viewing preferences are dependent on gender at a significance level of:

i 10% i 5% iii 1%. continued on the next page. ..
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3 A hnliday resort wishes to survey its customers as to their level of satisfaction with the resort.

particular

Customers were asked to rate the resort either as ‘excellent’, ‘good’, ‘satisfactory’ or ‘poor’. In
they wish to see whether the level of satisfaction is dependent on age. The results are displayed below.
Excellent Good Satisfactory Poor
Under 16 10 21 23 B
16—25 6 11 12 4
26—55 7 25 12 20
Over 55 8 38 40 19

a State the null hypothesis.
b Calculate the value of 3.

¢ State whether the null hypothesis is rejected at a significance level of:

i 1%

i 5%

iii 10%.
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7.2 and 7.3 Differentiation and The gradient of a

curve at a given point

The principle that f(x) = ax®, f'(x) = anx™!and f"(x) = an(n — 1)x"-%
The derivative of functions of the form fix) =ax* + bx*' + .., nE Z.
Gradients of curves for given values of x.

Values of x where f'(x) is given.

Equation of the tangent at a given point.

1 Differentiate the following functions with respect to x.

a flx)=x+3x—4 b f(x) =32 —5x+ 4

¢ fix) =223 - 4 d flx) =36 -3 -1
2 Find the derivative of the following expressions.

a x! b z;-i

¢ xl+Ix1-3 d 5

3 For each of the following functions
i find the derivative f'(x) with respect to x
ii find the second derivative "(x) with respect to x.

a flx) = x(x—3) bf(): x(x + 2)
¢ fix) = (x = 2)(x + 3) d f(x ) = (o = 3x)(x + 4)
4 For each of the following expressions:
i find the derivative ii find the second derivative.
20 — &2 b e — 2
& [ 3x
3 7]
o X -;*21: d (x -—6](]:211 - 1)

5 The graph of the function f{x) = & — 4x + 1 is shown below.

a Calculate the gradient function f'(x).
b Calculate the gradient of the graph when:

i x=13 i x=2 iii x = 0. continued on the next page. ..
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6 Thegmphoftheﬁmeﬁon_ﬂx]=%xz — 4x + 2 is shown below.

A

M @D - @

270 \1 2 3 45 6 7/8 9 10x

a Calculate the gradient function f'(x).
b Calculate the values of x at the points on the graph where the gradient is:

i 0 i 2 ifi —5.
7 A curve has the equation y = % + 4x + 2.
a Findjl—}..

b Deduce from your answer to part a the least possible value ofjx—y Justify your answer.

¢ Calculate the value(s) of x where %Jlis:

i 7 i 4 iii 31.
8 The function f{x) = x* — 13x + 12 is shown below.

3

65443210 ~23 4 5x

a Calculate the gradient function f'(x).

b Calculate the gradient of the curve when x = 3.

¢ Give the gradient of the tangent to the curve at the point (3, 0).

d Calculate the equation of the tangent to the curve at the point (3, 0).
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9 The function f(x) = —x* — 2x + 8 is shown below.

Y,
10

14\3457

a Calculate the gradient function.

b Show that the points A(=2, 8) and B(1, 5) lie on the curve.

¢ Calculate the gradient of the curve at points A and B.

d Calculate the equation of the tangent to the curve at A.

e Calculate the equation of the tangent to the curve at B.

f Calculate the coordinates of the point of intersection of the two tangents.
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7.4 and 7.5 Increasing and decreasing functions
and Stationary points

Increasing and decreasing functions.

Graphical interpretation of f'(x) > 0, f(x) = 0, f'(x) < 0.

Values of x where the gradient of a curve is 0 (zero): solution of f'(x) = 0.
Local maximum and minimum points.

1 The function f (x) = «? + 6x + 7, is shown.
From the graph deduce the mnge of values of x for
which f(x) is a decreasing function.

T

= kG B

—3—5\_7/—10 1x
1 3 _1
=2

-3
2 For each of the following calculate:
i f(x)
ii the range of values of x for which f(x) is increasing.
a f(x) =x-18 b f(x) = ¥ — 10x + 27
¢ flx) = =2+ 8x - 10 d f(x) = -2+ - 8x

3 Prove that f(x) = % »* + x is an increasing function for all values of x.

4 Calculate the range of values of k in the function f(x) = %xj + 1 + kx, given that f(x) is an increasing
function for all values of x.

5 A function is of the form f(x) = »* + bx + c. State:
a the number of stationary points
b the nature of the stationary point(s).

6 For the function fix) = + 3 + 722 — 20x + 2:
a calculare f'(x)
b solve the equation f'(x) = 0
¢ explain the significance of your answer(s) to part b in relation to stationary points
d from the equation of the function, deduce the nature of the stationary point(s). Give reasons for

YOur answers.

7 For the function flx) = «* — 12x - 5:

calculate f'(x)

solve the equation f'(x) =0

determine the coordinates of the stationary points
determine the nature of the stationary points
calculate the y-intercept of the graph of the function
sketch the graph.

- pn oW
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5 $15000is depnsited in a savings account. The folluwing geometric sequence represents the total
amount of money in the savings account each year. Assume that no further money is either deposited
or taken out of the account.

Number of years Total savings in account ($)

0 15 000

1 16 500

2 18 150

3 19 965

4 21961.50

5 24 157.65

n

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest.
b Calculate the interest rate.

¢ State the formula for calculating the total amount of money (T) in the account after n years.

d State the formula for calculating the total amount of interest (I) gained after n years.

6 Find the compound interest paid on the following capital sums C, deposited in a savings account for n
years at a fixed rate of interest of r% per year.

a C =1£400 n = 2 years r=3%
b C = $5000 n = 8 years r=6%
¢ C =€18000 n = 10 years r=4.5%

7 A caris bought for €12500. Its value depreciates by 15% per year.
a Calculate its value after:
i 1year ii 2 years.
b After how many years will the car be worth less than €10007
8 €4000 is invested for three years at 6% per year. What is the interest paid if the interest rate is
compounded:
a yearly? b half-yearly?

¢ quarterly? d monthly?
e daily?



Answers to exercises and
student assessments

Presumed knowledge

assessments

Student assessment 1

la = b < c >
d >
2 a 1 : 1 I ', 1
32 33 34 35 36
b 2‘0 2I1 22 2I3 2I4 :.;5
c 1 ik L b_
a7 0.8 9.9 10
d 1;5 1;5 17 ﬁs
J3ax=-1 b x<2
e -1=x<2 d-1=sx=<1
4a 7 3 4 "5
b 1 I = s 1
1 2 3 4 5
c -0 . o——
0 1 2 3 4
d : k o—
-3 -2 -1 0 1
3214 9
5 ﬁ:g:i:f:ﬁ
Student assessment 2
l1a 23 b 18
2 6,15
3 9000
4 22977
5 360.2

1 3
TQEE b3§
8a 04 b 175

¢ 0.81 d 1.6
Qaﬁ b%

17 1
CI.E d 700

Student assessment 3
1a 17—0 b 45cm

2 a 375g b 625¢

3 a 450m b 80cm
4al:25 b 1.75m
5 300:750: 1950

6 60°,90° 90° 120°

7 150°

8 a 135h b 12 pumps
9

\&/
§

6%cm
10 a 4min 48s b L6 litres/min
Student assessment 4

1

Fraction Decimal Percentage
1 0.25 25%
F)
% 06 60%
g 0.625 62.5%
a 06 662%
21 225 225%
)
2 750m
3 525€
4 £97200
5a 292% b 21.7% c 125%

d 83% e 20% f 10%
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1
1
1
1

6 8.3%
7 a ¥6500

8 $200 $25 $524 $10

b 61.8%

9 $462 $4000 $4500 $5500

0 15 marks

1 35000

2 25000 units
3 470 tonnes

Student assessment 5

1

6x — Oy +15z
—8min + 4mn?
—2x=12

Z

8(2p - q)
5pq(p - 2q)

m o N R

(eIt

o ®
-]
1]
-]

a (g+1)p -3
¢ 750000

¥-2x-8
c 2+ 2xy+y?
e 6xX-13x+6
a (x=11)(x+7)
c (x— 12)(x + 12)
e (2x=3)(x+4)

e
8af= /L
A\l
< p=(g)-4
9a xt b ng
o d%

b 8pm — 28p

d 20p’q - 8p’q* — 8’
f 222 — 14x

h 32 - x

b p(p - 6q)

d 3pg(3 = 2p + 4q)

c 29
f 35

byt

Student assessment 6

1a?9 b 11 c —4
d 6
2215 b 7 c 4
d3
3 a -10 b 12 c 10
1
d 117'
4a 16 b -8 c 2
d 35
5ax=5y=12 b1=3%3=4%
cx=5y=4
6 a 4x+ 40= 180 b x=35"
¢ 35%, 70° 75°
79
8 30° 30°% 30° 30° 307 30° 30° 455 45° 45° 45°
9 a xcm
{x=3)cm
Perimeter = 54 cm
b 4x — 6 =54
¢ Length = 15 cm Width = 12 cm
10 a x,x—8,x-123 b 55,47, 32
Student assessment 7
1la2x5? b 22 x 35
2a 4x4x4 b 6x6x6x6
3 a 800 b 27
4 a7 b -2 e:—k
1
d3
5a 22x3 b 2

bxbxbxbxb

b 1

2x2x2x2xl
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Student assessment 8

1 a Gircumference = 34.6cm

Area = 95.0cm?

b Circumference = 50.3mm

Area = 201.1 mm?
2 99¢cm?
3 a 393cm?

b 34cm’ ¢ 101.3em?

4 a Circumference = 27.0cm

Area = 58.1 cm?

b Circumference = 47.1 mm

Area = 176.7mm?

5 325.8cm?
6 a 56.5cm? b 108cm? ¢ 254.5cm?
Topic 1
Exercise 1.1.1
1a25 b 18 c 40
2 12 b 6 e 5
3a 169 b 4 c 13
4 a 216 b9 c 4
5 a 3510 b 149530 c 0
Exercise 1.1.2
1all b -1 c 19
d 144 e 6 f 185
2 a 100rcm?
b 36mem’
¢ C=16rxcm? D = xcm?
d 534 cm’
e the area of the circle pattern
3 a 18cm? b 24 cm? ¢ 106 cm?
d 254 cm?
4 a 523.6cm® b 2356.2cm? ¢ 785.4cm’
Exercise 1.1.3
1 a Graph vi) b Graph vii)
¢ Graphii) d Graph iii)
e Graphx) f Graphi)
g Graphv) h Graph ix)
i Graphiv) j Graph viii)

2ay=-x-5 b y=2x—4

c y=—(x+5) d y=-(x-5)7%-3
3ay=-x45 b y=2x+4

e y=(x-5) d y=(x+5)7+3
4 Pupil’s screens
Exercise 1.1.4
1 y-intercept = —3 x-intercept = + 1.7

y-intercept = 11 x-intercept None

en om

y-intercept = 1 x-intercept = —0.5, 1.3, 3.2
y-intercept = 3.5 x-intercept = —1.2
241
2a (-5 1)

b (—3.45, 4.45) and (1.45, —0.45)

¢ (-1.29, —0.67) and (1.29, —-0.67)

d (-0.77, —1.71), (0.88, —1.61) and (5.89, 15.3)
Exercise 1.1.5
Lalelas]a2]a]o[1[2]3

y| 2 =2 |4 | 4| 2 2 8

b x| =3 | =2|- 0 1 2 3

y|-28|-14|-10|-10| 8 2 26
€

x| 0 |05 1 15| 2 [25 3

y| - B 4 |267| 2 1.6 | 1.33

d

x| =1|-05/0|05 | 1 15 2 (253

¥| 0 |07 1 |1.22|141|158|1.73|187| 2

2 a 0,36, 72,108, 14.4, 18, 21.6, 25.2, 28 8,

3 a 0,6.25, 10, 11.25, 10, 6.25,0, —8.75, —20m
b 11.25m
c l.5s
d 3s
e because they give negative heights

Exercise 1.1.6

1 a mean = 7.58, median = 8.5, mode = 10
b mean = 14.7, median = 14, mode = 12.2
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2 mean = 3.63, median = 3, mode = 2

3 a Test A: mean = 5.33, median = 6, mode = 6

Test B: mean = 5.33, median = 6, mode = 6
b Student’s answers
¢ Student’s answers

Topic 2
Exercise 2.1.1

l1a M,E,Q,R bzsns[m

c R d QR

2 a Rational b Rational ¢ [rrational
3 a Rational b Rational ¢ Rational
4 a Irrational b Rational ¢ Rational
5 a Irrational b Irrational ¢ Rational
6 a Rational b Rational ¢ Rational
7 Radonal

8 Imational

9 Rational
10 Rational
Exercise 2.2.1
1 a 69000 b 74000

c 89000 d 4000

e 100000 £ 1000000
2 a 78500 b 6900

c 14100 d 8100

e 1000 f 3000
3 a 490 b 690

c 8850 d 80

e 0 f 1000
Exercise 2.2.2
1aié b 0.7

c 11.9 d 157.4

e 4.0 f 150

g 3.0 h 1.0

i 12.0
2 a 647 b 9.59

c 1648 d 0.09

e 0.01 f 930

g 100.00 h 0.00

i 3.00

Exercise 2.2.3

1 a 50000
d 7500
g 1000

2 a 0.09
d1
g 0.0031

3 a 420
d 238
g 194

Exercise 2.2.4

b 48600
e 500
h 2000

b 0.6
e 095
h 0.0097

b 5.05
e 57.8
h 4.11

¢ 7000
f 2.57
i 150

c 094
f 0.003
i 0.01

c 166
f 4430
i 0.575

Answers may vary slightly from those given.

1 a 1200

150 000

200
550

130
4

b
Ao R LR

1]

b 3000
e 08

b 200
e 500

b 80
e 200

£ bacam&‘tx% 80

¢ 3000
f 100

c 30
f 3000

e 1
f 250

because 689 x 400 = 700 x 400 = 280000
because 77.9 x 22.6 = 80 x 20 = 1600

03 mﬁxﬁﬂ-lmﬂ
5 a 120m? b 40m’ ¢ 400cm?
6 a 200cm’ b 4000cm? ¢ 2000cm’
Exercise 2.2.5
1 a 04% b 2.04% c 0.8%

2 The second player as his percentage error is

3.2% and the first player’s is 4%.

3 a97375m

4 a 1182kmh!

Exercise 2.3.1
1 dande

2a 6x10°
d 534 x 10°

3 a 68x10°
d 7.5 x 107

4a 6x10°
d 3 x 109

5 144 x 10""m

b 9262.5m

b 2.9%
b 4.8 x 107 c 7.84 x 101
e 7x 108 f 85x 106
b 7.2 x 108 c 8x 10°
e 4 x 10° f 5x 107
b 2.4 x 107 c 1.4 x 10°
e 1.2 x 1013 f 1.8 107
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6 a 88x 10° b 204 x 10" ¢ 3.32 x 101
d 42x 1022 e 51x102 f 25 %105
7a 2x 102 b 3 x 10° c 4 x 108
d 2 x 10t e 2.5 x 106 f 4 x 104
Ba 426x 10° b 848 x 10°
c 6388 x 107 d 3.157 x 10°
e 4.5 x 108 f 601 x 107
g 8.15 x 10'° h 3.56 x 107
9 Mercury 5.8 x 107 km
Venus 1.08 x 108 ki
Earth 1.5 x 108 km
Mars 2.28 x 108 km
Jupiter 7.78 x 10° km
Satum 1.43 % 10° kmm
Uranus 2.87 x 10° kin
Neptune 4.5 % 10° km
Exercise 2.3.2
1a 6x10 b 53 x 105
c 8.64 x 10-¢ d 88 x 10-8
e Tx 107 f 4.145 x 104
2 a 68x 10 b 7.5 x 107
c 4.2 x 10-10 d 8 x 10-°
e 5.7 % 10-1 f 4% 101
3a —4 b -3 c -8
d -5 e —1
4 68 x 10° 6.2 x 10° 8.414 % 107
6.741 x 10-* 3.2 x 104 5.8 x 10-7
5.57 x 10-°
Exercise 2.4.1
1 a one hundred b a hundredth
¢ one thousand d a thousandth
e one thousand f a thousandth
g athousandth h one thousand
i amillilitre j one million
2 a kilogram b centimetre
¢ metre or centimetre  d millilitre
e tonne f metre
g litre h km
i lite j centimetre

3 Student’s lines

4 Student’s estimates — answers may vary

mnsidembly

Exercise 2.4.2
1 a 40mm b 62mm c¢ 280mm
d 1200mm e 880mm f 3650mm
g 8mm h 23mm
2 a 2.6m b 89m ¢ 2300m
d 750m e 25m f 400m
g 3800m h 25000m
3a 2km b 26.5km ¢ 0.2km
d 0.75km e 0.lkm f Skm
g 15km h 75.6km
Exercise 2.4.3
1 a 2000kg b 7200kg c 2.8kg
d 0.75kg e 450kg f 3kg
g 6.5kg h 7000kg
2 a 2600ml b 700ml ¢ 40ml
d 8ml
3 a 1.5 litres b 5.28 litres ¢ 0.75 litres
d 0.025 litres
4 a 138.3 tonnes b 1.383 x 10°kg
5 a 720ml b 0.53 litres
Exercise 2.4.4
1 a 68°F b 176°F c 392°F
2 a 10°C b 133°C c 415°C
3 a 303K b 153K ¢ 308K
4 a 70°F b 190°F c 430°F
5a 29% b 8.0% c 9.7%
6 10°C, 50°F
Exercise 2.5.1
1 a 8§, 13, 18; arithmetic
b -2, -8, —20; not arithmetic
¢ 1, =3, 13; not arithmetic
d -2, 5, —2; notarithmetic
e 4,0, —4; arithmetic
f 9,3, 5; not arithmetic
2ai)dn+2 )32
bi)4n-4 ii)36
ci)n—-05 ii)9.5
di) -3n+9 i)-21
e i) In—-10 )20
f i) —4n -5 ii)—45



396 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS

3a
Position | 1 2 5 |12 | 50 n
Term 1 5 |17 | 45 [ 197 | 4n -3
b
Position | 1 2 5 | 10|75 n
Term 5 [ 11|29 | 59 |449| 6n -1
c
Position | 1 3 8 | 50 | 100 n
Term 2 0 |5 |-47|-97|-n+3
d
Position | 1 2 3 | 10 | 100 n
Term 3|0 |3 |-24|-2%|-3n+6
e
Position | 2 5 7 | 10| 50 n
Term 1 10 | 16 | 25 (145 | 3n =5
f
Position | 1 2 5 20 | 50 n
Term 55| =7 |-115| 34|79 |-15n-4
4 a i) +4 i) 4n+ 1 i) 201
b i) +1 ii)n—1 i) 49
c i) +3 ii) 3n— 13 i) 137
d i) +0.5 ii) 0.5n+ 5.5 i) 305
e i) +4 i) 4n — 62 #i) 138
f i) -3 i) =3n+ 75 i) 75
5 B years
Exercise 2.5.2
1 a 308 b 488 c —187
d 0
2a -15 b -95 c —55
d n(n -; 17)
3a3 b -5 e 52
d 470
4 a 05 c 2475
5a +8 — g c —80

6 a % b6 c 150
711
8 a Student’s proof b 12
c 19
Exercise 2.6.1
1 a Geometric b Geometric
¢ Not geometric d Geometric
e Not geometric f Not geometric
2ai) 3 i) 162, 486
i) u = 2(3)-!
bi) 1 ii) 35,
i) w, = 25(g)
di) -3 ii) —243, 729
iti) u = -3n
3 a -6, -12, -24 b 8
4a —4 b ¢ —65536
5 1338.23€
Exercise 2.6.2
1ai)? i)
b i) -3 ii) 4122
¢ i) L5 i) 566.65 (2 d.p)
d i) 15 i) 111111111
2ai)8 i) 3280
b i) 7 i) 2
ci)? ii) %
di)n 5 =1
3 a 1364 b 728% c 62
4 a6 b 1—13 c %
5a lor3 b -1 ¢ -2
6 a 823543 b 960800
Exercise 2.6.3
1 :11 ;?; b -13—6 c 19—0
5
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1 32
2 a E b 4 [ ﬁ
d 0.000381
3a3 b i
27
7
Exercise 2.7.1
1a (3,2) b (5,2) e (2,1)
d (-4,1) e (4, -2) f (3,-2)
g (_I-s"'"]-] h ("‘35 *"31

i Infinite solutions
j No solution

2 The linesin part i are the same line.

The lines in part j are parallel.
Exercise 2.7.2
l1ai Y
5
6
5

3 2 40
i

i x=1and?2

ifi x=—6and?2

c 1 Yi
6
4
2
£ 40
-2
4
=6
—8
-10
~12
~14
_12/
=1
ii x=3and5
d i Yi
12
10
B
4
2
5 4 3240 1 2 3;
-2
=
ii No solution
e i YA
2
4 58 20 1 2 3 4x
-2

ii No solution
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2ai iy Answers to questions 6— 8 may vary from those given
8 below.
e 6 18000 yards
4
o 7 a 25 b 4 c 4
pe 2
o e i 8 170cm
[l 2 [ 9 a 168.02cm? b Students's calculation
; ki 10 1.63%
P i “_2 3
:l * o Student assessment 2
b i Yi
8 1a6xl108 b 45x 10-?
c 3.8 x 10¢7 d 361 x10°7
e 4.6 x 10° f 3x10°
2 741 % 10-° 3.6 % 10-3 5.5 x 10-3
- 421 x 107 6.2 x 107 49 x 108
-4 3 A0 1 2 3 4 5 8 7 9 10 x
R T T T T 3 a 6x106 8.2 x 10° 4.4 x 103
-4 - 8 % 10! 5.2 x 10*
% b 6 x 10f 8.2 x 10° 5.2 x 10¢
8 x 10-1 44 % 10-3
ii x=—-2and 8
c i ¥) 4a3 b 9 c -3
o d 6 e =1 f 8
% 5a 1.2 x 108 b 5.6 % 10°
c 2 x10° d 2.5 x 10
6 43.2 minutes
7 473 x 105km
8 1.62 x 10" mm
ii x=-5 9 Tkg
Student assessment 1 10 a 104°F b 931°F
1 a Rational b Irrational ¢ Rational Student assessment 3
d Rational e Rational f Irrational t 3 Dai=s i) 37
2 a 6470 b 88500 ¢ 65000 b i) -3n+4 i)-26
410 2 2 u =Mty =597 b i =15, uyg = —46
3a 38 b 6.8 c 0.85 3
d 1.58 e 100 f 0.008 ® |Position | 1 | 2 | 3 |10|25| n
4 a 40 b 5.4 c 0.06 Term 17 | 14 | 11 | =10 | =55 | =3n+ 20
d 49000 e T00000 f 687000
5 07.3 em? b Position 2 6 10 80 n
Term -4 | 2 0 | 35 -
I
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4 $405
5a — b 243 c 10
6a 70 b 595
7a +3 b -12 c 330
8a +4 b 4 c 220
9aill ii) 20470
b i) 13 i) 2Bt
10 a 363 b £8
11 a (2,1) b (-2,3)
12 a i) y
10
8
6
4
2
-1 0 123456?1}
-2
i) x=3
b i) ¥
4
: /TN
10 1 2 3 5 7 8 x
-2
_4 !
_a !
_a !
-10
=12
ii) x=4and 6
Topic 3
Exercise 3.1.1

1 a i) Continents of the world
ii) Student's own answers
b i) Even numbers
i) Student's own answers
¢ i) Days of the week
ii) Student's own answers
d i) Months with 31 days
ii) Student's own answers

e i) Triangle numbers
ii) Student's own answers
f i) Boy's names beginning with the letter m
ii) Student’s own answers
g i) Odd numbers
ii) Student’s own answers
h i) Vowels
ii) ou
i i) Planets of the solar system

.

ii) Student’s own answers

j i) Numbers between 3 and 12 inclusive
ii) Student’s own answers

k i) Numbers between —5 and 5 inclusive

ii) Student's own answers

2al7 c 7 d 7
f Unquantifiably finite, though theoretically
infinite
h5 i 9
Exercise 3.1.2
1aQ=1{46281012, 14, 16, 18,20, 22, 24,
26, 18}
b R=1{1,3,510911,13,15 17,19, 21,23, 15,
27, 29}
e S=1{2,3,51,11, 13, 17,19 23, 29}
d T=1{L4,09,16, 25}
e U=11,3,6,10,15,21, 28}
2 a B ={55, 60, 65}
b C = {51, 54, 57, 60, 63, 66, 69}
c D={64}
3 a {p,q d,{p, ah{p, & lq, o, {p}, {a}, {d, { }
b {p, a} {p, o, {q, o, {p}, (g}, {1}
4 a True b True ¢ True
d False e False f True
g Tme h False
Exercise 3.2.1
1 a True b True ¢ False
d False e False f True
2a ANB={4,6 b ANB=1{409

¢ AN B = {yellow, green}
3a AUB={23,46,8,9, 10, 13, 18}
b AUB={L456,7,8,9, 16}
¢ AU B = {red, orange, blue, indigo, violet,
yellow, green, purple, pink}
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U={ab,pqrst 10ar
A’ = {a, b}

U=1{L23,45671,8
=11, 4,6, 8
ANB={z 3}
AUB=1{1,23,45718
(ANB) ={l,4,5671,8

ANB' =51 bi) PAQ={11,1317
l ] ¥ 1
6a i; §= {{:ﬁri“m:ff ff‘;';.‘;“f:”;‘? i) PUQ=12,3,5,7, 11,13, 15, 17, 19}
ii ultiples o
iii) C = {multiples of 4 from 4 to 20} 11 A B
bi) ANB={6 12}
i) ANC =1{4,8, 12} 6
i) B N C ={12}
iy ANBNC={12 8
v) AUB=1{2,3,4,68,9, 10, 12, 14, 15}
vi) CUB ={3, 4,6, 8,9, 12, 15, 16, 20}

? a i) A={1:2:4:5=6= T}
ii) B=1{3,4,58,9
i) C' =1{1,2,3,4,5,8, 9}
ivi ANB =1{4, 5} a
v) AUB={1,2,3,4,546,7,8,9
vi)(ANBY ={1,2,36,17289 g

bCCA v
8ai) W={1,24567,9, 10} ‘A
6.7.8

ll)x_{z ]
iii) Z2' = {1, 4, 5,6, 7, 8, 10}
iviWnz={2,9
v) WNnX=1{2,,1,9} Z
vi)YNZ={}or

b 2 13

9a A

o ®

I Q

= Rt oR

12 x Y

P Q

ran
raq

Egypt

Morocco

b i) AN B = {Egypt} Exercise 3.2.2
ii) A U B = {Libya, Morocco, Chad, Egypt, l1as b 14 ¢ 13
Iran, Irag, Turkey} 2 45

3al0 b 50
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4a
B
b 100 ¢ 15 d 13
e 75
5a 16 b 10 c 56
6 a 45 b 65 c 90
Exercise 3.3.1

1 {HHH, THH, THT, TTH, HHT, HTH, HTT,
TTT} 8 events

2 {(1, 1)(1, 2)(1, 31, 4)(1, 5)(1, 6)
(2, 1)(2, 2)(2, 3)(2, 4)(2, 5)(Z, 6)
(3, 1)(3, 2)(3, 3)(3, 4)(3, 5)(3, 6)
(4, 1)(4, 2)(4, 3)(4, 4)(4,5)(4, 6)
(5, 1)(5, 2)(5, 3)(5, 4)(5, 5)(5, 6)
(6, 1)(6, 2)(6, 3)(6, 4)(6, 5)(6, 6)} 36 events

3 {(H, 1)(H, 2)(H, 3)(H, 4)(H, 5)(H, 6)
(T, 1)(T, )T, 3)(T, 4)T, 5)(T, 6)} 12 events

4 {(M M)(M F)(F M)(F F)} 4 events
5 {(M M)(F F)} 2 events

6 a Pass orfail
b {(P P)(PE)}E P)(F F)}

7 a Win or lose
b {(2,00(2, 11, 2)(0, 2)}

8 a Win or lose
b {(3, 003, 1)(3, 2)(2, 3)(1, 3)(0, 3)}

Exercise 3.4.1
1 Letter B
2 CadE

Exercise 3.5.1
1 a No b Yes ¢ Yes
d No e Yes f Yes
g Yes h No i Yes
i Yeu
2 a Teresais a girl and Abena is a girl. (True)
b —1<x<8 (True)
¢ A pentagon has five sides and a triangle has

=

= B

4 sides. (False)

London is in England and England isin
Europe. (True)

x<y<z (True)

5 is a prime number and 4 is an even number.
(True)

A square is a rectangle and a triangle is a
rectangle. (False)

Paris is the capital of France and Ghana is
in Asia. (False)

37 is a prime number and 51 is a prime
number. (False)

Parallelograms are rectangles and trapeziums
are rectangles. (True)

Exercise 3.5.2

- g p|Y  PrA
2z = 2 U bpwvg
3 B u =p
4 » u p=q
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u
5 Q
6 P
| FO OQ
u
8 e
Exercise 3.6.1
LTpTalr
T|IT|T
T|T]|F
TIF|T
T|F|F
El@=| T
FlT|F
FIF|T
FlF|F

—q

g=p

=Y

baq

2
plg|r|-p|lpvg|-pvriipvg)al-pvrn)
T|T|T]|F T T T
T|T|F|F T £ F
T|F|T|F T T T
T F |:F| # T E F
F-l® || X T T T
FITI|F|T T T T
F | E [&F | & T T F
FIF|F|F| T T F

Exercise 3.6.2

1 a Neither b Contradiction ¢ Neither
d Tautology e Tautology

2 a Neither

P|9|-P|-9 -Pr-q
T|T| F|F F
T|F| F|T F
FlT| T|F F
FlFr|T|T T
b Neither
p| e |-p | --pPlvp
T|F T T
FlT F F
¢ Neither
-r qA-r
F F
T T
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d Neither
p|q|r | prag| (Pagar
T T T T T
T|T|F| T F
T|F|T]| F F
FlT|T]| F F
T|F|F| F F
ElT|F F F
T|F|F F F
F|F|F F F

e Neither
P g | r | praq| (Paqvr
T T T T T
T T F T T
T F T F T
F I T F T
T F F F F
F T F F F
T F F F F
FIF|F| F F

Exercise 3.7.1
1 a True b False c True
d True e False

2 a ]think so it follows that ] am.
b ...does not exist.

Exercise 3.7.2

Note: The students may use different words but the
sense will be the same.

1 a If you do not have your mobile phone then
yOu cannot send a text.
If you have your phone you can send a text.

b If you cannot travel a long way on 20 euros
then you do not have a small car.
lf?cm do not have a small car then you
cannot not travel a long way on 20 euros.

¢ If you can speak French then you will enjoy
France more
If you do enjoy France more then you do speak
French.

d If it mins then I do not play tennis.

If it does not rain then ] do play tennis.

e We stop playing golf if there is a threat of
lightening.

We do not stop playing golf if there is not a
threat of lightening.

f A tennis serve is easy if you practice it.

If you do not practice it then a tennis serve is
hard.

g If a polygon has six sides then it is a hexagon.
If a polygon is not a hexagon then it does not
have six sides.

h If you are less than 160 cm tall then | am
taller than you.

If you are not less than 160 cm tall then you
are taller than me.

i If the bus was full then | was late.

If I was not late then the bus was not full.

j If the road was greasy then the car skidded.
If the car skidded then the road was greasy.

a Statement: If a number is an odd number
then it is a prime number. (False)
Converse: If a number is a prime number
then it is an odd number. (False)
Inverse : If a number is not an odd number
then it is not a prime number. (False)
Contrapositive: If a number is not a prime
number then itis not an odd number. (False)
b Statement. If a polygon has six sides then it is
called an octagon. (False)
Converse. If a polygon is called an octagon
then it has six sides. (False)
Inverse. If a polygon does not have six sides it
is not called an octagon. (False)
Contrapositive. If it is not called an octagon
then it does not have six sides. (False)
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Statement. If it is an acute angled triangle
then it has three acute angles. (True )
Converse. If it has three acute angles then it
is called an acute angled triangle. (True)
Inverse. If it is not called an acute angled
triangle then it does not have three acute
angles. (True)

Contrapasitive. If it does not have three acute
angles then it is not called an acute angled
triangle. (True)

Statement. If two triangles are similar then
they are congruent. (False)

Converse. If two triangles are congruent then
they are similar. (True)

Inverse. If two triangles are not similar then
they are not congruent. (True)
Contrapasitive. If two triangles are not
congruent then they are not similar. (False)
Statement. If two triangles are congruent
then the'p are similar. (True)

Converse. If two triangles are similar then
they are congruent. (False)

Inverse. If two u'iangles are not congruent
then they are not similar. (False)
Contrapositive. If two triangles are not
similar then they are not congruent. (True)
Statement. If a solid is a cuboid then it has
six faces. (True)

Converse. If a solid has six faces then itisa
cuboid. (True)

Inverse. If a solid is not a cuboid then it does
not have six faces. (True)

Contrapositive. If a solid does not have six
faces then it is not a cuboid. (True)
Statement. If a solid has eight faces then it is
called a regular octahedron. (False)
Converse. If a solid is called a regular
octahedron then it has eight faces. (True)
Inverse. If a solid does not have eight faces
then it is not called a regular octahedron.
(True)

Contrapositive. If a solid is not called a regular
octahedron then it does not have eight faces.
(False)

h

Statement. If a number isa prime number
then it is an even number. (False)

Converse. If a number is even then itis a
prime number. (False)

Inverse. If a number is not a prime number
then it is not even. (False)

Contrapositive. If a number is not even then
it is not prime. (False)

Exercise 3.8.1
1 1 1
laﬁ— bg c 3
d 2 e 0 f1
Zﬂl)% Il)% b Towml=1
1 1
3aﬁ I:E c 1
do
5 3
4’33— bi
1 5 21
5aﬁ bﬁ T
d % e Student’s own answers
1
65
7ai) & i) §
bl)% i) 55
1 18 18
Saﬁ bﬁ ¢ 37
d ik 2 n
7 & ki
1 11
g 3 h 3
9 a RCA RAC CRA CAR ARC ACR
bi)t  d)y i) 3 iv) o
1 1 1 1
lﬂa? bi c 1 d %
3 1 5 4
€5 fg g5 h 5
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Exercise 3.9.1 Exercise 3.9.2

1a Dice 1 1a 11

112
113
121
122
123
131
132
133
211
212
213
221
222
223
231
232
233
an
312
313
3
322
323
331
332
333

-

=y
[5*]

1,222 32|42

Dice 2

1,323 |33|4,3

(]

| |

1,4(2,4(34 4,4

/TN
ANAANNAANNNNNN

[0 I S I B B S B - I B I T R L I R

15 25 35 45 §5 65

.

Die 2

(-]
[+3

(]

o L=
S
S

AR

|—-||—-.IL|LH
=1
/m\

o
DODODODODEODO D
Sm
Be
m o0

gg ol= g=
1]
= N -
—_

oo 1 v 3 T
| R ii) § iii) 1z

L
iv) ¢
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=
-
L

-
-
el
o0 5~

]

=

o
OWSNOWSOOWSOOWSED

- A A A

o

-

Ly
]
=

WwL
WWD
WLw
WLL
WLD
WDW
WDL
WDD
L
LWL
LWD
LLW
LLL
LLD
LOW
LDL
LDD

DWL
DWD
DLW
DLL
DLD
DDw
DDL
DDD

een 19
i) 22

Exercise 3.9.3

1
Roll 1

i six
3 Six
< i< Mot six  Six, Not six
(]
: Mmam<:::ﬁ“

a
Roll 2

Outcomes
Six, Six

Not six, Six

Probability
FXE=F
ix3=%
iIxi=%

g ™ Notsix Notsix, Notsk Zx§=2

oy 11
i) 35
X
v/ 716

iii) 5

¢ They add up to 1, because either iv or v.

4

ZHE

c 0.35

g
0.65

B
orT
035 |
0.65 035 |
OT L
0.65 o oT

b i) 0275
iv) 0.718

4 0.027

5

a 0.75% (0.56)
¢ 0.751% (0.06)

Exercise 3.9.4

1a

5
81

54
b 55
L'I-S!iL

L oT

or
0.

ii) 0.123

98
125

S A e e e
- rr
e
or4
_'

0_30
o

T, OT, L
OT, OT, OT

iii) 0.444

9

b 0.75° (0.42)

16
b g

o |
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b i)~ i) = iii) 2
Exercise 3.9.5

1a u
F

-
L-a||—-
L1 V]

[§%]

[-1]
o [

[
-3

P | ey 20 o 25
bl)ﬁ n)ﬁ ll)ﬁ

Exercise 3.10.1

1 a No (mutually exclusive)
b 0.8

2 a Yes

bi) i i)+ iii) 5

13

35

3 % if each month is equally likely, or % if

taken as 30 days out of 365. (Leap years
excluded — though this could be an extension.)
4 a Yes
b i) 0.1
iv) 0.4
5 a 0.675
d 0.77

6 0.93
7 0.66

8 e Only 23 people are needed before the
probability of two sharing the same birthday
is greater than 50%.

Student assessment 1

1 a {odd numbers from 1 to 7}
b {odd numbers}

¢ {square numbers}

i) 0.9 iii) 0.2

b 02 c 0.875

d {oceans}
2ald b 2 c 7
d Student’s own answer
3 a
A B
b
A B
c
A 8

4 {D: T, k}s '[W, I k}s '[W, 9, k}s '[W, Q, l'}, '[W, 0,1, k}
5 F={1,35T
6 {(rre)(bre)ebe)(reb)(bbr)(brb)rbb)(bbb)}
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7 The Amazon river is not in Africa.

8 p Vv q means either p or q or both must be true
for the statement to be true.
p V q means either p or q but not both must
be true for the statement to be true.

365

10 a
1 2 3 4 5 6

H|1H|[2H | 3H | 4H | 5H | BH

T |1T| 2T | 3T | AT | 5T | 6T

bi) 4 i) 5 i) 4

Student assessment 2

1 (2,4} 12,6}, 12, 8}, {4, 6}, (4, 8}, {6, 8}, (2, 4, 6},
{2I 4! 8}! {2! 6! 8}! {4! 6! 8}

b X = [multiples of 10}

4 a Let the number liking only tennis be x.

u
T F
b 15 c 5 d 16
5a5 b 35 c 40
d 50 e 15 f 12
g 10 h 78 i 78
6 pandq.
7
Pl g9 |prqg|pvg
T|T T T
T F F T
FlT| F T
el e | F

8 A statement that is always true. Student’s
example.

9 a % b % ¢ 5
Student assessment 3
1 031

2 u

o 16 (v 36 ey 16
ki) 5 i) iii) 55

iv) & v) 0
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3a u
P c
B
b i) ii) 135
4 0.53
5 0.88
6 04
7ai)08 i) 0.7 iii) 0.3
b i) 0.06 ii) 0.56 iii) 0.38
Topic 4
Exercise 4.1.1
1 a,bandc
2 a domain: -1<x<3 mnge:—Jif(x}Eﬁ
b domain: —4<x<0 rmange: —10<f(x) <2
¢ domain: -3<x<3 mnge:2<f(x) <11
d domain: y>3 mnge:ﬂ-ﬁ:g(;r]{%
e domain: t € R range: h (t) E R
f domain:yER range: f(y) = 4
g domain:n € R range: f (n) £2
Exercise 4.2.1
1 a 2375 b 05 ¢ 0.125
d -4
2a -1 b -6 ¢ =35
d -16
3a —4 b -0.25 c5
d 2.75
4a 275 b 0.25 ¢ =35

o

05

5 a f(x) = 50 + 100x

b 300€
6 a
Y
22
20
18
16
14
12
10
—8
—6
| 4
i
-2 (2) 10
4
-
-B
bx=3
Exercise 4.2.2
1ax-3 b x+5 ¢ 3x
x x—5 x+ 6
g 2x-4 h2x-3) XA
12
. x+4
J
2aéb b 4 c -1
3al b -05 c =6
4 a3 b 1.5 c 2
5a4 b -2 c —-11
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Exercise 4.3.1
la x |-4|-3|-2|-1] 0 2| 3
YA
12
10
&
N\
4
2
iy rymres T H
544 -3 210 S
|
-6
b x = —1, (~0.5, — 2.25), minimum
2a
x | =321 |w| 1|2 4 |5
vy |-12|-5| 0| 3| 4|3 -5|-12

¥
A T\
-4 -3 42 12 1 4 5 6
lj P X
J 8 A
T, \
/e \
12
14

b x=1,(1, 4), maximum

3ar T aTo 1 ]2]3]als
ylola|1]|o|1]a]6s
Yi
10
g
xE j:’
i
3
Al /
1
-2-101:=::£qs?
b x =2, (2, 0), minimum
42l Tal-al2l-1]o]1]2
y|-9|-4|-1]|0|-1]-a|-9

b x=-1,(-1, 0), maximum
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5a 7 a
x |<3|=F|=t|0|2 2|3
x|-4|-3|-2|-1|0|1]|2|3|4|5]|6s6
y |-15/-4|3 |6 |5 |0]|-9
y|9|0|-7|-12|-15-16/-15[-12| -7| 0 | 9
7
¥ o
12
d
B sl I\
& =
\ 3 / -4-3-?’-10 4 3 4%
—5 -4 — —2—12 1 2 3 4 6 T x 1' j \
N L / 5
X T / A
N g /
9 15
12
18
1"-
18

b x =1 (0.25, 6.125), maximum
8 a

b x=1, (1, —16), minimum x [-2|-1|0 | 1|23
6 a y |12 |0 |-6|-6| 0 12
x | -2 | -1 0 1 2 3
¥ 9 1 |-3|-3| 1 9 YA
14
K 0
: | |
B Vo]
i / 7 |
\INE Vs /
\ R .
—3—2—33 1/: 3 4 x B2-9 1 3 4 x
M /
-6
8

b x=7,(0.5,-3.5), minimum
b x= %, (0.5, —=6.75), minimum
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a1 T4 1] 2] 3
y | 7 = AR
YA
I; I’
&
: /
b /
\ CEm
-2—1')‘ 1 94 3 4 %
4
MRV
g

b x={,(0.875, —7.0625), minimum

10 a

3

-25

|
|
|
.'
|
i

AR EEEEEERE X

26

b x= %, (0.5, 0), maximum

Exercise 4.3.2
1 -2and3
2 -land1
33

4 —4and3

512

6 0.5and3

71

8 —tand2

Exercise 4.3.3

1 —1l.6and2.6

2 No solution

3 Zand 4

4 —-35and2.5

5 03and3.7

6 Oand 3.5

7 -02and2.2

8 —jand2

Exercise 4.3.4

1a(x+4Mx+3)
¢ (x+ 12)(x+ 1)
e (x—6)x—-2)

2a (x+5)0x+1)
e (x+ 3¢
e (x+ 113

3a (x+12)(x+2)
¢ (x—6)(x—4)
e (x+ 18)(x+ 2)

4 a (x+5)x=13)
c (x+4)x-3)
e (x+ 6)x—-2)

5a (x—4)x+2)
c (x+ 6)(x—15)
e (x+ Nx-9)

6 a 2(x+ 1P
e (2x = 3)x+ 2)
e (Ox+ 2)x+ 2)
g (2x+ 3)
i (Bx+1D(2x-1)

(x +6)(x +2)
(x = 3)(x — 4)
(x = 12)(x = 1)

(x +4)(x + 2)
(x +5)2
(2= 6)(x—17)

(x + 8)(x + 3)
(x+ 12)(x+ 3)
(x - 6)F

(x —5)(x + 3)
(x —4)(x + 3)
(x = 12)(x — 3}

{x —5)(x +4)
(x+6)(x=T7)
(x +9)(x - 6)

(Zx + 3)(x +2)
(Zx = 3)(x = 2}
(Bx = D)(x+ 4)
(3x=1)2
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Exercise 4.3.5 Exercise 4.4.1
la —4and-3 b -2 and -6 1 ai
¢ —5and?2 d -2and5
& __'33-[1&_2 f ___3 X —3 —2 -1 G 1 2 3
g —2and4 h —4and 5 A |004a|011|033| 1| 3| 9 |27
i —6and5 j —6and 7
2a —3and3 b -5and 5 i y
¢ —12and 12 d -2.5and 2.5
e —2and?2 f —tand: =
g —4and -2 h 2and 4 . [
i —4and6b j —6and 8 :‘; 1,
3a —9and4 b -1 .;; lr
¢ Oand8 d Oand 7 i /
e —L5and -1 f -land 2.5 &
g —12and0 h -9 and -3 1
i —6and6 j 10and 10 6
4 —4and3 o
5 9 —-3-2-19 1 2 3 x
6 4 b i
7 x = 6, height = 3cm, base length = 12ecm x [-3|-2|/-1|0|1]|2]3
8 x = 10, height = 20cm, base length = 2em " N O T T Y A T O O A
9 x = 6, base = 6cm, height = 5cm i ¥
10 1llm x6m
Exercise 4.3.6 .
1la —314and4.14 b —5.87 and 1.87
¢ —6.14 and 1.14 d —4.73and —-1.27
e —6.80 and 1.89 f 3.38and 5.62 .
2 a —-530and -1.70 b —5.92 and 5.92
¢ —3.79 and 0.79 d —-1.14 and 6.14
e —4.77 and 3.77 f -2.83and2.83
3a -073and2.73 b —1.87 and 5.87 5
c -1.79and2.79  d —-3.83and 1.83 il R I
e 0.38and2.62 f 0.39and 7.61
4 a -0.85and2.35 b —1.40and 0.90
¢ 0.14and 1.46 d -2 and -05
e —039and 1.72 f —154and 1.39
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x -3 -2 | -1 0 1 3
fix) |3.125|325| 35 4 5 1
i ¥
12
10 /
6 Wi
7
4d
et
2
13210 5 3
3 —2 19 1 2 3 x
di
x| -3 | -2 |-1]o0 2| 3
fix) | -2.875 | -1.75|-05| 1 3 6 1
ii Y4
12
10
NI
&
2//'/
] s
_4_3;?,,4'12 1 2 3 X
'J’
A
e i
x -3 -2 | -1 0 1 3
fix) 13125225 |-15| 1 1 5

ii 7
5
f
T,
J
—4 -3 -2 10 b 3 4 X
f i
x| 3| 2| 21 ]o|1]|2]3
Ax) | -895|-389|-067 1 |2 |5 |18
ii ¥i
18
15
Y
3.‘__,,,/
"f's 1 2 3 x
4432 LB
/'/ .
8
—g
RET
2 a 7cm b Ocm ¢ 5 hours
e =5%hﬂl.ll§
3a =25 b —

4 =43
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Exercise 4.4.2

1 Translation (S ]

2 Stretch parallel to y-axis of scale factor k.
3 Changes the slope of the curve.
4 Reflection in the y-axis.
Exercise 4.4.3

1 16777216

2 240000 years

3 4900 million

4 0.098¢

58

6 a 358000km?
b 7 years

7 20
B 0%
Exercise 4.5.1

1 b The maximum and minimum height of the

curve (the amplitude) is altered. The

y-coordinate of the maximum and minimum

points is multiplied by a.

2 b The frequency with which the graph
completes one cycle (a period) is ?
3 b The graph is translated by an amount, c,

vertically up or down, i.e. it is translated

by

|

4 b The maximum and minimum height of the

curve (the amplitude) is altered. The

y-coordinate of the maximum and minimum

points is multiplied by a.

5 b The frequency with which the graph
completes one cycle (a period) is ?
6 b The graph is translated by an amount, c,

vertically up or down, i.e. it is translated

(%)

Exercise 4.5.2
1a05360° b 2360° c1,72°
d 1, 1440° e 3,180° £ -1, 120°
g -2,720°  h -3, 180°
2 a 1, 360° b 3,360° ¢ 2,360°
d 1, 720° e 1, 180° f -1, 360°
g —1,1080° h -1, 180°
Exercise 4.5.3
1 a x=30° 150°
b x =1290° 331°
¢ x = 10° 50° 130°, 170°, 250°, 290°
d x =0° 98.8°
2 a x=60° 300°
b x = 45°, 225°
¢ x=22.5° 45°, 112.5°, 202.5°, 225°, 292.5°
d x=30° 60° 150°, 180°, 270°, 300°
Exercise 4.7.1

1 The graph is stretched by a scale factor ‘a’
parallel to the y-axis.

2 The graph is translated ( -E}b ]
Exercise 4.7.2

1 a i) Vertical asymptote: x = —1

b

Horizontal asymptote: y = 0
ii) Graph intercepts y-axis at (0, 1)
iii) Yi

1

2 4 6 8 X

i) Vertical asymptote: x = -3
Horizontal asymptote: y = 0
ii) Graph intercepts y-axis at [0, %)
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iii)

.,

O R

- 20

=1
-2

=1
-4

2 4 6 8 X

¢ i) Vertical asymptote: x = 4
Horizontal asymptote: y =0
ii) Graph intercepts y-axis at [D, T%)

3

2 4 6 8 1012x

d i) Vertical asymptote: x = 3
Horizontal asymptote: y = 0
ii) Graph intercepts y-axis at [0, %}

iii ) ¥y

2 a i) Vertical asymptote: x =0
Horizontal asymptote: y = 2
ii) Graph intercepts x-axis at [—%, 0)

iiii) ¥

2 4 6 8 10%

b i) Vertical asymptote: x = 0
Horizontal asymptote: y = =3
i) Graph intercepts x-axis at (l, Cl)

iii ) ¥

2 4 6 8 x

¢ i) Vertical asymptote: x = 1
Horizontal asymptote: ¥ = 4
ii) Graph intercepts x-axis at [%, 'D} and y-axis at

(0,3)
iii) ¥)
6
=
”.2
864 20|z 4 6 8x

d i) Vertical asymptote: x = —4
Horizontal asymptote: y = —1
ii) Graph intercepts x-axis at (-3, 0) and

y-axis at (0, —i
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3 a i) Vertical asymptote: x = ——-%
Horizontal asymptote: y =0

ii) Graph intercepts y-axis at (0, 1)

iii) \

- N W s

N |

8 B of 2 4 6 8«
1

b i) Vertical asymptote: x =%
Horizontal asymptote: y = 1
ii) Graph intercepts axes at (0,0)

i) k

- N W B

8 64 20) 2 4 6 8 X

¢ i) Vertical asymptote: x =%
Horizontal asymptote: y = 0
i) Graph intercepts y-axis at (0, —2)

.n)
mi

Eﬁﬁmizaaaﬁ
-2

d i) Vertical asymptote: x = %
Horizontal asymptote: y = 2

ii) Graph intercepts x-axis at [w—g, ) and the

y-axis at (0, 3)
ﬁi) ¥)
5
4

8 6 4 20| 2 4 6 8 x

Exercise 4.7.3

1 a i) Vertical asymptotes: x = 1 and 2
Horizontal asymptote: y = 0

i) Graph intercepts y-axis at [0, %)

i)

N RO @

-2

T

L
=
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b i) Vertical asymptotes: x = —3 and 4
Horizontal asymptote: y =0

ii) Graph intercepts y-axis at [0, —1—12}

iii) Yi

4

J |
43454.!(6[0 2"\433;;

-2

¢ i) Vertical asymptotes: x = 0 and 5
Horizontal asymptote: y = 1

ii) Graph intercepts x-axis at [5 11"%1_, D}
ili) ¥
4

5 4 20| 2 4|6 8 10«

d i) Vertical asymptote: x = -2
Horizontal asymptote: y = =3 -
ii) Graph intercepts the x-axis at (_3 :-.,-'%, 0)
3 3
and the y-axis at [Cl, -z;}
iii)

2 4 6 X

e et | |

2 a i) Vertical asymptotes: x = —4 and 1
Horizontal asymptote: y =0
ii) Graph intercepts the y-axis at (0, -%}

iiii) ¥,

-1044:-(317 2 4 B X

b i) Vertical asymptotes: x = —5 and 2

Horizontal asymptote: y = 0

ii) Graph intercepts the y-axis at (0, —%}

iii) ¥,

¢ i) Vertical asymptote: x = —1
Horizontal asymptote: y = 3

ii) Graph intercepts the y-axis at (0, 4)

iii) Ya

—2

[

-10-8 6 4 20/ 2 4
-2

] ‘-X

d i) Vertical asymptotes: x = w% and 4

Horizontal asymptote: y = =1
ii) Graph intercepts the x-axis at (
and the y-axis at (0, ﬂ%)

7+ Vg9
4

,0)
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-6 4 -2

Exercise 4.7.4
1ai)

@ @

-

-t
o=

t 6 8 10 X

8 -8

3bbhba

2 4 8 8 x

ii) Graph intercepts the y-axis at (0, 6)
i) (x+3)x+2Mx+1)

b i) Y
10

0

Y 4 8 8 x

ii) Graph intercepts the y-axis at (0, 3)
iii) (x+ 0.88)(x— 1.35)(x— 2.53)

e i) ¥
20

15

ii) Graph intercepts the y-axis at (0, 0)

iii) x(x+3)(x—-4)
d i)

¥
10
8

6
4

A

L

-10

b & L bg

8 x

ii) Graph intercepts the y-axis at (0, 0)

i) x(x+2)(x-2)
2 a i)

10

@ @

YA

[5*]

B 6 4

-10

b &b L bho

2 4 6 8 «x

ii) Graph intercepts the y-axis at (0, 2)
i) (x4 2)(x—1)(x-1)



420 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS

b i)

2 4 6 8X

-10

ii) Graph intercepts the y-axis at (0, 0)
iii) x(x— 2)(x-2)

i Y

c i) o

10

5

8 64 20 214 6 8 x
0
15

0

ii) Graph intercepts the y-axis at (0, 0)
iii) =x%(x+ 1)(x=3)

d i) 251

444—20/

L EA . 7S

40
280

ii) Graph intercepts the y-axis at (
iii) —(x +5)(x - 2)(x - 4)

Exercise 4.8.1
lax=4and-5
b x=m3and%

s Liaghl
dx=——;and?

e x=land%

f x=-2,1and 4

a x=02and 49

b x=-1.6and 1.0

¢ x=-05,0.7and 5.9

d x=-08and 1.3

e x=04and 2.2

f x=17.6°and 162.4°;0 <x <360

Student assessment 1

1

2

b is not a function as each input value should
crnl‘y pmduoe one output value.

a domain: =3 <x<1 range: —11 Ef{x) <1
b domain: x € Rrange: f{x) =0

3 3<fiq)< 2T

7 a (=3,4)

b i) = 50°F

a5 b -1 oyt
af‘l(x:l 3+—

b g (x]-jx+6
ah b 2
b (3,5)

a
220
200
180
160
140
120
100

80
60
40
20

100 x
iii) = 176°F

0 20 40 60 80
ii) = 104°F
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9 a Rin)=12n
b

¥,
30000

25000
20000
15000
10000

5000

Student assessment 3

1ab

0 5000 10000 15000 20000 25000 30000 X

¢ 20000 copies

d = 2.4 million euros (Exact 2415000€)

Student assessment 2

1

f)=x2+3x-9|-9|-11

-11{-9|-5

¢ Range: —=11.25 <f(x) €9

2 a fix)
b h(y)
¢ fix)

(x = 3)(x — 6)

{x —5)(x+ 2)

Gy-2)y+1)

d h(x) = (2x = 1Xx + 4)

3a x=-4and -2

c x=-5

4 a x=0.191 and 1.31
b x= 2.62 and —-0.228

5 8244.13€
6 211.8x

7 22 years
8 17m

b x=1and5
d x=land?

2ab

4ab

¥
4

3
2
1

-1M

—I-MI:.\-'I-I-'-_"-_-:

NDX

L b b
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5 x =20.9°and 69.1°

6 x = 109.5° and 250.5°

7 a Vertical asymptote x = 3
Horizontal asymptote y = 1

b (0,4)and (1,0)

10 a Vertical asymptotes x = 2 and 3
Horizontal asymptote y = 2

b (0.2

c ¥)

c ¥)
10
-8
L 0
-2
4
-4
2
s i | R I8
4] 20 4 | o | 8 x
_4 N
lg Topic 5
8 a Vertical asymptote x = 2 Exercise 5.1.1
Horizontal asymptote y = —1 1 a ii) 566 units
b [g’ ﬁ%) afid (E, D} b ii) 4.24 units
& ¢ ii) 566 units
:’1 d i) 894 units
e ii) 632 units
I f i) 6.71 units
] i) > g ii) 825 units
4 ELH * b ii) 894 unis
I s | | i i) Tunits
T j i) 6units
i ' k ii) 8.25 units
£ 1 i) 10.82 units
2 a i) 425 units
o~ b i) 566 units
¢ i) 894 units
9 a Vertical asymptotes x = —1 and 5 d i) 894 units
Horizontal asymptote y = 0 e i) 424 units
b (0, ) £ i) 447 units
¢ y g i) 721 units
2 h i) 721 units
i i) 12.37 units
j i) 849 units
! k i) 11 units
1 i) 825 units
& | 2 6 8 x  Exercise5.2.1
i lai)l i) =1
bi)l i) -1
c i)l i) =1

k.
a N
_2_ {
2 4 |'x

iii) (3, 4)
iii) (4.5, 2.5)
iii) (3, 6)
iii) (2, 4)
iii) (3, 4)
iii) (1.5, 4)
iii) (-2, 1)
iii) (0, 0)
iii) (0.5, 5)
iii) (2, 3)
iii) (0, 4)

ii) (0, 1.5)

i) (2.5,2.5)
i) (5, 4)
i) (4,2)
i) (5,0)
ii) (-15,4.5)
i) (-4, -3)
ii) (0,3)
i) (5,-1)
ii) (0,2.5)
ii) (13 _"1]
ii) (0.5, -3)
ii) (4,2)
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=

i) 2 ii F
e i)3 i) -5
£4):2 i) —
g i) 4 i) —
hi) 5 i) -2
iio ii) infinite
j i) infinite ii) O
ki) 5 i) —4
113 i) -+
2ai) -1 i) 1
b i) -1 i) 1
ci) -2 ii)%
d i} -3 i) 2
e i) -1 i) 1
fi) -2 i) 1
g i) - i)
hi) 2 i) -5
i) - ii) 4
ji)-1 i) 1
ki)0 i) infinite
1) —4 ii) §
Exercise 5.2.2
lays= by=2
c x= d x=3
= b
e y=x y = 3%
g y=—x hy=-2x
2ay=x+1 by=x+3
C3|'=I"'2 d:,l'=21+2
e3r=%x+5 f3r=%x-]_
3ay=-x+4 by=-x-1
c y=-2x-12 d3r=--%x+3
e3r=-—%x+2 fy=—4x+1
4az2al bl ¢l d2 e 3 f
33-1]:-1(:-2:1-%1:-%
b The gradient is equal to the coefficient of x.

t

f -4

¢ The constant being addedfmbtmcted
indicates where the line intersects the y-axis.

5 b Only the intercept c is different.
6 The lines are parallel.

Exercise 5.2.3
lam=2c=1 bm=3c=5
cm=lc=-2 dm=%c=4
em=-3c=6 fm=-%c=1
gm=-1c=0 hm=-1c=-12
im=-2c=12

2am=3c=1 bm——ic-l
em=-2c=-3 dm=-2c=-4
em=%c=6 f m=3c=12
gm=1c=-12 hm=-8c=6
im=3c=1

3am=2c=-3 bm—%c=4
cm=2c=—-4 d m=-8c=12
em=2c=0 f m=-3c=3
gm=2c=1 hm=—%c=2
im=2c=——%

4 am=2c=-4 bm=1c=6
cm=-3c=-1 dm=-1c=4
e m=10 c= -2 f m=-3c=53
gm=-9¢c=12 hm=6c=-14
|m=2c=-%

5am=2c=-12 bm=2c=3
cm=1¢c=0 dm=%c=6
em=—-].c=% f m=—-4c=12
gm=3c=-12 hm=0c=0
im==3c=0

6am=1c=0 bm——%c=—2
cm==3c=0 dm=1c=0
em=-—2c=—% f =%c=-—4
gm=w%c=ﬂ hm=~%c=—%
im=3c=0 jm=-%|:=-%
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-+ ppoth B th b W S

[

-

[

L oMo & th o o= O

=y

=)

o

h B

-

Exercise 5.2.4 b
lai)j=2x—l i) 2xx—-y-1=0
bi)y=3x+1 i) 3x—y+1=0
ci)y=21+3 i) 2xx—y+3=0
di) y=x-4 i) x-y—-4=0
e i) y=4x+2 ii) 4x—-y+2=0
fi)y=-x+4 i) x+y—4=0
gi)y=-2x+2 i) 2x+y-2=0
hi)y=-3x-1 i) 3x+y+1=0
- 1 g
i i) y=gx i) x-2y=0 ) ey g
2ai) y=2x+% i) x—Ty+26=0
bi)y=5x+4 ii) 6x—Ty+4=0
ci)y=3x+2 i) 3x—2y+15=0
di) y=9x-13 i) 9x—-y-13=0 "
Ei)y=—%x+i—. i) x+2y—-5=0
fi)y=—3x+0 i) 3x+13y-70=0
gi)y=2 ii)y-2=0
hi) y=-3x ii) 3x+y=0
iix=6 i) x-6=0
Exercise 5.2.5
1a YA
8
7 -4 -3
J d
—4 -3 -2/—10 2 3x
=]
—
—4
5

A S - T

—f==

E

B

o

[
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k= A x ks
& o o
Y L) e
[
o= M o N (=1 ] o+~ L+
I (I | [ I (] ]
I L I
o o
| I
I | |
. I -
I | i
b= > =
&% o e
o o o
=]
- o o r=) R
(T | I
I I |
t o o
I | |
e " =
I I T
e = -
I ] i
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3 x

F
E

- -
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— e

Mg

0
Tk
=

o

i
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} X

E!
-

4
YA
£
=
ik

-

3=

d
— i

i

=

=4
=%
=
=4

Es

]
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Exercise 5.2.6

[ |

| ™~
NNy ey 2“_
[ | | A 1 e
AEmEn Ann AR PA,
O s ~——o o~ tum |
| I | | (N | O Y| N | O |
H oM H M OHH O OHHH OHHH

B =l = BT = s = R .~ TR~ BT R = Ry = B

-3

— o w
e~ e ?_.I_.I_dn__d- b T
T T A I
A A a] Fa o) mJ._UmJ Ea R T
FOowm =" IS wnn
T T T T T T I T
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3 x

L
2

=3

—if
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3ai)lm=1c=1

ii)

$ N @ 'S

[+

oL

By
f

bi)m=-3c=3

ii)

Y

=th & 1 @ ©'<

- PO

32 -

0| =

P

|
L =]

B

ci)m=2c=4
i)

¥a

g

8

%/

'
543{1; I x
{54 43 22 4 ; 3 x

f ot |

=2

=3
di)m:%c:‘l

i) "

TT7

IV

i y

7

I

"1
543 /0 ¥3
-5 =443 -7 -1 4 4

1 ,
/ [t
7 =3

f-9

4ay=3x—4 by=-Ix+17
cy=2x—-5 dy=—-4x+13
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5a x=2y=1 a 38° 322° b 106°, 254°
b x=1 y=-1 4 a
c x=-2 y=4 1
d x=-2y=0 . /—
: | i
Student assessment 2 1 : 60"
1 a 40cm b 439cm ¢ 208cm ;
d 3%9m =1
2 a 37° b 56° c 31°
d 34° b 6 = 45° 225°
Yoa 506 % 6o & 93 5 a 58cm b 6.7cm ¢ 7.8cm
d 285cm d 47° e 1%cm? f 371
Siide it dakRARE D 6 a 31.2cm b 25.6cm ¢ 32.6cm
d 14.6cm e 27.6cm
1 a 1608km b 177.5km
Student assessment 6
2a t:amlf]=E b t:aml!}‘=L o
: —f5 (x+ 16) 1 a 5309cm? b 11503 cm?
¢ I Ge1g 4 3iIm e 8.88° 2 a 12107cm? b 2897.9cm?
3 a 285m b ll?o ¢ 2970 3 a 2291:[‘!1 b 2292(:1‘!12 [ 9851(:[112
d 1833.5cm?
4 a 19km b 3.42km ¢ 3.57km
) 4 a 904.8cm? b 12.0cm ¢ 13.4cm
5 a 4003m b 2.35 1 058 2 o’
6 Student’s graph 5 a 10.0cm b 82.1ecm®* ¢ 71.8cm?
7 a sin130° b sin30° ¢ —cosl35° d 30.8cm’ e 4l.lcm’
d —cos60° =
Topic 6
8 134°
Exercise 6.1.1
Student assessment 4
1 Discrete
1alliem b 12.3cm c 29°
2 Continuous
2 a 108cm b 11.9cm c 30°
d 49° 3 Discrete
3 Student’s graph 4 Continuous
4 a —cos52® b cos100° 5 Discrete
5a 98cm b 30° ¢ 19.6cm 6 Discrete
6 a 6784m b 11.6° ¢ 7180m 7 Continuous
Student assessment 5 8 Discrete
1a 180m b 27° c 288m 9 Continuous
d 278m? 10 Continuous
2a 12.7cm b 67° ¢ 93.4cm?

d 14.7cm
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Exercise 6.2.1 b Student’s own response
1a 2
Number of apples Frequency
Number of chocolates | Tally Frequency
1-20 9
35 ff 4
21-40 6
36 7
M 41-60 7
37 I 3 =
1-80 1
38 6
Ll 81-100 7
be 10 101-120 4
8 0 i 121-140 4
=
s 6 | 7‘ / 141-160 2
B4 M
Exercise 6.3.2
2
1
735 3 a7 3 F
Number of chocolates 4
2 Student’s own results 78
Exercise 6.3.1 = B[
1 a Class 12X 5 SE
g af
Score Frequency e 3k
31-40 1 2+
41-50 5 1 T ]
51-60 3 1] 1 2 3 4 5 8 T 8
Distance {(km)
61-70 4
71-80 8 2
= L
81-90 5 gL
91-100 5 7L
6 =
Class 12Y 25
& sl
Score Frequency § 41
31-40 3 E 3r
41-50 8 f i
51-60 [ I
145 150 155 160 165 170 175 180 185
61=70 3 Height (cm)
71-80 2
81-90 4
91-100 5
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3a
A Frequency
Time (min) Frequency density
0<:<10 6 0.6
10<r<15 3 0.6
15<1<20 13 2.6
20=¢c<25 7 1.4
25<r<30 3 0.6
30<r<40 4 0.4
40< <60 4 0.2
b
26 —
24
221
£ 20+
£ 181
- 16
& 14
£ el
1.0
E osl
0.6
0.4
0.2 ]
0 &5 10 15 20 25 30 35 40 45 50 &5 60
Time (min)
4a E
Age (years) Frequency danl sity!
O0<a<1 35 35
1=a<5 48 12
5£a<10 140 28
10£a<20 180 18
20=a<40 260 13
40<a <60 280 14
60<a<90 150 5

B 88

24
200
16 |+

12 i

Frequency density

[ ]

0 10 20

30 40 50 60 7O 80 90

Age (years)

Frequency density
= k3 O & h B =
I

0 5 10 15202531335404550555065?0?536‘

Age (years)

b Student’s own answers

Exercise 6.3.3

1l ole

1456678
112234677888
033334667889

6668
2244588
233578
12486
358

4899
1258
233799
00333889
47

04

oCo@mNOM O~NOUSE Ko a

Key 2|5means25

Key 5 |2 means52

Key 5|8means5.8
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Exercise 6.3.4
1 Student’s own response

2

¢ Median = 1.8 hours
d Asmany runners finished before as after the

2008 2009
864 | 2 Key 5|2means 52
65532 | 3
821 | 4(6668
4| 5(2244588
43| 6233578
B2 | 7(1248
88862 | B8|358
9
50 (10
3
A B
89 (0|9
12224466788 |1|1456678
1122233589 |2|112234677888
2334567895 |3|033334667889
Key 2|5maam25
Exercise 6.4.1
1a
Finishing
time (h) 0— (0.5—|1.0—|1.5—|2.0—|2.5—|3.0—-35
Frequency | 0 0| 6 |34 |16 3 1
Cumulative| 0 | 0 | 6 |40 [ 56 | 59 60
frequency
b
X
m_
5“_
-
§ wp
g 30y
T
E 20 -
10 |
iR ke R | ] Ly
05 1.0 15 2.0 25 3.0 35

Finishing time (h)

median.
2a
Class A Cass B Class C
Score Freq. | Cum. | Freq. | Cum. | Freq. | Cum.
freq. freq. freq.
0<x<20 1 1 0 0 1 1
20<x<40 5 [ 0 1] 2 3
40 < x < 60 6 12 4 4 2 5
60 < x <80 3 15 4 8 4 9
B0<x<100| 3 18 4 12 8 17
A Class A
i8 -
16 -
E‘ 14
3 12 -
E 10_— ___________
R |
2 B |
g 4f ;
2t i
S A T M, R
0 20 40 60 B0 100
Test score
Class B
18 -
16 -
%‘ 14 -
12 |-
E ol
=R
3 af
2_
0 =
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4 Class C b 2007
L
18 | 30 -
16 - 28 -
14 |- 26 -
12 L 24
g 10} 22 -
% 8 oy E‘ 20
3 g} § 18 |-
5 a4 Bl
2| ' % 14
] | ] | | % 3 12 +
0 20 40 60 80 100 g 16
Test score sl
¢ Class A median = 50 oF
Class B median = 70 B
Class C median = 78 2| '
d As many students were above as below the T
median. 150 155 160 165 170 175 180 185
3a Height {cm)
2008
2007 2008 2009 30
Height (cm) | Freq. | cum. | Freq. | cum. | Freq. | cum. 28 -
freq. freq. freq. 26
150<h<155| 6 6| 2 2 | 2 2 24 |-
155<h<160| 8 | 14| 9 |11 | 6 8 i
& 20
160<h<165 | 11 25 | 10 | 21 9 | 17 § sl
165<h<170| 4 | 29 | 4 |25 | 8 | 25 E 16 -
170<h<175| 1 | 30 | 3 |28 | 2 | 27 % 14 - ;
=3 - -
175<h<180| 0 | 30 | 2 |30 | 2 | 29 g 12 :
10 - !
180<h<185| 0 | 30 | 0 |30 | 1 | 30 L !
6 !
AT :
2 |
I [ L L I [

150 155 160 165 170 175 180 185
Height (cm)
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Cumulative frequency

2009

155 160

165 170 175 180 185

Height (cm)

¢ Median (2007) = 161cm
Median (2008) =~ 162cm
Median (2009) = 164cm

d Asmany students are taller than the median

as shorter than the median.
Exercise 6.4.2

1a Class A=30
Class B = 30
Class C = 40

b Student’s own responses

2007 = Tcm
2008 = 8cm
2009 = 8cm
b Student’s own responses

3a

Distance thrown (m) 20—

80—100

15 | 10

Frequency 4 9

13 | 28 | 38

Cumulative frequency | 4

40

b X
40_
36
b (O
§ 28f §
E 241
Fraasss o
s/
g 2r i 8
8f | '
4 : ¥
| O - i | | R
0 20 40 680 B8O 100
Distance thrown (m)
¢ Qualifying distance = 66 m
d Interquartile range = 28m
e Median = 50m
4 a T
Mass (g) Frequency Cum. freq.
75— 4 4
100— 7 1"
125— 15 26
150— 32 58
175— 14 72
200— 6 78
225—250 2 80
Type B
Mass (g) Frequency Cum. freq.
75— 0 0
100— 16 16
1256— 43 59
150— 10 69
175— 7 76
200— 4 80
225=250 0 80
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b
A Type A
80
E‘?u
60
.Eau
2 40
g w0
g 20
10 b
\— R - S ! L | 5
0 75 100 125 150 175 200 225 250
Mass (g)
i Type B
S‘D_
N
=1 m.-. .................
-
- | B—— :
£ wf j
5 i :
10 !
1 | 1 | | 1
0 75 100 125 150 175 200 225 250

Mass (g)

Median type A = 157¢

Median type B = 137¢

i) Lower quartile type A = 140g
Lower quartile type B = 127¢

ii) Upper quartile type A = 178¢
Upper quartile type B = 150g

iii) Interquartile type range type A = 38¢
Interquartile type range type B = 23¢

Student's own report

Student's own explanation

Student's own explanation

Exercise 6.4.3

la Goals scored | Goals let in
i) Mean 1.15 2.00
i) Median 1 2
i) 4, V] 1
iv) q, 15 3
v) IQR 15 2

b

' | I I Goals scored

| | 1 I Ly
1 2 3 4 5

¢ Student's own report

2a Resort A Resort B
i) Mean 85 85
ii) Median 8 8
iii) g, 7 8
iv) d; 10 9
v) IQR 3 1
b

B . o P
T Ry

Y N N TR SO TR N
1 2 3 4 5 6 7 8 9 10 1112

3 Student's own explanation using the box and
whisker plots below.

Before
e | Afer
A M M R P N A A Al M
01 2 3 45 6 7 8 9 101
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Exercise 6.5.1

1 a Mean = 1.67

Mode =1

b Mean = 6.2
Mode = 7

¢ Mean = 26.4
Mode = 28

d Mean = 13.955
Mode = 13.8s

2 91.1kg
3 103 points
Exercise 6.5.2

1 Mean = 3.35
Mode = 1 and 4

2 Mean = 7.03
Mode = 7

3 a Mean =6.33 Median =7
Mode = 8
b The mode as it gives the highest number of
flowers per bush.

Exercise 6.5.3

1a 291
30-39

60.9
60-69

Median = 1
Median = 6.5
Median = 27

Median = 13.9s

Median = 3

Median = 7

o M

=

Smins 50secs
0-4

¢ Student’s own comments

Exercise 6.6.1

1ai)s5 i) 7 iii) 5
iv) 2.58
b i) 78.75 i) 16 iii) 9
iv) 5.40
c i) 3.85 i) 3.9 iii) 1.6
iv) 1.05

2i) 231 i) 6 iii) 2
iv) 1.43

o R

3i) 7153 i) 8 iii) 1
iv) 1.44

41i) 2.72 i) 6 iii) 3
iv) 1.69

5a 80 b 11.92

6a 65 b 0.18

Exercise 6.7.1

1 Students’ answers may differ from those given
below.
a Possible positive correlation (strength

depending on topics tested)

b No correlation
¢ Positive correlation (likely to be quite strong)
d Negative correlation (likely to be strong)
e Depends on age range investigated. 0—16

years likely to be a positive correlation. Ages
16+ little correlation.

f Strong positive correlation

a Sunshine and rainfall correlation

T O
E s
E 4 g
B " ,‘
x 2 5 —
*xu e o
0 5 10 15
Sunshine {hours)

b Graph shows a very weak negative
correlation. Student’s answers as to whether

this is what they expacted.

3 a  Adult illiteracy and infant mortality correlation

A
§120

'éwn ,,
> B0 -
60

E 40 ne

bop T -

E =

0 20 40 80 80
Adult illiteracy (%)
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b Student’s answer, however it is important to Exercise 6.7.2
stress that although there is a correlation, it

doesn’t imply that one variable affects the lae
other. 2"'1”
¢ Students’s own explanations ; /
d  Female and male life expectancy correlation A
fy
gmu 1/
g' m - X & 2.0
g w k!x
2 2 /
=
0 20 60 80 100 s /
Female life expectancy E 7
B FoL
4 ad Distance travelled and time f-’ TS
taken correlation =
k £
a:' ¥
£ 40 1.8 /
E 4 2
@O = E
E 204 V4
10 ﬁ - /
0 5 10 15 20 25 30 //
Distance (k) 1.7 f
b (Strong) positive correlation 9 / ”
¢ Students's own explanations 0 17 18 19 x
e =30 mins Height of competitor (m)
b x=17m y=18m
d r=0.79

This implies a fairly good correlation, i.e. the
taller the competitor, generally the greater
the height jumped.
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2 ac Vi
100
% A
@
. 7o
/
£
70
/s
& /(%7
2 7
£ /
Ve
40
® ///
7 £
/|
20 g
10
/ >
0 10 20 30 4 5 60 70 80  80x
Mock %
b ¥x=643% ¥=643% Exercise 6.8.1
! rT:i:){zlies a very strong correlation L Qb= Bt
Between the ock. % aind the fiasl % fi R R R
lish 3 = B9 IUGA T
English. d A valid estimate as 18 hours is within the
3ar=080 data range collected.
This implies a strong correlation between the = o =
mock % and final % for mathematics. e i~ 35970 B ;’83;‘ 0%_6’{55 24'}? 110%
b Although both show a strong cotrelation ol T Sk i g
= bl dhia d The estimate for the IQ of 95 is valid as it
bwesrLme i IR e R falls in the range of the data collected. The
Shpedt g rtiiat it strongec e estimation for the IQ of 155 is an
B extrapolation producing an IB result greater
4 ab Student’s solutions and justifications than 100% and is therefore invalid.
5 a-d Student’s own data, graph and analysis. 3 a r=0.973 indicates a strong positive
e ris likely to be lower for 11-year-old students correlation between the salary and the
than for 17-year-old students as children of number of years of experience.

11 are at different stages of development.

vy = 0.00116x — 28.552
x = $33 200 — this is a valid estimate as 10
years falls within the data mange collected.
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d 87 years experience — this value falls outside
the data range collected. The result implies a
fire fighter approximately 100 years old, and is
therefore invalid.

r = —0.946 indicates a strong negative
correlation, i.e. as height increases,
temperature decreases.

b y=-0.0018% + 7.4

¢ Height = 41000m - although —70°C is
slightly outside the data range, this is
marginal and therefore the answer is likely to
be valid.

Exercise 6.9.1

1a Hﬂ : A person’s opinion regarding the
wearing of safety helmets is independent of
whether they are a cyclist or not.
H, : A person's opinion regarding the
wearing of safety helmets is dependent of

whether they are a cyclist or not.
b
Helmet Helmet Total
compulsory voluntary

Cyclist 125 175 300

MNon-cyclist 125 175 300

Total 250 350 600
c X! =98.743
d 1 degree of freedom

e The table gives a critical value of 3.841.
98.743 > 3.841, therefore the null hypothesis
is rejected. The opinions are dependent on
whether they are cyclists or not.

Hn : Being given the drug and living for more

3 months are independent events.
H, : Being given the drug does affect the

chance of surviving for longer than 3 months.

b
Alveatter | NUENE
3 months
Given drug 78.81 61.19 140
Given placebo 7319 56.81 130
Total 152 118 270

c X% =4.040

d 1 degree of freedom

e 4.040 < 6.635, therefore the null hypothesis is
valid. The drug does not affect the chances of

survival.
3 a H,: Being a smoker does not cause high

blood pressure.
H, : Being a smoker does cause high blood
pressure.
b
High blood | Normal blood | Total
pressure pressure
Non-smoker 96.63 33.37 130
Smoker 349.37 120.63 470
Total 446 154 600
c X2=8215
d 1 degree of freedom

e 8.215 > 6.635 therefore the null hypothesis is
rejected. Smoking does cause high blood

pressure.
4 a H,: Gender and hcnliday prefetem:e are
independent events.
H, : Holiday preference is affected by gender.
b
Beach | Walking | Cruise | Sail | Ski | Total
Male 68.93 4017 3059 2693|4337 | 210
Female | 82.07 47.83 36.41 |32.07 |51.63| 250
Total 151 88 67 59 g5 460
c X=12.233

d 4 degrees of freedom

e 12.233 >7.779 therefore the null hypothesis is

rjected. Holiday preference is dependent upon

gender.

H, : Age and musical preference are

independent.

H, : Musical preference is dependent on age.

b X% = 49.077

¢ 8 degrees of freedom

d 49.077>15.507 therefore the null hypothesis
is rejected. Musical preference is dependent
upon age.

5 a
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Student assessment 1 b X
1 a Discrete b Discrete ¢ Continuous 400
d Discrete e Continuous f Continuous = 350
g Continuous 5300
2 a Ezﬁﬂ
o 200
Time (min) Frequency Frequency density E 150
0<:<30 8 0.3 éﬂ)ﬂ
30<<45 5 03 50 w P
45 <:< 80 8 05 1] 20 40 60 80 100
Exam mark (%)
<
i : as c i) Median ~ 60%
75<6<90 10 0.7 ii) Lower quartile = 52%
90 << 120 12 04 it I%PII;EI c;u?;;ile = T4%
iii m
b
5 Mark (%) Frequency Cumulative
08 frequency
=z 07F 1-10 10 10
2 osf
11=20 30 40
O o5t
S 04 21-30 40 80
E 0.3 31-40 50 130
0.2+
0.1F 41-50 70 200
0 15 30 45 60 75 90 1056 120 51-60 100 300
Toymin) 61-70 240 540
3 Key 4|3 means 4.3 71-80 160 700
Botoretraining . . Aok kainin 81-90 70 770
86 5421522 33445V561889
77733043567 8959%9 91-100 10 800
9 863 3
9 4 3 b
4a Mark (%) Frequency Cumulative L
i } 800
31-=40 21 21 700
41-50 55 76 E'Bm_‘t:':'::":::': """""" !
51—60 125 201 gL i
2 400 u
61=70 74 275 "E 300} |
71—-80 52 327 5 P11 1| ‘
100} : -
=40 A 532 | | .:I | E IEE: | | | —
91—100 28 400 0 20 40 60 8 100
Exam mark (%)
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¢ Agrade >72%
e 200 pupils failed.

6a

d Fail <50%
f 200 pupils achieved an A grade.

Time (mins)

1M0W=t<15

15=<it<20

20=t<25

25=t<30

W0 =t<cIs

3B =i<d0

40 = t< 45

Motorway
frequency

Motorway
amulative
frequency

15

17

18

19

20

Country lanes
frequency

10

Country Lanes
cumulative
frequency

19

20

20

20

b

-
@ o
[

Cumulati
=T B = =+
|

Country lanes times to get to work

5 10

|
15
Time {mins)

20

25

Motorway times to get to work

30

5 10

15 20

25

Time {mins)
¢ i) Motorway median = 21mins
ii) Motorway lower quartile = 17 mins
Motorway upper quartile = 25 mins
iii) Motorway IQR. = 8 mins
d Student’s explanations
e Student's explanations

30 36 40 45

Country Lanes median = 26 mins
Country lanes lower quartile = 23 mins
Country lanes upper quartile =~ 28 mins
Country lanes IQR = 5 mins
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7 Box and whisker plot A is likely to belong to
mixed ability class + student’s explanation.
Box and whisker plot B is likely to belong to

maths set + student’s explanation.
8 a Mean =54 Median = 5
Mode = 5
b Mean = 75.4 Median = 72
Mode = 72
¢ Mean = 13.8 Median = 15
Mode =18
d Mean = 6.1 Median = 6
Mode = 3
9 6lkg
10 a 2.83 b 3 c 3
i
8
8
2 /1\
i [T\ [
g /
2
I
0 1 2.8 % 86 8
Number of pets
11 a 2.4 b 2 c 3
"
10
8
i
)
8
AN
£ \
2
\
VI,
0 1 2 3 4 5 6

2% aroup Mid-interval |
value 1 Y
0-19 95 0
20—-39 295 4
4059 495 9
60—79 69.5 3
80—99 895 6
100—119 109.5 4
120—139 1295 4
b 75.5

Student assessment 2

la & Mid-interval | _
roup i requency
10-19 145 3
20-29 245 v
30-39 45 9
40-49 445 2
50—59 54.5 4
60—69 64.5 3
70-79 74.5 2

b 39.2
2 38
3a 205 b 5 c 1.26

4 Student’s answers may differ from those give
below.

a Negative correlation (likely to be strong).
Assume that motorcycles are not rare or
vintage.

b Factors such as social class, religion and
income are likely to affect results. Therefore
little correlation is likely.
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5a

Gloves sold and outside
temperature correlation

k

Number of pairs of gloves
o 888883

e -

0 5 10 15 20 25 30

Mean outside temperature
(°C)

The gmph indicates a negative correlation.
Student's own explanation

y = 16241x + 3.76 x 106

r=0277

There doesn’t appear to be a correlation
between a footballer's salary and his
popularity. This gives some weight to the
newspaper report.

H, : The drug has no effect on the dog's
condition.

H, : The drug improves the dog’s condition.

b
Did not
Improved improve Total

Given drug 168.68 91.32 260
Not given drug 97.32 52.68 150
Total 266 144 410

c X2 =12061

d 1degree of freedom

e 2.061 < 3.841 therefore the null hypothesis is

supported, i.e. the drug does not significantly
improve the dog's condition.

H, : The opinion on whether to ban fox
hunting is independent of whether you live
in the city ot the country.

H, : The opinion on whether to ban fox
hunting is dependent of whether you live in
the city or the country.

b X% = 1683.01

C

1683.01 > 6.635 therefore the null hypothesis
isrejected, i.e. the opinion to ban fox
hunting is dependent on whether you live in
the country or the city.

Topic 7
Exercise 7.1.1
1a4 b 6 c =2
d 2x
2 a4 b 8 c -8
d 4x
3al b 2 c 3
d x
Exercise 7.1.2
1a g%=33¢:2 bg%:ﬁx
c %=21+2 di—y=21
e %=3 f%:‘tx-—l
2 Function f{x) | Gradient function f{x)
xt 2x
22 ax
%;F X
x4+ x 2% + 1
e 3
32 fix
© o+ 2x Zx + 2
x -2 2x
3x-3 3
22 —x+ 1 Ax -1
4 lfthe:nf(x)=af‘then%xz=anf"].
Exercise 7.1.3
1 a4 b 5¢ c fx
d 15+ e 18+ f 56xf
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2a b i c %x
d 228 e 32 f 32
Exercise 7.2.1
1 a 152 b 14x c 245
d 3x e 4 £ L
g 0 h 6 i0
2a 6bx+4 b 152 — 4
c 302 - x d 182 -6x+1
e 48x — 4x f 2-x+1
g —12 + 8 h =304+ 1223 -1
i ——%15+le
3 a 2x+1 b 4 c bx+1
d%x+% e 6x+3 f 6+ - 8x
g 2x+ 10 h 4x+7 i 3xd-4x-3
Exercise 7.2.2
la —-x? b =34 ¢ —4x-3
d 2x3 e x4 f 2x-6
2a x! b 2x-! ¢ 3x?
d 23 e 3’ f 23
3a -3x2+2 b 4x—x-2
c =3x24+2x3+12 d =3x%+ 32
e —B8x~% 4+ 3x f x3—x4
Exercise 7.2.3
1aé6e+1 b 62+ 2t c 152 -2
d -2¢1 e —t3 f 4+ 243
2 a -3x7 b —-22-1 ¢ =34l
d -2%+2  ez+nt f -H3_32
3a 2x+4 bl-% c 32
d 2-6r e x—x2 f 3t
4 a 2t b 4t
c —2t3 d 32-2+ 43
e 22-%41 f -0+ Pro-q
Exercise 7.2.4
1a 12x b 12x2-1 c 10xt
d 6 e fo
2 a 2x3 b 6x %+ 6x
¢ 2x? d 4x-?
e 6x~3 — 30x1 f 12x4 - 2x3

3 abx-6 b 62 + 3x
c 2x3+2 d 12x4-12
e 20 f 12x%1 - x~Y)
Exercise 7.3.1
1a6é b -3 c O
do e 2and-5 f 6
1
2a —-4—3 b -2
s d -3
k|
L f —36and —68
3ai) 4 ii) 315 i) 72
iv) 0
dN _ 3
ci) 8 i) 162 iii) 6
iv) =50

The graph increases during the first 67
seconds, hence number of new infections
increases. When t = 10 the graph is at zero,
hence number of new infections is zero.

The rate is initially increasing, i.e. the
gradient of the graph is increasing. After
approximately 4 seconds, the mate of increase
starts to decrease, i.e. the gradient of curve is
less steep. After 10 seconds the gradient is
negative, hence the rate of increase is
negative too.

i) 243 m ii) 2000m

dh = 60t — 3¢

de

i) 108mh!  #)225mh! i) Omh™
The steepness of the graph indicates the rate

at which the balloon is ascending. After 20
hours the graph has peaked therefore the rate
of ascentis Omh-L.

The steepest part of the graph occurs when

t = 10 hours. Therefore this represents when
the balloon is climbing at its fastest.
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Exercise 7.3.2

l1a

d

(3, 6)
(2, 10)
(3, 15)

(1, 45) and (-2, -

b (2.5,19.75)
d (0,-1)
feil 5,44]

)

(-1, —43) and (-3, -9)

2. -5)

(1, 4) and (5, -1

ds _
T=4+10

3 seconds

20°C

i) 21°Cfmin
i) 48°C/min
iii) 0°C/min

t = 2 or 6 minutes

Exercise 7.3.3

1a

C

f’(x) Ix-3

4
-4

-4
y=35

=2x+ 2
(-4: ]-DJ

flx)==-x-1
(2: "8]

)

b 1 seconds
d 57Tm

dT
e 24t - 3¢

-

e 236°C

1
y=x—1

f

i) f(x) =3x% — 24x + 48
fi)x< 4and x> 4

i) f(x) ==3+25

gy 9

u) —’\._E{I{’\lfj
) flx) =2 —x

ii) —l<x<Oand x>1

c x<5h
e x< 2 am:lx:-i
A3 \3

x<—land O<x<1

x<0 b xt:%

NEVEr

3a f(x:l—xz+3

b

x2 = 0 for all values of x, = x + 3 }Ufcu'all
values of x

Therefore f'(x) is an increasing function for
all values of x.
flx)=2-1-at=o2(1-2)-1
Whenx<—-lorx>1—=(1 - ) <0
therefore f'(x) < 0

When -1<x<1 2 0<x (1l -2) <1
therefore f'(x) < 0

Hence f'(x) is a decreasing fiunction for all

VH.I.'I.IEE Df X.

T T T BT

-

y=4x- 10
y=—4x -2
y=—4x + 17

(-6,10)

-3

Exercise 7.4.1

l1a

b i) flix) =2x -3

c

fi)x>0
ii)x?-%
fi)x<5

i) f’(x] = 7x

i) flx) = -2x+ 10

4 k<
Exercise 7.5.1
1aif(x)=2x-3 i) (3, 4)
b i) fi(x)=2x+ 12 i) (=6, —1)
ci) flx)=-2x+8 ii)(43)
d i) f(x)=-6 ii) no stationary points
2 ai) fx) =3 -24x+ 48
ii) (4, 6)
b i) fi(x) =
i) (=2, 16) and (2, —16)
¢ i) fx) =322 —6x— 45

ii) (=3, 89) and (5, —167)
i) fx)=+2+3x-4

ii) (4, 131)311&[1,—7%)
i) filx)=—-4-2x

i) (-2,5)

iii) (=2, 5) is a maximum

iv) (0, 1)
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v) .L iv) (0, 0)

v) ¥

£ O D

-1 i 2 4 4x

6 5432 -10\1 2x

-1 -3

=5 -4

-3 -5

it d i) fx)=32—-9%-30

- ii) (-2, 38) and (5, ~133})

% iii) (=2, 38) is a maximum point, (5, —1331)

7 is 2 minimum point
8 iv) (0, 4)

v) ¥,
bi) f(x)=x—8x+12 ool
i) (2,72)and (6, -3) 80
iii) (2, T%) is a maximum, (6, —=3)isa i
minimum -
i\?) (0: '"3) 50
v) —
Yi 30
8
7
1
6
6 3 -2 10
s =10
4
20
; 30
4 40
_ =50
10/ 1 2 3 4\5 8 8 9 10x 80
—80
B ~90
o
=100
]
ci) flx)=-22+6x—4 _122
i 2 1 =
i) (1, -1%) and (2, -13) L
iii) [1, —].%) is a minimum point, [2, ——1%} -150
is a maximum point -180



Topic 7 451

4ai) flx)=3-18x+27 ii)(3,-3) Student assessment 2
iii) (3, =3) is a point of inflexion
i) (0, =30) 1a ]‘"(:u::l2 3% + 2x
v) Yi b P[ ; 17)
2 e QI0, -1)
20 d Pis a maximum and Q a minimum
1 2 a Substituting (1, 1) into the equation gives
o Il=PF-12+1=1=1
-10 b 2
20 c y=2x-1
-30 3af(x)=2x-—4
-4(! b x<2
b i) fx)=43-12+ 16 4 a f(x) =43 —4x

ii) (-1, —11) and (2, 16)

iii) (=1, =11) is a minimum point, (2, 16} is
a point of inflexion

iv) (0,0)

v) ¥

|

-3 24\ 1 2 3 4
. 0 .

b (03 0]: (l-s "']-) aru:l (_1: "']-]
¢ (0,0)is amaximum, (1, —=1)and (-1, —1)

are both minimum pnints
d i) (0, 0)
ii) (0, 0), (12, 0) and (

F

20
Student assessment 1 -2
la%=312 b%=4x—1 Topic 8
c%:-—x+2 d%=212+81—~1 Bxeecise 8.1.1
2 flx)=2x42 b i) =25 =1 1 334.69 francs
T e
2 3 141.86 schillings
3agy=122-6 4 9036.14 escudos
bj—i:=40t3~—6t T ofhane
6 7531645.57 markkas
#om Fll =2 = 7 17113.40 pesctas
& [*i:g 4 £5)= 8 1266.60 punts
5auw == 10t b v=30ms-! 9 4948980 lire

c i) 4.2 seconds i) 88.2m 10

15636.36 schillings

-1(2,0)
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Exercise 8.1.2

1a £781 b 7711 rand
2 a £282258 b £256 598
3 a 1¥=35001 b $1=100¥

4 a 1 rouble = 0.15 shekel
b 1 shekel = 6.86 roubles

5 a $33331200 b 1366579200 rupees
c 20665344€ d 1734 ounces

Exercise 8.2.1

1 a N7$34.85
252 baht

5 years
8 years

%
1.5%

4 a 400 Ft
d 1200 baht

5 4%
6 2 years
7 4.5%
8 95%
9 AUS$315
10 6%
Exercise 8.3.1
1 £11033750
2 520875€
3 $10368
4 1331 students
5 3276800 tonnes

£420
HK$369.60

41 vyears
6 years

4% c
8% f

NZ$200 &
4000€ f

c 102¥

P

5 years
1 years
3.5%
11%

850€
US$1200

o m
=N

o m
fa ot & o & o B oo

6 2 years
7 5 years
8 3 years
9 a $525
10 a €149.40

b $537.75
b €152.30

c $549.02
¢ €154.84

Exercise 8.4.1

1
2
3
4
5

6
7

$447 600
7%

£250000
$250000

a 21 years
b 11 vyears

= 15%
$8027

Student assessment 1

1

=T B - N L

o
o

=16.4%
£561 167
59%

2001

a 480000€ b 499200€
4 years

8 days

955080€

5 years

a $2012.50 b $483000

Student assessment 2

1
2
3

oo =1 2 b e

10

13.6%
$1782000
81%

10 years

a 300000€ b 900000€
6 years

11 years

a $1000020 b $1109000
11 years

a $314650 b $566370

¢ $1062000

c $1148000

c $1675000



abacus 16

acceleration 311

adjacent side, of a triangle
1801

Al-Karkhi 108, 109

Al-Khwarizmi, Abu Ja'far
Muhammad |bn Musa
19

alternative hypothesis (H,)
286

ancient Greeks see Aristotle;
Pythagoras
angle
between a line and a
plane 202-6
of depression 183-4
of elevation 183-4
apex, of a pyramid 212
approximation 20-6, 302-3
Arab mathematicians 19,
108, 109, 328
arc of a circle, length 217
area, of a triangle 194-6
see also surface area
arguments, valid 77
see also logic
Aristotle 74-5
arithmetic sequences 36-9
arithmetic series 40-4
asymptotes 130, 143
averages 257
axes, of a coordinate system
155, 157
axiomatic system 230
axis of symmetry 115

back-to-back diagrams
246-7

Basic {computer language)
16

Bertrand's box paradox 106

biometry 277

bivariate data 269

bounds, upper and lower
239

box and whisker plots
254-7

brackets 60

Brahmi numerals 19

brain, hemispheres 230

Bretion Woods 345

calculus
easy to do? 328, 329
further study 301, 328
historical aspects 301,
328

Index

real-life applications 328,
329
terminoclogy 328
Cantor, Georg 60, 63
capital 334
Cardano, Girolamo 108-9
Cartesian coordinates 157
cash flow 155
@use and effect 299
charts see data, displaying
Chinese philosophy 75
chi-squared 3? test for
independence 286-93
dreular prism (cylinder) 206
dass intervals 241, 242
commission, for currency
exchange 331, 344
ommodities 345
commeoedity money 330
common difference 38, 44
common ratio 44
complementary events 73,
80, 88
mplement of a set 65

compound interest 45, 132,

33740, 344
compound statement 76
conch shells, as money 330
conditional probability

100-3
cone, volume and surface

area 216-23
conic sections 231
conjunction 76, 80, 81
contingency table (hwo-way

table) 286
continuous data 233
contrapositive 86
onverse 76, 85
wordinate, calculating from

gradient function

31618
wordinate systems 157-60

correlation 269=70, 274-82,

299
cosine (cos), ratio 182-3
wosine curve 136, 188-9
wosine function, general
equation 136
cosine rule 1912
cost and revenue functions
155
Credit Crunch 344
citical values 288
Croesus 330
cuboid, properties 206

cumulative frequency
24757

cuneiform 19

currency conversion 3314,
344

currency exchange rarket
333

cylinder, properties 206

data
bivariate 269
discrete and continuous
233
dispersion 254
displaying 233-8, 299
grouped 238-47, 2624
large amounts 260-2
decimal places,
approximating to 20-2
decreasing functions 320-2
Dedekind, Richard 63
degrees of freedom (v) 287
depreciation 132
derivative 306
financial 345
of polynomials with
negative powers of x
308-311
see also gradient
function; second
derivative
Descartes, René 155, 157
differentiation 306-12
discrete data 233
displaying 233-8
disjoint sets 78
disjunction 77
distance between two
points, calculating
158-9
domains 110, 111
meaning of term 154
notation 111
doodles, mathematical
properties 230
drawing straight-line graphs
17122

economics 154

Egyptian mathernatics 180,
196-7

Einstein, Albert 230, 301

elements of a set 63

empty set 64, 106

Enigma machine 16

equation
of a line through two
points 170-1
of a straight line 160,
163-9
of the tangent at a given
point 319-20
equivalence 80, 85
errors 61
estimation
ability 17
of answers to calculations
23-5
of the mean 263
Euler, Leonhard 108, 155
Euler's formula 231
Eurozone 331-2
events
combined 90-100
complementary 73, 80,
88
independent 99-100
mutually exclusive 73,
97-8
probability of 88-9
exchange rate see currency
conversion
exclusive disjunction 77, B0,
81
expected frequencies 2867
exponential functions 130-3
exponential growth and

decay 131-3

Fermat, Pierre de 87, 300
Fermat's last theorem
300-1, 329
Fibonacci sequence 60
frequency density 241
frequency histogram 234
for grouped data 240-2
frequency polygon 234
frequency table 233
grouped 238-9
functions
historical concept 108
increasing and decreasing
320-2
as mappings 109-12
meaning of term 154
unfamiliar 141-52, 155
futures, financial 345

Galileo 27
Gauss, Carl Friedrich 87,
155



454 Index

general relativity 230
genius, definition 329
geometric sequences 44-6
geometric series 46-9
infinite 48-9
geometry
Euclidean and non-
Euclidean 230, 231
three-dimensional
196-223
gilts 345
gold 330, 344
goods, scarce 330, 344
gradient 301-6
approximating 302-3
of a curve at a given
point 313-20
of increasing and
decreasing functions
32041
positive/negative 161
of a straight line 160-3,
168
gradient function 304-5,
313
zero 322-3
gradient-intercept form
168
graphical solution
of equations 49-57,
149-52
of linear equations
49-53
of quadratic equations
54-7, 120-3
of simultaneous
equations 174-8
of trigonometric
equations 13840
graphic display calculator
(GDC)
in calculus 329
computing power 17
using 1-15
graphs
drawing/plotting 6-9,
120, 140, 141-9
vertex 115
see also data, displaying
grouped data
discrete or continuous
238-47
mean and mode 262-4
median 247

hedge funds 345

Hein, Piet 231
Hellegouach, Eves 301
Hex 231

Hipparchus of Rhodes 180
Huygens, Christiaan 87

hypotenuse 180
hypothesis testing 286-90

Ibn al Haytham 328
imaginary numbers 20
implication 76, 80, 8B4-5
inclusive disjunction 80, 81
increasing functions 320-2
independence, chi-squared
{y2) test 286-93
independent events 99-100
independent observations
286
Indian mathermatics 19
indices
negative 30-1, 308-11
positive 27-30
inference, valid 75
infinity, value(s) of 106
inflation 341-2
integers 19, 60
interest see compound
interest; simple interest
interquartile range 251-4,
264
intersection
CGC 'Trace’ facility 9-10
of sets 66, 78
inventions and discoveries
301, 328
inverse 85, 114-15
investments 344, 345
irrational numbers 20

Juno Moneta 330

Keynes, John Maynard 344

knight's move 61

knowledge, truth and belief
17, 106

law of diminishing returns
17
Leibniz, Gottfried Wilhelm
108, 301, 328
linear equations, graphical
solution 49-53
linear functions 112-15
line of best fit 270-1
optimum 282
loans and repayments
340-2
local maxima/minima 323
logic
applications 75
historical aspects 63, 74
and set theory 78
symbolic notation 80
terminology 767
logical contradiction 82
logical equivalence see
equivalence

logical fallacy 107
longitude 156-7

many-to-one mapping 110
mappings 109-12, 154
mathematical tables 16, 17
mathematics
frontiers of knowledge
329
historical context 155,
328
important areas 230,
329
limit to knowledge? 231
of the stock market 345
raxima’minirna, local 323
mean
estimating 263
finding 258-60
for grouped data 2624
measures of central
tendency 257-64
measures of dispersion
264-9
median
definition 257
finding 258-60
of grouped data 247
of large data sets 260-2
Mesopotamia 18-19
midpoint of a line segment
159-60
mode
definition 257
finding 258-60
for grouped data 2624
monetary system 345
money
historical aspects 330-1
importance in politics
299
investing 344
management 340
Moscow Papyrus 1967
Mozi (Father Mo) 75

natural numbers 19
negation 76, 8O, 81
Newton, Isaac 155, 301,
328
non-linear functions,
gradient 301-3
Normal distribution,
historical aspects 87
notation
domains 60, 111
logic 80
probability 88
scientific 27-31
set theory 63, 64, 66, 67
null hypothesis (HO) 286

numbers, natural 19-21
number system, historical
aspects 18-19
numerical solution, exact 61
numismatics 330

observations, independent
286

one-to-one mapping 110

opinion polls 298

opposite side, of a triangle
1801

origin, of a coordinate
system 157

outcomes B0, 88, 90

see also events

pandemics, calculating
spread 329
paper money 330-1
parabola 54, 115
paradoxes 106, 107
parallelism, defining 155
parallel lines, have the same
gradient 161-2
Pascal, Blaise 63, 87
Pearson, Karl 277
Pearson's product-moment
worrelation coefficient
{ry 277-82
percentage error 25-6
percentage interest 334
percentiles 251
perpendicularity, defining
155
point of inflexion 323
polynomials
derivative 308-11
gradient functions 306
higher-order 147-9
population predictions 328
premises, in logic 75
prime numbers 61
prisms, volume and surface
area 206-9
probability 87-103
of combined events
90-100
experimental 107
historical aspects 63
laws 97-103
notation 88
problems with and
without replacement

projection, of a line on a
plane 203
propositions
equivalent 77
see also equivalence
logical 74-5, 76
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punch cards 16

pyramid, volume and
surface area 212-16

Pythagoras' theorem 158,
183, 230

quadratic equations
graphical solution 54-7,
120-3
and prime numbers 61
quadratic expressions
algebraic solution 125-8
factorization 123-5
quadratic formula 128-30
quadratic functions 115-30
quartiles 251-4
questionnaires 298

radians 135
radicactive decay 131, 154
range 111-12, 264
meaning of term 154
rational numbers 20
real numbers 20, 60
reciprocal function 141-6
rectangular prism (cuboid)
206
recurrence relation 36
red ochre, as money 330
regression line for y on x
282-286
representative money
3301
reserve currency 333
results
wnsistency 247
observed 286
Retail Price Index 341
return on investments 345
rights issue 345
roots of an equation 54
rounding 21-2
Russell’s antinomy 106

sample space 73-4

sampling 298

savings schemes 341

scatter diagrams 269-70

scientific notation see
standard form

second derivative 311-13,
326
sector of a circle, area 217
selection with replacement
94-6
sequences
arithmetic 36-9
geometric 44-6
pairing 61
series 39-49, 61
arithmetic 40-4
geometric 46-9
sets
commutative, associative
and distributive
properties 70
and logical reasoning
76-80
of natural numbers
19-21
set theory
further study 106
historical aspects 63
notation 63, 64, 66, 67
use in probability 73-4
shapes, perfect 154
short selling 345
5l see Systéme
Internationale
significance level (p) 287
significant figures,
approximating to 22-3
simple interest 334-6
simultaneous equations
graphical solution 174-8
multiplying 178-9
solution by elimination
1734
solution by substitution
174
sine curve 134-6, 187-8
sine function, general
equation 136
sine ratio 181-2
sine rule 18990
side rule 16
solids, regular 231
sphere, volume and surface
area 209-12

standard deviation 264-9,
299
standard form 27-31
statement see proposition
stationary points 322-7
statistics
effect on public opinion
298
further study 299
historical aspects 233
misuse 299
specialized terminology
299
stem and leaf diagrams
(stern plots) 245-6
stock market 345
straight lines 160-80
gradient 301
subsets 64-5, 78
Sumerians 18
supply and demand, graphs
154

surface area
of acone 216-23
of a prism 206-9
of a pyramid 212-16
of asphere 209-12
symbolic logic see logic
Systéme Internaticnale (51)
units of measurement
31-6

tables of results, using GDC
11-12
tangent at a given point,
equation 319-20
tangent (tan), ratio 181
Taniyama-Shimura
conjecture 301
tautology 83, 86
temperature scales 34-6
term-to-term rule 36, 44
torus, geometry 231
tree diagrams 91-6
for probability problems
with and without
replacement 94-6
for unequal probabilities
92-3

triangles
sides 180-1
area 194-6
non-right-angled 187-96
right-angled 180-6
triangular prism 206
trigonometric equations,
graphical solution
138-40
trigonometric functions
134-40
trigonometric ratios 180-2
trigonometry
historical aspects 180
non-right-angled 187-96
right-angled 180-6
three-dimensional
197-202
truth tables B0-3
Twain, Mark 344
two-way tables of outcomes
80, 90

union, of sets 66

units of measurement
31-6, 61

universal set 65

variables 269
Venn, John &6
Venn diagrams 66-70, 77,
78, 96-7, 98, 106, 107

vertex, of a graph 115
volume

of a cone 216-23

of a prism 206-9

of a pyramid 212-16

of a sphere 209-12

Weldon, Walter 277
Wiles, Andrew 301, 329

Yates' correction 288

Zeno's paradox 60



